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&OLSSLQJ� LV� HVVHQWLDO� WHFKQLTXH� LQ� FRPSXWHU� JUDSKLFV�� DQG� DV� VXFK� LW� KDV� EHHQ

VWXGLHG�YHU\�H[WHQVLYHO\�LQ�WKH�SDVW��1RZDGD\V��WKH�SUREOHP�LV�YHU\�RIWHQ�FRQVLGHUHG�DV

VROYHG�� ,Q� PDQ\� DVSHFWV�� ,� PXVW� DGPLW� WKDW� WKLV� LV� LQGHHG� WUXH�� 1HYHUWKHOHVV�� DV� WKH

FRPSXWDWLRQDO� UHVRXUFHV� KDYH� GHYHORSHG� GUDPDWLFDOO\� LQ� WKH� ODVW� GHFDGH� D�ORW� RI

WUDGLWLRQDO� DSSURDFKHV� DUH� QRZ� VHHQ� XQGHU� YHU\� GLIIHUHQW� FLUFXPVWDQFHV�� :H� DUH

FRQIURQWHG�ZLWK�ODUJH�DPRXQWV�RI�DYDLODEOH�GDWD�WKDW�ZH�ZRXOG�OLNH�QRW�RQO\�WR�YLVXDOL]H�

EXW�DOVR�WR�PDNH� LW�DV� UHDOLVWLF�DQG�DV� IDVW�DV�SRVVLEOH��7KHUHIRUH��DQ\� LPSURYHPHQW� LQ

VROYLQJ�WKH�FOLSSLQJ�SUREOHP�LV�DOZD\V�ZHOFRPH��7KH�PDLQ�FRQWULEXWLRQ�RI�WKLV�WKHVLV�LV

WR�VXPPDUL]H�WKH�ZRUN�LQ�WKH�ILHOG�RI�FOLSSLQJ�RYHU�ODVW�WZR�GHFDGHV�DQG�SUHVHQW�VRPH

UHVXOWV�,�KDYH�PDGH�GXULQJ�P\�SRVWJUDGXDWH�VWXG\�

7KHUH�LV�D�KRSH�WKDW�SUHVHQWHG�DSSURDFKHV�DQG�PRGLILFDWLRQV�FRXOG�DOVR�KHOS�LQ

RWKHU�ILHOGV�RI�DOJRULWKP�GHVLJQ�
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$OJRULWKPV�IRU�/LQH�&OLSSLQJ�DQG�7KHLU�&RPSOH[LW\
'XF�+X\�%XL

8QLYHUVLW\�RI�:HVW�%RKHPLD

$%675$&7

&OLSSLQJ� LV� RQH� RI� WKH� IXQGDPHQWDO� SUREOHPV� RI� WKH� FRPSXWDWLRQDO� JHRPHWU\� ZLWK

DSSOLFDWLRQV�LQ�YDULRXV�DUHDV�RI�FRPSXWHU�JUDSKLFV��YLVXDOL]DWLRQ�DQG�&$'�V\VWHP��7KLV

ZRUN� UHVXPHV� WKH� FOLSSLQJ�SUREOHP�VROXWLRQV� LQ�(�� DQG�(��� ,W� DOVR�GHPRQVWUDWHV� VRPH

WKRXJKWV�DQG�FRQQHFWLRQ�EHWZHHQ�DOJRULWKP�FRPSOH[LW\��VSHHG�DQG�LQIOXHQFH�RI�SRVVLEOH

SUH�SURFHVVLQJ�WR�WKH�ILQDO�DOJRULWKP�FRPSOH[LW\��$OVR��KRZ�VRPH�SUHFLVH�IRUPXODWLRQV

FDQ� OHDG� WR� EHWWHU� DQG� IDVWHU� DOJRULWKPV� WR� GHFUHDVH� DOJRULWKP� FRPSOH[LW\�� ZLOO� EH

VKRZQ�

.H\ZRUGV��/LQH� &OLSSLQJ�� &RQYH[� 3RO\KHGURQ�� &RPSXWHU� *UDSKLFV�� $OJRULWKP

&RPSOH[LW\��*HRPHWULF�$OJRULWKPV��$OJRULWKP�&RPSOH[LW\�$QDO\VLV�

��� ,QWURGXFWLRQ

,Q� WKH�PRVW� JHQHUDO� VHQVH�� FOLSSLQJ� LV� WKH� HYDOXDWLRQ� RI� WKH� LQWHUVHFWLRQ� EHWZHHQ� WZR

JHRPHWULFDO�HQWLWLHV��7KHVH�JHRPHWULFDO�HQWLWLHV�PD\�EH�OLQHV��OLQH�VHJPHQWV��UHFWDQJOHV�

SRO\JRQV�� SRO\KHGURQV�� FXUYHV�� VXUIDFHV� DQG� VR� RQ�� RU� WKHLU� DVVHPEOLHV�� &OLSSLQJ� LV

D�YHU\� LPSRUWDQW� VWDJH� LQ� WKH� YLHZLQJ� SLSHOLQH� RI� WKH� FRPSXWHU� JUDSKLFV�� ,W� LQYROYHV

FRPSXWLQJ�ZKLFK� SDUW� RI� D�JHRPHWULF� SULPLWLYH�� VXFK� DV� D�OLQH� VHJPHQW� RU� SRO\JRQ� LV

YLVLEOH� ZLWK� UHVSHFW� WR� D�FOLSSLQJ� UHJLRQ�� 7KH� VLPSOHVW� FDVH� LQ� �'� JUDSKLFV� LV� LI� WKH

FOLSSLQJ�UHJLRQ� LV�UHFWDQJXODU�ZLQGRZ�DQG� WKH�SULPLWLYH� LV� D�OLQH�RU� OLQH� VHJPHQW��7KH

PDMRU� DSSOLFDWLRQ� LV� FRPSXWLQJ� WKH� SDUW� RI� D�VFHQH� YLVLEOH� ZLWK� UHVSHFW� WR� D�ZLQGRZ�

&OLSSLQJ� LV� DOVR�RIWHQ�XVHG� WR�GHWHUPLQH�ZKHWKHU� WKH�FXUVRU�SRVLWLRQ� LV�ZLWKLQ�D�JLYHQ

WROHUDQFH� RI� D�JHRPHWULF� SULPLWLYH�� E\� WHVWLQJ� WKH� YLVLELOLW\� RI� WKH� SULPLWLYH� DJDLQVW

D�VPDOO�UHFWDQJOH�WKDW�KDV�WKH�FXUVRU�SRVLWLRQ�DW�LWV�FHQWHU�

7KHUH�DUH�WKUHH�PDMRU�DSSURDFKHV�WR�WKH�VROXWLRQ�RI�WKH�OLQH�FOLSSLQJ�SUREOHP�

�� 7KH�ILUVW�RQH��NQRZQ�DV�WKH�&RKHQ�6XWKHUODQG��&6��DOJRULWKP�>)RO��D@��XVHV

D�FRGLQJ� VFKHPH� RI� WKH� OLQH� VHJPHQW� HQG�SRLQWV� WR� TXLFNO\� UHMHFW� OLQH

VHJPHQWV�KDYLQJ�ERWK�HQG�SRLQWV�RXWVLGH�D�SDUWLFXODU�FOLSSLQJ�ERXQGDU\��DQG

TXLFNO\� DFFHSW� OLQH� VHJPHQWV� WRWDOO\� LQVLGH� WKH� FOLSSLQJ� UHJLRQ�� ,Q� DOO� RWKHU
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FDVHV�WKH�OLQH�VHJPHQW�LV�FXW�E\�LQWHUVHFWLQJ�LW�ZLWK�RQH�RI�WKH�ERXQGDULHV�WKDW

LW� LV� NQRZQ� WR� FURVV�� DQG� WKH� SURFHGXUH� LV� UHSHDWHG� ZLWK� WKH� FXUWDLOHG� OLQH

VHJPHQW�

�� 7KH� VHFRQG� DSSURDFK�� SDUDPHWULF� FOLSSLQJ�� ZDV� LQWURGXFHG� E\� &\UXV� DQG

%HFN� >&\U��D@� DQG� E\� /LDQJ� DQG� %DUVN\� >/LD��D@�� ZKHUH� WKH� OLQH� LV

UHSUHVHQWHG� LQ�SDUDPHWULF� IRUP��7KH�YDOXHV�RI� WKH�SDUDPHWHU� FRUUHVSRQGLQJ

WR� WKH� SRLQWV� ZKHUH� WKH� H[WHQGHG� OLQH� VHJPHQW� LQWHUVHFWV� WKH� FOLSSLQJ

ERXQGDU\�DUH�XVHG�WR�ILQG�WKH�ILQDO�FOLSSHG�OLQH�VHJPHQW�

�� 7KH� WKLUG� DSSURDFK� VROYHV� WKH� SUREOHP� E\� HOLFLWLQJ� DPRQJ� DOO� SRVVLEOH

UHODWLRQVKLSV�EHWZHHQ�WKH�OLQH�VHJPHQW�DQG�WKH�FOLS�UHJLRQ��ZKLFK�SDUWLFXODU

RQH�KDV�KDSSHQHG��7KH� HIILFLHQF\�RI� WKH� DOJRULWKP�GHSHQGV� RQ� WKH�PHWKRG

FKRVHQ� WR� GHWHUPLQH� ZKLFK� SRVLWLRQ� RI� OLQH� VHJPHQW� KDV� RFFXUHG�

,QWHUVHFWLRQV�RU� SDUDPHWHU� YDOXHV� DUH� IRXQG�RQO\� IRU� WKRVH� FDVHV�ZKHUH� WKH

OLQH� VHJPHQW� DFWXDOO\� LQWHUVHFWV�D�ERXQGDU\��7KLV�DSSURDFK�FDQ�EH� IRXQG� LQ

WKH� ZRUN� RI� 1LFKROO�� /HH� DQG�1LFKROO� >1LF��D@� DQG� 6RENRZ�� 3RVSLVLO� DQG

<DQJ� >6RE��D@� DQG� LQ� WKH� RSWLPDO� WUHH� DOJRULWKP� RI� /LDQJ� DQG� %DUVN\

>/LD��D@�

&RPPRQO\��WKH�FOLSSLQJ�SUREOHP�LQ�(��DQG�LQ�(��FDQ�EH�FODVVLILHG�DV�FOLSSLQJ�E\

�� RUWKRJRQDO�ZLQGRZ��FXEH�RU�YLHZLQJ�S\UDPLG

�� FRQYH[�SRO\JRQ�RU�SRO\KHGURQ�

�� QRQ�FRQYH[�SRO\JRQ�RU�SRO\KHGURQ

�� QRQ�OLQHDU�UHJLRQ�RU�REMHFW

DQG�DV

�� OLQH�VHJPHQW�FOLSSLQJ

�� OLQH�FOLSSLQJ

�� SRO\JRQ�RU�SRO\KHGURQ�FOLSSLQJ

�� FXUYH�FOLSSLQJ

7KH� UHVW� RI� WKH� WKHVLV� LV� RUJDQL]HG� DV� IROORZV�� 6HFWLRQ� �� EULHIO\� LQWURGXFHV� WKH

DOJRULWKP� FRPSOH[LW\� WHUPV�� ZKLFK� LV� XVXDOO\� XVHG� WR� DVVHVV� DOJRULWKPV�� 6HYHQ

IROORZLQJ� VHFWLRQV� ZLOO� VXEVHTXHQWO\� GHVFULEH� WKH� SDUWLFXODU� FOLSSLQJ� DOJRULWKPV�� )RU

HDFK�FDWHJRU\��ZH�GLVFXVV�WKH�PRVW�RIWHQ�XVHG�DOJRULWKP�IROORZHG�E\�WKH�QHZ�SURSRVHG

DOJRULWKP� �LI� H[LVWV� ZLWK� H[SHULPHQWDO� HIILFLHQF\� YHULILFDWLRQ�� WKDW� LV� PRUH� HIILFLHQW�
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6HFWLRQ� ��� PHQWLRQV� SULQFLSOHV� RI� FOLSSLQJ� LQ� KRPRJHQHRXV� FR�RUGLQDWHV�� 6HFWLRQ� ��

VXPPDULVHV�DOJRULWKP�FRPSOH[LWLHV��7KH�FRQFOXVLRQ�DQG�H[SHFWHG� IXWXUH�ZRUN�ZLOO� EH

PHQWLRQHG� LQ� VHFWLRQ� ���� 7KH� PDLQ� UHIHUHQFHV� FDQ� EH� IRXQG� LQ� VHFWLRQ� ���� /LVW� RI

SXEOLVKHG� RU� DFFHSWHG� SDSHUV� IRU� SXEOLFDWLRQ� ZLWK� UHDFKHG� UHVXOWV� FDQ� EH� IRXQG� LQ

VHFWLRQ�����3XEOLVKHG��DFFHSWHG�RU�VXEPLWWHG�SDSHUV�IRU�SXEOLFDWLRQ�DUH�DOVR�HQFORVHG�LQ

DSSHQGLFHV�
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��� $OJRULWKP�FRPSOH[LW\

%HIRUH� GHVFULELQJ� SDUWLFXODU� DOJRULWKPV� IRU� OLQH� FOLSSLQJ�� LW� LV� QHFHVVDU\� WR� GHDO� ZLWK

DOJRULWKP� FRPSOH[LW\�� $OJRULWKP� FRPSOH[LW\� LV� YHU\� RIWHQ� XVHG� WR� FRPSDUH� GLIIHUHQW

DOJRULWKPV�LQ�RUGHU�WR�DVVHVV�WKHLU�SURSHUWLHV��7KHUH�DUH�WZR�PDMRU�W\SHV�RI�FRPSOH[LW\�

WKH�VSDFH�FRPSOH[LW\�DQG�WKH�WLPH�FRPSOH[LW\��7KH�VSDFH�FRPSOH[LW\�XVXDOO\� LQGLFDWHV

WKH� PHPRU\� UHTXLUHG� E\� WKH� DOJRULWKP� WR� VROYH� WKH� SUREOHP�� ZKHUHDV� WKH� WLPH

FRPSOH[LW\�VKRZV�WKH�FRPSXWDWLRQ�VSHHG�RI�WKH�DOJRULWKP��/HW�XV�FRQVLGHU�D�SUREOHP�3

RI�VL]H�1�DQG�OHW�,���,�������,N�GHQRWH�DOO� LQVWDQFHV�RI�SUREOHP�3��DQG�7���7�������7N�GHQRWH

WKH� WLPHV� UHTXLUHG� IRU� WKH� LQVWDQFHV� ,���,������� ,N� XVLQJ� DOJRULWKP� $�� 7KHUH� DUH� WKUHH

IROORZLQJ�EDVLF�W\SHV�RI�WLPH�FRPSOH[LW\

�� 7KH�ZRUVW�FDVH�WLPH�FRPSOH[LW\�RI�DOJRULWKP�$

7Z�1�� �PD[�^7���7�������7N`

�� 7KH�EHVW�FDVH�WLPH�FRPSOH[LW\�RI�DOJRULWKP�$

7E�1�� �PLQ�^7���7�������7N`

�� 7KH�DYHUDJH�FDVH�RU�H[SHFWHG�WLPH�FRPSOH[LW\�RI�DOJRULWKP�$

7D�1�� �S�SL7L

ZKHUH�SL�LV�WKH�SUREDELOLW\�RI�LQVWDQFH�,L�RFFXUULQJ�

7KH�WLPH�FRPSOH[LW\�ZLWKRXW�WKH�VSHFLILFDWLRQ�LPSOLFLWO\�GHQRWHV�WKH�ZRUVW�FDVH

WLPH�FRPSOH[LW\�EHFDXVH�PRVW�RI�WKH�WLPH�ZH�DUH�LQWHUHVWHG�LQ�WKH�ZRUVW�FDVH�EHKDYLRU

RI�DQ�DOJRULWKP�

$OJRULWKP�FRPSOH[LW\�LV�XVXDOO\�UHSUHVHQWHG�DV�D�IXQFWLRQ�RI�SUREOHP�VL]H�XVLQJ

RQH�RI�IRXU�IROORZLQJ�QRWDWLRQV�

�� 7KH�ILUVW�RQH��FDOOHG�ELJ�2�QRWDWLRQ��VHW� WKH�XSSHU� OLPLW�RI�DOJRULWKP�SHUIRUPDQFH�

)XQFWLRQ�J��1���5� LV� ELJ�2�RI� I��1���5�� GHQRWHG�J� �2�I��� LI� DQG�RQO\� LI� WKHUH

H[LVWV�D�QDWXUDO�QXPEHU�1��DQG�D�UHDO�FRQVWDQW�F�!���VXFK�WKDW�J�1����F
I�1��IRU�DOO

1���1���,Q�RWKHU�ZRUGV��IXQFWLRQ�J�JURZV�QR�IDVWHU�WKDQ�D�IXQFWLRQ�I�IRU�VXIILFLHQWO\

ODUJH�1�

�� 7KH�VHFRQG�QRWDWLRQ��2PHJD�QRWDWLRQ��VHW�WKH�ORZHU�OLPLW�RI�DOJRULWKP�SHUIRUPDQFH�

)XQFWLRQ�J��1���5� LV�2PHJD�RI� I��1���5��GHQRWHG�J� �W�I��� LI�DQG�RQO\�LI� WKHUH

H[LVWV�D�QDWXUDO�QXPEHU�1��DQG�D�UHDO�FRQVWDQW�F�!���VXFK�WKDW�J�1����F
I�1��IRU�DOO
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1���1���,Q�RWKHU�ZRUGV��IXQFWLRQ�J�JURZV�QR�VORZHU�WKDQ�D�IXQFWLRQ�I�IRU�VXIILFLHQWO\

ODUJH�1�

�� 7KH�7KHWD�QRWDWLRQ�LV�XVHG�IRU�RSWLPDO�DOJRULWKPV��)XQFWLRQ�J��1���5� LV� WKHWD�RI

I��1���5��GHQRWHG�J� �q��I���LI�DQG�RQO\�LI�WKHUH�H[LVWV�D�QDWXUDO�QXPEHU�1��DQG�UHDO

FRQVWDQWV�F��!����F��!��� VXFK� WKDW� F�
I�1����J�1����F�
I�1�� IRU� DOO� 1���1��� ,Q� RWKHU

ZRUGV��IXQFWLRQ�J�JURZV�DW�WKH�VDPH�UDWH�DV�D�IXQFWLRQ�I�IRU�VXIILFLHQWO\�ODUJH�1�

�� 7KH�IRXUWK�RQH��FDOOHG�VPDOO�R�QRWDWLRQ��LV�GHILQHG�DV�IROORZV��IXQFWLRQ�J��1���5�LV

VPDOO�R�RI�I��1���5��GHQRWHG�J� �R�I���LI�DQG�RQO\�LI�IRU�DOO�UHDO�FRQVWDQWV�F�!���WKHUH

LV�D�QDWXUDO�QXPEHU�1��VXFK�WKDW�J�1����F
I�1��IRU�DOO�1���1��

,Q�WKH�IROORZLQJ�WH[W��WKH�SDUWLFXODU�DOJRULWKPV�IRU�OLQH�FOLSSLQJ�ZLOO�EH�GHVFULEHG

LQ�GHWDLOV��&XUUHQWO\��WKHLU�FRPSOH[LW\�ZLOO�EH�DOVR�VKRZQ�DQG�WKH�ELJ�2�QRWDWLRQ�ZLOO�EH

RIWHQ�XVHG�IRU�WKH�PRVW�RI�PHQWLRQHG�DOJRULWKPV�
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7KH� PRVW� IUHTXHQW� FDVH� LQ� �'� JUDSKLFV� LV� OLQH� RU� OLQH� VHJPHQW� FOLSSLQJ� DJDLQVW

D�UHFWDQJXODU� ZLQGRZ�� /HW� XV� DVVXPH� WKDW� ZH� KDYH� D�OLQH� VHJPHQW� ZLWK� HQG�SRLQWV

$�[$��\$��DQG�%�[%��\%��DQG�D�FOLSSLQJ�UHFWDQJOH�GHWHUPLQHG�E\�WZR�SRLQWV��[PLQ��\PLQ��DQG

�[PD[��\PD[�� LQ�(
���7KH�PRVW� IDPRXV�DQG�SRSXODU�DOJRULWKP�IRU�FOLSSLQJ�E\� UHFWDQJXODU

ZLQGRZ� LQ� (�� LV� WKH� &RKHQ�6XWKHUODQG��&6�� DOJRULWKP� IRU�OLQH� VHJPHQW� FOLSSLQJ� DQG

/LDQJ�%DUVN\��/%��DOJRULWKP�IRU�OLQH�FOLSSLQJ�

����� &RKHQ�6XWKHUODQG�DOJRULWKP

7KH� &6� DOJRULWKP� LV� EDVHG� RQ� FRGLQJ� RI� WKH� HQG�SRLQWV� RI� WKH� JLYHQ� OLQH� VHJPHQW�

$FFRUGLQJ�WR�WKH�SRVLWLRQ�DJDLQVW�WKH�FOLSSLQJ�ZLQGRZ��WKH�HQG�SRLQW�LV�HQFRGHG�E\�WKH

IRXU�ELW�FRGH��VHH�)LJXUH�����

���� ���� ����

����

���� ����

���� ����

����
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)LJXUH������5HJLRQ�FRGHV�XVHG�LQ�&6�DOJRULWKP�

7KH�OHDVW�VLJQLILFDQW�ELW�RI�WKH�FRGH�LV�VHW�WR�³�´�LI�WKH�SRLQW�LV�WR�WKH�OHIW�RI�WKH

FOLSSLQJ�ZLQGRZ��L�H��[���[PLQ��7KH�VHFRQG�ELW� LQGLFDWHV� WKDW� WKH�SRLQW� LV� WR� WKH�ULJKW�RI

WKH�FOLSSLQJ�ZLQGRZ�� L�H�� [�!�[PD[�� 6LPLODUO\� WKH� WKLUG�RU� IRXUWK�ELW� LV� VHW� WR� ³�´� LI� WKH

SRLQW� LV� EHORZ� RU� DERYH� WKH� FOLSSLQJ�ZLQGRZ�� UHVSHFWLYHO\�� /HW�F$� DQG� F%� GHQRWH� WKH

FRGHV�RI�HQG�SRLQWV�$�DQG�%�� ,W�LV�REYLRXV�WKDW�LI�F$� ���DQG�F%� ��� WKHQ�WKH�JLYHQ�OLQH

VHJPHQW�LV�LQVLGH�WKH�FOLSSLQJ�UHFWDQJOH�DQG�LV�WULYLDOO\�DFFHSWHG��,Q�DOO�WKH�FDVHV�ZKHUH

FRGH
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DW� OHDVW� RQH� ELW� LV� VHW� WR� ³�´� LQ� ERWK� FRGHV� F$�DQG� F%�� ERWK� HQG�SRLQWV� DUH� RXWVLGH� WKH

DSSURSULDWH� FOLSSLQJ� ERXQGDU\� DQG� WKH� OLQH� VHJPHQW� LV� WULYLDOO\� UHMHFWHG�� ,Q� WKH� RWKHU

FDVHV��WKH�OLQH�VHJPHQW�LQWHUVHFWV�WKH�DSSURSULDWH�FOLSSLQJ�ERXQGDU\�DQG�WKH�LQWHUVHFWLRQ

SRLQW�UHSODFHV�RQH�HQG�SRLQW��7KH�SURFHGXUH�LV�UHSHDWHG�ZLWK�WKH�FXUWDLOHG�OLQH�VHJPHQW

XQWLO�LW�LV�UHMHFWHG�RU�DFFHSWHG��7KH�&6�DOJRULWKP�FDQ�EH�LPSOHPHQWHG�E\�$OJRULWKP�����

JOREDO�YDU�[PLQ��[PD[��\PLQ��\PD[��UHDO���^FOLSSLQJ�ZLQGRZ�VL]H`
^RSHUDWRUV�ODQG�DQG�ORU�DUH�ELWZLVH�DQG�DQG�RU�RSHUDWRUV��UHVSHFWLYHO\�`

^(;,7�PHDQV�OHDYH�WKH�SURFHGXUH`
SURFHGXUH�&6B&OLS���[$��\$��[%��\%��UHDO��
YDU [��\��UHDO�

F��F$��F%��LQWHJHU�
SURFHGXUH�&2'(��[��\��UHDO��YDU�F��LQWHJHU���^LPSOHPHQWHG�DV�D�PDFUR`
EHJLQ� F�� ���

LI�[���[PLQ�WKHQ�F�� ���HOVH�LI�[�!�[PD[�WKHQ�F�� ���
LI�\���\PLQ�WKHQ�F�� �F�����HOVH�LI�\�!�\PD[�WKHQ�F�� �F�����

HQG�^&2'(`�

EHJLQ &2'(��[$��\$��F$���&2'(��[%��\%��F%��
LI��F$�ODQG�F%��¡���WKHQ�(;,7���^WKH�OLQH�VHJPHQW�LV�RXWVLGH`
LI��F$�ORU�F%�� ���WKHQ�EHJLQ�'5$:B/,1(��[$��\$��[%��\%���(;,7��HQG�

^WKH�OLQH�VHJPHQW�LV�LQVLGH�WKH�FOLSSLQJ�UHFWDQJOH`
UHSHDW LI��F$�¡���WKHQ�F� �F$�HOVH�F� �F%�

LI��F�ODQG�µ����¶��¡���WKHQ� ^GLYLGH�OLQH�DW�WKH�OHIW�HGJH`
EHJLQ \�� �\$����[PLQ���[$�
�\%���\$�����[%���[$��

[�� �[PLQ
HQG
HOVH� LI��F�ODQG�µ����¶��¡���WKHQ� ����������^GLYLGH�OLQH�DW�WKH�ULJKW�HGJH`

EHJLQ \�� �\$����[PD[���[$�
�\%���\$�����[%���[$��
[�� �[PD[

HQG
HOVH LI��F�ODQG�µ����¶��¡���WKHQ^GLYLGH�OLQH�DW�WKH�ERWWRP�HGJH`

EHJLQ [�� �[$����\PLQ���\$�
�[%���[$�����\%���\$��
\�� �\PLQ

HQG
HOVH LI��F�ODQG�µ����¶��¡���WKHQ ^DW�WKH�WRS�HGJH`

EHJLQ [�� �[$����\PD[���\$�
�[%���[$�����\%���\$��
\�� �\PD[

HQG�
LI��F� �F$�WKHQ�EHJLQ�[$�� �[��\$�� �\��&2'(��[$��\$��F$��HQG

HOVH�EHJLQ�[%�� �[��\%�� �\��&2'(��[%��\%��F%��HQG�
LI��F$�ODQG�F%��¡���WKHQ�(;,7�

XQWLO��F$�ORU�F%�� ���
'5$:B/,1(��[$��\$��[%��\%��

HQG�^&6B&OLS`�

$OJRULWKP������&RKHQ�6XWKHUODQG�DOJRULWKP�
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,W� FDQ� EH� VHHQ� WKDW� WKH�&6� DOJRULWKP� LV� YHU\� VLPSOH� DQG� UREXVW�� ,W� HQDEOHV� WKH

GHWHFWLRQ�RI�DOO�WKH�FDVHV�ZKHUH�WKH�OLQH�VHJPHQW�LV�FRPSOHWHO\�LQVLGH�WKH�JLYHQ�UHFWDQJOH

DQG� FDVHV� ZKHUH� WKH� OLQH� VHJPHQW� KDV� ERWK� HQG�SRLQWV� RXWVLGH� D�SDUWLFXODU� FOLSSLQJ

ERXQGDU\�YHU\�TXLFNO\�� ,Q�)LJXUH������ WKH� VHJPHQWV�$%� DQG�&'� DUH�KDQGOHG� LQ� D�YHU\

VLPSOH�ZD\��+RZHYHU�WKH�OLQH�VHJPHQWV�()�DQG�*+�DUH�QRW�GLVWLQJXLVKHG�DW�DOO�DQG�IXOO

LQWHUVHFWLRQ� FRPSXWDWLRQV� PXVW� EH� GRQH�� ,Q� WKH� ZRUVW� FDVH�� VHH� OLQH� VHJPHQW� ,-�� DOO

LQWHUVHFWLRQ� SRLQWV� ZLWK� HDFK� ERXQGDU\� OLQH�� RQ� ZKLFK� WKH� UHFWDQJOH� HGJHV� OLH�� DUH

FRPSXWHG�ZKHUHDV�RQO\�WZR�LQWHUVHFWLRQ�SRLQWV�IRUP�WKH�HQG�SRLQWV�RI�WKH�FOLSSHG�OLQH

VHJPHQW�

����� /66%�DOJRULWKP�IRU�OLQH�VHJPHQW�FOLSSLQJ

'HWDLOHG� DQDO\VLV� RI� WKH� &6� DOJRULWKP� DQG� D� TXHVWLRQ� LI� WKHUH� LV� DQ\�PHDQLQJ� RI� WKH

DULWKPHWLF�VXP�RI�HQG�SRLQWV¶�FRGHV� UHVXOWHG�LQ�WKH�QHZ�DOJRULWKP��/66%��� ,W� LV�EDVHG

RQ� WKH� &6� DOJRULWKP� EXW� WKH� DULWKPHWLF� VXP� RI� HQG�SRLQWV¶� FRGHV� DQG� D�QHZ� FRGLQJ

WHFKQLTXH� IRU� WKH� OLQH� VHJPHQW� GLUHFWLRQ� DUH� XVHG� LQ� RUGHU� WR� UHPRYH� FDVHV�ZKLFK� WKH

RULJLQDO�&6� DOJRULWKP� LV� XQDEOH� WR� GLVWLQJXLVK�� 7KH� /66%� DOJRULWKP� IRU� OLQH� VHJPHQW

FOLSSLQJ� ZDV� GHYHORSHG�� YHULILHG� DQG� SXEOLVKHG� LQ� 3URFHHGLQJV� RI� WKH� LQWHUQDWLRQDO

FRQIHUHQFH�6&&*¶����VHH�>%XL��D@�DQG�LQ�7KH�9LVXDO�&RPSXWHU��VHH�>%XL��D@�

/HW�XV�DVVXPH�FKDUDFWHULVWLF�VLWXDWLRQV�IURP�)LJXUH�����DQG�OHW�F$��F%��GHQRWH�&6

FRGHV� RI� OLQH� VHJPHQW¶V� HQG�SRLQWV�� a�g�h�w� DUHDV� GHQRWH� FRUQHU� DUHDV� DQG� b�q�x�d

GHQRWH�VLGH�DUHDV�

)LJXUH������$ULWKPHWLF�VXP�RI�HQG�SRLQWV¶�FRGHV�HQDEOHV�WR�FODVVLI\�FDVHV�
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%\�WHVWLQJ�DULWKPHWLF�VXP�RI�HQG�SRLQWV¶�FRGHV�ZH�FDQ�GLVWLQJXLVK�WKH�IROORZLQJ

VLWXDWLRQV�

�� 2QH�HQG�SRLQW� RI� WKH� OLQH� VHJPHQW� LV� LQVLGH� WKH� FOLSSLQJ� UHFWDQJOH� DQG� WKH� VHFRQG

RQH� LV� LQ� WKH� VLGH� DUHD� �WKH� FDVHV� F$���F%�¶�^�������`��� ,Q� WKHVH� FDVHV�� RQO\� RQH

LQWHUVHFWLRQ�SRLQW�ZLWK�WKH�NQRZQ�HGJH�LV�FRPSXWHG�

�� 7KH� HQG�SRLQWV� RI� WKH� OLQH� VHJPHQW� DUH� LQ� WKH� RSSRVLWH� VLGH� DUHDV� �WKH� FDVHV

F$���F%�¶^����`���,Q�WKHVH�FDVHV��WZR�LQWHUVHFWLRQ�SRLQWV�DUH�FRPSXWHG��WKH�FOLSSLQJ

HGJHV�DUH�DOUHDG\�GHWHUPLQHG��

�� 2QH�HQG�SRLQW�RI�WKH�OLQH�VHJPHQW�LV�LQ�WKH�FRUQHU�DUHD�RI�WKH�FOLSSLQJ�UHFWDQJOH�DQG

WKH�VHFRQG�RQH�LV�LQ�WKH�VLGH�DUHD��WKH�FDVHV�F$���F%�¶^����������`���,Q�WKHVH�FDVHV�

RQH�FOLSSLQJ�HGJH��LI�H[LVWV��LV�DOUHDG\�GHWHUPLQHG�DQG�DQ�DGGLWLRQDO�WHVW�ZLOO�KHOS�WR

GLVFRYHU�LI�WKH�VHFRQG�RQH�LV�RSSRVLWH�RU�QHLJKERULQJ�WR�WKH�ILUVW�

�� 7KH�FDVHV�ZKHQ�F$���F%�¶^��������`��7KHUH�DUH�WZR�SRVVLEOH�VLWXDWLRQV�

D��7KH�HQG�SRLQWV�RI�WKH�OLQH�VHJPHQW�DUH�LQ�WKH�QHDU�E\�VLGH�DUHDV��L�H���d�b����d�x��

�q�b����q�x���7ZR�FOLSSLQJ�HGJHV��LI�H[LVW��DUH�DOUHDG\�GHWHUPLQHG�

E��2QH� HQG� SRLQW� RI� WKH� OLQH� VHJPHQW� LV� LQVLGH� RI� WKH� FOLSSLQJ� UHFWDQJOH� DQG� WKH

VHFRQG�RQH�LV�LQ�WKH�FRUQHU�DUHD��7KH�RQO\�RQH�LQWHUVHFWLRQ�SRLQW�FDQ�OLH�RQ�WKH

KRUL]RQWDO�RU�YHUWLFDO� HGJH�RI� FOLSSLQJ� UHFWDQJOH� DQG�ZH�QHHG�RQH� WHVW�PRUH� WR

GLVFRYHU�LW�

�� 7KH� HQG�SRLQWV� RI� WKH� OLQH� VHJPHQW� DUH� LQ� WKH� RSSRVLWH� FRUQHU� DUHDV� �WKH� FDVHV

F$���F%� �����7KH�FRPSDULVRQ�EHWZHHQ�GLUHFWLRQV�RI�WKH�JLYHQ�OLQH�DQG�WKH�FOLSSLQJ

UHFWDQJOH¶V� GLDJRQDO� GHFLGHV� ZKLFK� HGJHV� �KRUL]RQWDO� RU� YHUWLFDO�� DUH� XVHG� WR

FRPSXWH�WKH�LQWHUVHFWLRQ�SRLQWV�ILUVW�

'LVWLQJXLVKLQJ�DOO�WKRVH�FDVHV�HQDEOHV�DYRLGDQFH�RI�XQQHFHVVDU\�FDOFXODWLRQ�DQG

JDLQV� FRQVLGHUDEOH� VSHHG�XS��'HWDLOHG� GHVFULSWLRQ� RI� WKH� SURSRVHG� /66%� DOJRULWKP� LV

VKRZQ�LQ�$OJRULWKP�����

7DEOH� ���� VKRZV� WKH� WKHRUHWLFDO� DQG� H[SHULPHQWDO� FRPSDULVRQV� EHWZHHQ� QHZ

/66%� DQG� &6� DOJRULWKP� IRU� ��� GLIIHUHQW� FDVHV� LQ� )LJXUH� ����� $OO� WKH� FDVHV� FDQ� EH

GHULYHG�IURP�WKRVH�SUHVHQWHG�E\�V\PPHWU\�RU� URWDWLRQ��7KH�FRHIILFLHQW�RI�HIILFLHQF\�n

ZDV�FRPSXWHG�DV�

/66%

&6

7
7

=n

ZKHUH�7&6��7/66%�DUH�WLPHV�FRQVXPHG�E\�WKH�&6�DQG�/66%�DOJRULWKPV��UHVSHFWLYHO\�
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SURFHGXUH�/66%B&OLS���[$��\$��[%��\%��UHDO��

^(;,7�PHDQV�OHDYH�WKH�SURFHGXUH`
YDU� D[��D\��N��P��U���UHDO� F$���F%���LQWHJHU�

SURFHGXUH��&2'(��[�\��UHDO��YDU�F��LQWHJHU���^LPSOHPHQWHG�DV�D�PDFUR`
EHJLQ F�� ���

LI�[���[PLQ�WKHQ�F�� ���HOVH�LI�[�!�[PD[�WKHQ�F�� ���
LI�\���\PLQ�WKHQ�F�� �F�����HOVH�LI�\�!�\PD[�WKHQ�F� �F�����

HQG�^&2'(`�

EHJLQ
����&2'(��[$��\$��F$���&2'(��[%��\%��F%��
����LI��F$�ODQG�F%���!���WKHQ�(;,7��^WKH�OLQH�VHJPHQW�LV�RXWVLGH`
����LI��F$�ORU�F%�� ���WKHQ�^WKH�OLQH�VHJPHQW�LV�LQVLGH�WKH�FOLSSLQJ�UHFWDQJOH`
����������EHJLQ�'5$:B/,1(�[$��\$��[%��\%���(;,7��HQG�
����D[�� �[%���[$��D\�� �\%���\$�
����FDVH�F$���F%�RI�^VHH�)LJXUH����`
���������� LI�F$� ���WKHQ�EHJLQ�[$�� �[PLQ��\$�� ���[PLQ���[%��
�D\���D[���\%�HQG

�HOVH�EHJLQ�[%�� �[PLQ��\%�� ���[PLQ���[$��
�D\���D[���\$�HQG�
���������� EHJLQ�N�� �D\���D[��\$�� ���[PLQ���[$��
�N���\$��[$�� �[PLQ�

����������\%�� ���[PD[���[%��
�N���\%��[%�� �[PD[
HQG�

���EHJLQ� N�� �D\���D[��U�� ���[PLQ���[$��
�N���\$�
���������������� LI�U���\PLQ�WKHQ

FDVH�F$�RI
���EHJLQ��[%�� �[%�����\PLQ���\%���N��\%�� �\PLQ�HQG�
���EHJLQ��[$�� �[$�����\PLQ���\$���N��\$�� �\PLQ�HQG�
HOVH��(;,7�^WKH�OLQH�VHJPHQW�LV�RXWVLGH`

HQG
������������HOVH��FDVH�F$�RI

���EHJLQ�[%�� �[PLQ��\%�� �U�HQG�
���EHJLQ�[%� �[%����\PLQ���\%��N��\%� �\PLQ��[$� �[PLQ��\$� �U�HQG�
���EHJLQ�[$� ��[$����\PLQ���\$��N��\$� �\PLQ��[%� �[PLQ��\%� U�HQG�
���EHJLQ�[$�� �[PLQ��\$�� �U�HQG

HQG
HQG�

���������� FDVH��F$��RI
������������������EHJLQ�N�� �D\���D[��\$�� ���[PLQ���[%��
�N���\%�
����������������������LI�\$���\PLQ�WKHQ�(;,7�^WKH�OLQH�VHJPHQW�LV�RXWVLGH`

����������[$�� �[PLQ��\%�� ���[PD[���[PLQ��
�N���\$�
����������������������LI�\%���\PLQ�WKHQ�EHJLQ�[%� �\PLQ�\%��N���[PD[��\%� \PLQ�HQG�HOVH�[%� [PD[

HQG�
���^VLPLODUO\�IRU�FDVHV�F$� ���������`
HQG�

�����������FDVH�F$�RI
��������������������LI�D\
�[PD[���[PLQ�����D[
�\PD[���\PLQ���WKHQ

���������EHJLQ�N�� �D\���D[��\$�� ���[PLQ���[%��
�N���\%�
�������������������������LI�\$�!�\PD[�WKHQ�(;,7��^WKH�OLQH�VHJPHQW�LV�RXWVLGH`
�������������������������\%�� ���[PD[���[PLQ��
�N���\$�
������ ��LI�\%���\PLQ�WKHQ�(;,7��^WKH�OLQH�VHJPHQW�LV�RXWVLGH`



���&OLSSLQJ�E\�D�UHFWDQJXODU�ZLQGRZ

��

��LI��\$���\PLQ�WKHQ�EHJLQ�[$� ��\PLQ��\$��N���[PLQ��\$� \PLQ��[%� [PD[�HQG
�������������������������HOVH�EHJLQ�[$�� �[PLQ�
������������������������������������LI�\%�!�\PD[�WKHQ�EHJLQ�[%�� ���\PD[���\%���N���[PD[��\%�� �\PD[�HQG

�HOVH��[%�� �[PD[
���������HQG�

���������HQG�HOVH
���������EHJLQ�P�� �D[��D\��[$�� ���\PLQ���\%��
�P���[%�

�������������������������LI�[$�!�[PD[�WKHQ�(;,7��^WKH�OLQH�VHJPHQW�LV�RXWVLGH`
�[%�� ���\PD[���\PLQ��
�P���[$�

�������������������������LI�[%���[PLQ�WKHQ�(;,7��^WKH�OLQH�VHJPHQW�LV�RXWVLGH`
�LI�[$���[PLQ�WKHQ�EHJLQ�\$� �[PLQ�[$��P���\PLQ��[$� �[PLQ��\%�� �\PD[�HQG
�HOVH�EHJLQ�\$�� �\PLQ�

������������������������������������LI�[%�!�[PD[�WKHQ�EHJLQ�\%� ��[PD[���[%��P���\PD[��[%�� �[PD[�HQG
������������������������������������ ��������HOVH��\%�� �\PD[�

��������HQG�
���������HQG
�������^VLPLODUO\�IRU�FDVHV�F$� ����������`
��HQG�

^FDVHV���������DUH�VLPLODU��DV�FDVH����FDVHV�����������DUH�VLPLODU�DV�FDVH��`
���������^FDVHV�������������DUH�VLPLODU�DV�FDVH����FDVH����LV�VLPLODU�FDVH��`
����HQG�^RI�FDVH�F$���F%`�
����'5$:B/,1(��[$��\$��[%��\%��
HQG�^/66%B&OLS`�

$OJRULWKP������/66%�DOJRULWKP�IRU�OLQH�VHJPHQW�FOLSSLQJ�

,W�ZDV� WKHRUHWLFDOO\�SURYHG� WKDW� WKH�/66%�DOJRULWKP� LV� VLJQLILFDQWO\� IDVWHU� WKDQ

WKH� &6� DOJRULWKP� LQ� DOO� QRQ�WULYLDO� FDVHV� DQG� H[SHULPHQWDO� UHVXOWV� SURYHG� WKDW� WKH

H[SHFWHG�VSHHG�XS�LV�LQ�LQWHUYDO��������������!��VHH�>%XL��D@��>%XL��D@��IRU�GHWDLOV�

)LJXUH������*HQHULF�FDVHV�IRU�FRPSDULVRQ�EHWZHHQ�/66%�DQG�&6�$OJRULWKP�

V�

V�

V�

V�

V�

V�

V�

V��

V��

V�

V��

V� V��
V��

V��

V��

V��

V��
V��

V��

V��
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7KHRUHWLFDO�FRQVLGHUDWLRQV �����([S��UHVXOWV
&6 /66% n &6 /66% n

 � � [ � W>V@  � � [ � W>V@ W>V@ W>V@
V� � �� � � � ����� � �� � � � ����� ���� ����� ����� ����
V� � � � � � ����� � � � � � ����� ���� ����� ����� ����
V� �� �� � � � ����� � �� � � � ����� ���� ����� ����� ����
V� �� �� � � � ����� � �� � � � ����� ���� ����� ����� ����
V� � �� � � � ����� � �� � � � ����� ���� ����� ����� ����
V� �� �� � � � ����� �� �� � � � ����� ���� ����� ����� ����
V� �� �� �� � � ����� �� �� �� � � ����� ���� ����� ����� ����
V� � �� � � � ����� � �� � � � ����� ���� ����� ����� ����
V� �� �� �� � � ����� �� �� � � � ����� ���� ����� ����� ����
V�� �� �� �� � � ����� �� �� � � � ����� ���� ����� ����� ����
V�� �� �� �� � � ����� �� �� � � � ����� ���� ����� ����� ����
V�� � �� � � � ����� � �� � � � ����� ���� ����� ����� ����
V�� �� �� � � � ����� �� �� � � � ����� ���� ����� ����� ����
V�� � �� � � � ����� � �� � � � ����� ���� ����� ����� ����
V�� �� �� �� � � ����� � �� � � � ����� ���� ����� ����� ����
V�� �� �� � � � ����� � �� � � � ����� ���� ����� ����� ����
V�� �� �� �� � � ����� �� �� � � � ����� ���� ����� ����� ����
V�� �� �� �� � � ����� �� �� �� � � ����� ���� ����� ����� ����
V�� �� �� �� � � ����� �� �� � � � ����� ���� ����� ����� ����
V�� �� �� �� � � ����� �� �� � � � ����� ���� ����� ����� ����
V�� �� �� � � � ����� �� �� � � � ����� ���� ����� ����� ����

7DEOH������&RPSDULVRQ�EHWZHHQ�/66%�DQG�&6�$OJRULWKP�

����� /LDQJ�%DUVN\�DOJRULWKP

,Q� PDQ\� DSSOLFDWLRQV� LW� LV� QHFHVVDU\� WR� FOLS� OLQHV� LQVWHDG� RI� OLQH� VHJPHQWV�� 7KH

ZHOO�NQRZQ�DOJRULWKP�IRU�WKH�OLQH�FOLSSLQJ�LV�WKH�/LDQJ�%DUVN\�DOJRULWKP��/%��>)RO��@�

,W� FDQ� EH� VKRZQ� WKDW� &6� DOJRULWKP� LV� IDVWHU� WKDQ� WKH� /%� DOJRULWKP� IRU� OLQH� VHJPHQW

FOLSSLQJ��+RZHYHU��IRU�OLQH�FOLSSLQJ��WKH�&6�DOJRULWKP�FDQQRW�DFWXDOO\�EH�XVHG�EHFDXVH

WKH�OLQH�KDV�QRW�DQ\�HQG�SRLQW��7KH�/%�LV�EDVHG�RQ�FOLSSLQJ�RI� WKH�JLYHQ� OLQH�E\�HDFK

UHFWDQJOH¶V� ERXQGDU\�� 7KH� JLYHQ� OLQH� ZKLFK� JRHV� WKURXJK� WKH� SRLQWV� $�[$��\$�� DQG

%�[%��\%��LV�SDUDPHWULFDOO\�UHSUHVHQWHG�DV�IROORZV� ���[�W�� �[$���D[�
�W�

\�W�� �\$���D\�
�W�

ZKHUH� D[� �[%�±�[$�� D\� �\%���\$� W�¶��-��+��

,W�LV�QHFHVVDU\�WR�ILQG�WKH�LQWHUYDO�RI�SDUDPHWHU�YDOXH�W��IRU�ZKLFK�[PLQ���[�W���[PD[

DQG�\PLQ���\�W����\PD[��L�H��[PLQ����[$���D[�
�W���[PD[���[$�DQG�\PLQ���\$���D[�
�W���\PD[���\$�
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:LWKRXW�ORVV�RI�JHQHUDOLW\�ZH�FDQ�FRQVLGHU�RQO\�WKH�FRPPRQ�LQHTXDOLW\

S�
�W���T

,W�LV�REYLRXV�WKDW�WKLV�LQHTXDOLW\�KDV�WKH�IROORZLQJ�VROXWLRQ�

�� W���T�S� LI�S�����

�� W���T�S� LI�S��!��

�� "�W�� LI�S� ���DQG�T�!��

�� QRW�$�W� LI��S� ���DQG�T����

JOREDO�YDU�[PLQ��[PD[��\PLQ��\PD[��UHDO�� ^FOLSSLQJ�ZLQGRZ�VL]H��JLYHQ�YDOXHV`
SURFHGXUH�/%B&OLS���[$��\$��[%��\%��UHDO��
YDU W���W���D[��D\���UHDO�

IXQFWLRQ�&OLS7��S��T���UHDO��YDU�W���W����UHDO��ERROHDQ�
YDU U���UHDO�
EHJLQ� &OLS7�� �WUXH�

LI�S�����WKHQ
EHJLQ���U�� �T���S�

LI�U�!�W��WKHQ�&OLS7�� �IDOVH
HOVH�LI�U�!�W��WKHQ�W�� �U

HQG
HOVH LI�S�!���WKHQ

���� EHJLQ��U�� �T���S�
���������� LI�U���W��WKHQ�&OLS7�� �IDOVH
���� ���������� HOVH�LI�U���W��WKHQ�W�� �U

������������ HQG
HOVH�LI�T�����WKHQ�&OLS7�� �IDOVH

HQG�^&OLS7`�

EHJLQ
���� W�� �-���W�� �+����D[�� �[%���[$�
���� LI�&OLS7�-D[��[$���[PLQ��W���W���WKHQ
�������� LI�&OLS7�D[��[PD[���[$��W���W���WKHQ

EHJLQ
���� D\�� �\%���\$�
����� LI�&OLS7�-D\��\$���\PLQ��W���W���WKHQ
�������� LI�&OLS7�D\��\PD[���\$��W���W���WKHQ
������������� EHJLQ��[%�� �[$���D[�
�W��

\%�� �\$���D\�
�W��
��������� [$�� �[$���D[�
�W��

\$�� �\$���D\�
�W��
��������������� '5$:B/,1(�[$��\$��[%��\%�

� �� HQG
HQG

HQG�^�RI�/%B&OLS�`�

$OJRULWKP������/LDQJ�%DUVN\�DOJRULWKP�
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$W� WKH� EHJLQQLQJ� WKH� SDUDPHWHU� W� LV� OLPLWHG� E\� LQWHUYDO� �-��+��� DQG� WKHQ� WKLV

LQWHUYDO�LV�VXEVHTXHQWO\�FXUWDLOHG�E\�DOO�WKH�LQWHUVHFWLRQ�SRLQWV�ZLWK�HDFK�ERXQGDU\�OLQH

RI� WKH� FOLSSLQJ� UHFWDQJOH�� VHH� $OJRULWKP� ����� ,W� FDQ� EH� VHHQ� WKDW� DQ� DGGLWLRQDO� WULYLDO

UHMHFWLRQ�WHVW��IXQFWLRQ�&OLS7��LV�XVHG�WR�DYRLG�FDOFXODWLRQ�RI�DOO� IRXU�SDUDPHWHU�YDOXHV

IRU�OLQHV�WKDW�GR�QRW�LQWHUVHFW�WKH�FOLSSLQJ�UHFWDQJOH�

����� /6%�DOJRULWKP�IRU�OLQH�FOLSSLQJ

7KH�QHZ�/6%�DOJRULWKP�ZDV�VXJJHVWHG�WR�FOLS�OLQHV�DJDLQVW�D�UHFWDQJXODU�ZLQGRZ��VHH

>%XL��D@�� >%XL��D@�� $V� PHQWLRQHG� DERYH�� WKH� &6� DOJRULWKP� LV� IDVWHU� WKDQ� WKH� /%

DOJRULWKP� IRU� OLQH� VHJPHQW� FOLSSLQJ� EXW� IRU� OLQH� FOLSSLQJ� WKH� &6� DOJRULWKP� FDQQRW

DFWXDOO\�EH�XVHG��'HWDLOHG�DQDO\VLV�RI�WKH�/%�DOJRULWKP�ZDV�PDGH�DQG�XQGHUVWDQGLQJ�RI

LQHIILFLHQW� SDUWV� OHG� WR� D�QHZ� DOJRULWKP� IRU� OLQH� FOLSSLQJ� GHQRWHG� /6%� DOJRULWKP��7KH

SURSRVHG�/6%�DOJRULWKP�IRU� OLQH�FOLSSLQJ� LV�EDVHG�RQ�D�QHZ�FRGLQJ� WHFKQLTXH�IRU� OLQH

VORSH��7KH�FRPSDULVRQ�EHWZHHQ�VORSH�RI�WKH�JLYHQ�OLQH�DQG�FOLSSLQJ�UHFWDQJOH¶V�GLDJRQDO

GHFLGHV� ZKLFK� HGJHV� �KRUL]RQWDO� RU� YHUWLFDO�� VKRXOG� EH� XVHG� ILUVW� WR� FRPSXWH� WKH

LQWHUVHFWLRQ�SRLQWV�EHWZHHQ�WKH�OLQH�DQG�WKH�FOLSSLQJ�ZLQGRZ��VHH�$OJRULWKP������7KLV

FRPSDULVRQ�LV�XVHG�WR�DYRLG�WKH�FDOFXODWLRQ�RI�WKH�LQWHUVHFWLRQ�SRLQWV�WKDW�GR�QRW�OLH�RQ

WKH�ERXQGDU\�HGJHV�RI�WKH�FOLSSLQJ�UHFWDQJOH�

7KH�WKHRUHWLFDO�FRPSDULVRQ�EHWZHHQ�QHZ�/6%�DQG�/%�DOJRULWKP�ZDV�PDGH�DQG�LW

LV� SUHVHQWHG� LQ� WKH� ILUVW� SDUW� RI� 7DEOH� ����� 7KH� VHFRQG� SDUW� RI� 7DEOH� ���� FRQWDLQV

H[SHULPHQWDO� UHVXOWV� REWDLQHG� IRU� 3HQWLXP���0+]���0%� 5$0�� &RPSDULVRQV� ZHUH

GRQH�IRU����JHQHULF�GLIIHUHQW�FDVHV�� VHH�)LJXUH������$OO� WKH�FDVHV� FDQ�EH�GHULYHG� IURP

WKRVH�SUHVHQWHG�E\� V\PPHWU\�RU� URWDWLRQ��7KH� FRHIILFLHQW� RI� HIILFLHQF\�n� LQ�7DEOH����

ZDV�FRPSXWHG�DV�

/6%

/%

7
7

=n

ZKHUH�7/%��7/6%�DUH�WLPHV�FRQVXPHG�E\�WKH�/%�DQG�/6%�DOJRULWKPV�

7DEOH� ���� VKRZV� WKDW� WKH� /6%� DOJRULWKP� LV� VLJQLILFDQWO\� IDVWHU� WKDQ� WKH� /%

DOJRULWKP�WKHRUHWLFDOO\�DV�ZHOO�DV�H[SHULPHQWDOO\�DQG� WKH�VSHHG�XS�FDQ�EH�H[SHFWHG� LQ

����������!��VHH�>%XL��D@��>%XL��D@�IRU�GHWDLOV�
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SURFHGXUH�/6%B&OLS���[$��\$��[%��\%��UHDO��
^(;,7�PHDQV�OHDYH�WKH�SURFHGXUH`
YDU� D[��D\��N��P��UHDO�

EHJLQ
�����D[�� �[%���[$�
�����LI��D[� ���WKHQ�EHJLQ

LI��[$���[PLQ��RU��[$�!�[PD[��WKHQ�(;,7��^WKH�OLQH�LV�RXWVLGH`
\$�� �\PLQ��\%�� �\PD[��'5$:B/,1(�[$��\$��[%��\%���(;,7

HQG�
D\�� �\%���\$�

�����LI��D\� ���WKHQ�EHJLQ
LI��\$���\PLQ��RU��\$�!�\PD[��WKHQ�(;,7��^WKH�OLQH�LV�RXWVLGH`
[$�� �[PLQ��[%�� �[PD[��'5$:B/,1(�[$��\$��[%��\%���(;,7

HQG�
�����LI�D[�!���WKHQ

LI�D\�!���WKHQ
�����������LI��D\
�[PD[���[PLQ�����D[
�\PD[���\PLQ����WKHQ
�����������EHJLQ�N�� �D\���D[��\$�� ���[PLQ���[%��
�N���\%�
���������������LI�\$�!�\PD[�WKHQ�(;,7��^WKH�OLQH�LV�RXWVLGH�WKH�FOLSSLQJ�UHFWDQJOH`
���������������\%�� ���[PD[���[PLQ��
�N���\$�

���LI�\%���\PLQ�WKHQ�(;,7��^WKH�OLQH�LV�RXWVLGH�WKH�FOLSSLQJ�UHFWDQJOH`
���LI�\$���\PLQ�WKHQ�EHJLQ�[$�� ���\PLQ���\$���N���[PLQ��\$�� �\PLQ��[%�� �[PD[�HQG

�HOVH�EHJLQ��[$�� �[PLQ�
LI�\%�!�\PD[�WKHQ�EHJLQ�[%�� ���\PD[���\%���N���[PD[�

\%�� �\PD[
HQG

HOVH��[%�� �[PD[
HQG

�����������HQG
�HOVH

�����������EHJLQ�P�� �D[��D\��[$�� ���\PLQ���\%��
�P���[%�
���������������LI�[$�!�[PD[�WKHQ�(;,7��^WKH�OLQH�LV�RXWVLGH�RI�WKH�FOLSSLQJ�UHFWDQJOH`

���[%�� ���\PD[���\PLQ��
�P���[$�
���������������LI�[%���[PLQ�WKHQ�(;,7��^WKH�OLQH�LV�RXWVLGH�RI�WKH�FOLSSLQJ�UHFWDQJOH`

���LI�[$���[PLQ�WKHQ�EHJLQ�\$�� ��[PLQ�[$��P���\PLQ��[$�� �[PLQ��\%�� �\PD[�HQG
HOVH�EHJLQ��\$�� �\PLQ�

LI�[%�!�[PD[�WKHQ�EHJLQ�\%�� ���[PD[���[%���P���\PD[�
[%�� �[PD[

HQG
HOVH��\%�� �\PD[

HQG
HQG�

^VLPLODUO\�IRU�WKH�RWKHU�FDVHV`
'5$:B/,1(�[$��\$��[%��\%��

HQG��^/6%B&OLS`

$OJRULWKP������/6%�DOJRULWKP�IRU�OLQH�FOLSSLQJ�
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)LJXUH������*HQHULF�OLQHV�IRU�FRPSDULVRQ�EHWZHHQ�/6%�DQG�/%�$OJRULWKP�

7KHRUHWLFDO�FRQVLGHUDWLRQV ������([S��UHVXOWV
/ % /6% n /% /6% n

 � � [ � W>V@  � � [ � W>V@ W>V@ W>V@
O� �� �� � � � ����� � � � � � ����� ���� ����� ����� ����
O� �� �� �� � � ����� � � �� � � ����� ���� ����� ����� ����
O� �� �� �� � � ����� � � � � � ����� ���� ����� ����� ����
O� �� �� �� � � ����� � � �� � � ����� ���� ����� ����� ����
O� � � � � � ����� � � � � � ����� ���� ����� ����� ����
O� �� �� � � � ����� � � � � � ����� ���� ����� ����� ����
O� � � � � � ����� � � � � � ����� ���� ����� ����� ����
O� �� �� �� � � ����� � � � � � ���� ���� ����� ���� ����
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7DEOH������&RPSDULVRQ�EHWZHHQ�/6%�DQG�/%�$OJRULWKP�

����� $OJRULWKPV�XVLQJ�WKH�VHSDUDWLRQ�IXQFWLRQ��6)�

������� 7KH�6)�DOJRULWKP�IRU�OLQH�FOLSSLQJ

)XUWKHU� VWXG\� RI� OLQH� FOLSSLQJ� SUREOHP� DJDLQVW� D� UHFWDQJXODU� ZLQGRZ� OHG� WR� DQRWKHU

DOJRULWKP� IRU� OLQH� FOLSSLQJ� WKDW� LV� PRUH� HIILFLHQW�� VHH� >%XL��E@�� 7KH� QHZ� VHSDUDWLRQ

IXQFWLRQ� DOJRULWKP� �GHQRWHG� 6)� DOJRULWKP�� LV� EDVHG� RQ� D�QHZ� FRGLQJ� WHFKQLTXH� IRU

YHUWLFHV�RI�WKH�JLYHQ�FOLSSLQJ�UHFWDQJOH��,W�LV�REYLRXVO\�WKDW�WKH�JLYHQ�OLQH�S�GLYLGHV�WKH

ZKROH�SODQH�LQWR�WZR�KDOI�SODQHV��VHH�)LJXUH������GHILQHG�E\�D�VHSDUDWLRQ�IXQFWLRQ��,I�WKH

VHSDUDWLRQ�IXQFWLRQ�LV�GHILQHG�DV�

)�[�\�� �D
[���E
\���F
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WKHQ�WKH�VLJQ�RI�WKH�VHSDUDWLRQ�IXQFWLRQ�YDOXH�)�9L���L�¶�>���@��LQ�WKH� L�WK�YHUWH[�RI�WKH

UHFWDQJXODU�ZLQGRZ�GHWHUPLQHV�WKH�KDOI�SODQH�LQ�ZKLFK�WKH�YHUWH[�OLHV��8VLQJ�WKH�YDOXH

RI� WKH� VHSDUDWLRQ� IXQFWLRQ� LQ� DOO� YHUWLFHV�ZH� FDQ� GLVWLQJXLVK� �� IXQGDPHQWDO� FDVHV�� VHH

)LJXUH�����

9
�

9
�

9
�

9
�

H
�ORZHU

KDOI�SODQH

XSSHU
KDOI�SODQH

)LJXUH������/LQH�S�GLYLGHV�WKH�SODQH�LQWR�WZR�KDOI�SODQHV�

)LJXUH������)XQGDPHQWDO�PXWXDO�SRVLWLRQV�EHWZHHQ�WKH�OLQH�DQG�FOLSSLQJ�ZLQGRZ�

7KLV�REVHUYDWLRQ�OHG�QDWXUDOO\� WR� WKH�QHZ�6)�DOJRULWKP��7KH�EDVLF�VWHSV�FDQ�EH

GHILQHG�DV�

�� FDOFXODWH�WKH�FRHIILFLHQWV�D��E��F�RI�VHSDUDWLRQ�IXQFWLRQ�)�IRU�WKH�JLYHQ�OLQH�S�

�� XVH�WKH�VHSDUDWLRQ�IXQFWLRQ�)� WR�FKDUDFWHULVH� WKH�ORFDWLRQ�RI�YHUWLFHV�RI� WKH

JLYHQ�FOLSSLQJ�UHFWDQJOH�

�� GHWHUPLQH�WKH�DSSURSULDWH�FDVH�

�� FRPSXWH�WKH�LQWHUVHFWLRQ�SRLQWV�ZLWK�DSSURSULDWH�HGJHV�

,W� FDQ� EH� VHHQ� WKDW� RQO\� WKH� LQWHUVHFWLRQ� SRLQWV� UHTXLUHG� IRU� WKH� RXWSXW� DUH

FRPSXWHG��1RZ��ZH�ZLOO�GHVFULEH�WKH�FODVVLILFDWLRQ�SURFHVV�PRUH�LQ�GHWDLO�

/HW� XV� GHQRWH� F��� F��� F��� F�� YDOXHV� RI� WKH� VHSDUDWLRQ� IXQFWLRQ� LQ� WKH� FOLSSLQJ

UHFWDQJOH¶V�YHUWLFHV�9���9���9���9���UHVSHFWLYHO\��VHH�)LJXUH�����
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7KHUH�DUH�WZR�PDMRU�FDVHV�WR�EH�GLVWLQJXLVKHG�

�� WKH�YHUWLFHV�9��DQG�9��OLH�RQ�WKH�GLIIHUHQW�VLGHV�RI�OLQH�S��VHH�)LJXUH�����D�G�

�� WKH�YHUWLFHV�9��DQG�9��OLH�RQ�WKH�VDPH�VLGH�RI�OLQH�S��VHH�)LJXUH�����H�I�

D��7KH�YHUWLFHV�9��DQG�9��DUH�LQ�WKH�GLIIHUHQW�VLGHV�RI�WKH�OLQH��L�H��F��
�F��<���

,Q�WKLV�FDVH��WKH�VLJQ�RI�H[SUHVVLRQ��F�
F���GHWHUPLQHV�ZKHWKHU�9��DQG�9�� OLH�RQ

WKH�VDPH�VLGHV�RI�OLQH�S��)LJXUH�����D�E��RU�QRW��)LJXUH�����F�G��

,I�WKH�YHUWLFHV�9��DQG�9��OLH�RQ�WKH�VDPH�VLGH�RI�OLQH�S��WKH�DGGLWLRQDO�WHVW

F�
F�>��GHWHUPLQHV�RQ�ZKLFK�HGJHV�WKH�LQWHUVHFWLRQ�SRLQWV� OLH�� ,I�F�
F��>��� WKHQ

WKH�LQWHUVHFWLRQ�SRLQWV�OLH�RQ�WKH�HGJHV�H��DQG�H���VHH�)LJXUH�����D��2WKHUZLVH��WKH

LQWHUVHFWLRQ�SRLQWV�OLH�RQ�WKH�HGJHV�H��DQG�H���VHH�)LJXUH�����E�

,Q�WKH�FDVH�WKDW�9��DQG�9��OLH�RQ�WKH�GLIIHUHQW�VLGHV�RI�OLQH�S��LI�F�
F��>��

WKHQ� WKH� LQWHUVHFWLRQ� SRLQWV� OLH� RQ� WKH� HGJHV� H�� DQG� H��� VHH� )LJXUH� ����F�

2WKHUZLVH��WKH�LQWHUVHFWLRQ�SRLQWV�OLH�RQ�WKH�HGJHV�H��DQG�H���VHH�)LJXUH�����G�

E��7KH� YHUWLFHV�9�� DQG�9�� OLH� RQ� WKH� VDPH� VLGH� RI� WKH� OLQH�� ,Q� WKLV� FDVH�� LI

F�
F��<����L�H��9��DQG�9��OLH�RQ�WKH�GLIIHUHQW�VLGHV�RI�WKH�OLQH��WKHQ�WKH�LQWHUVHFWLRQ

SRLQWV�OLH�RQ�WKH�HGJHV�H��DQG�H���VHH�)LJXUH�����H��2WKHUZLVH��WKH�DGGLWLRQDO�WHVW

F�
F��>���GHWHUPLQHV�ZKHWKHU�WKH�ZKROH�OLQH�LV�RXWVLGH�RI�FOLSSLQJ�UHFWDQJOH��VHH

)LJXUH�����I�� RU� WKH� LQWHUVHFWLRQ� SRLQWV� OLH� RQ� WKH� HGJHV� H�� DQG� H��� VHH

)LJXUH�����J�

7KH�FRPSOHWH�6)�DOJRULWKP�FDQ�EH�LPSOHPHQWHG�E\�WKH�$OJRULWKP�����

SURFHGXUH�6)B&OLS���[$��\$��[%��\%��UHDO��
^SRLQWV�$�[$��\$���DQG�%�[%��\%��GHWHUPLQH�WKH�FOLSSHG�OLQH`
JOREDO�YDU�[PLQ��[PD[��\PLQ��\PD[��UHDO���^FR�RUGLQDWHV�RI�FOLSSLQJ�ZLQGRZ�FRUQHUV`
YDU W��D[��D\��F��F���F���F���F����UHDO�
EHJLQ D[�� �[%���[$�
���� LI��D[� ���WKHQ
���� EHJLQ LI��[$���[PLQ��RU��[$�!�[PD[��WKHQ�(;,7��^WKH�OLQH�LV�RXWVLGH`
������� \$�� �\PLQ��\%�� �\PD[�

'5$:B/,1(��[$��\$��[%��\%���(;,7�^6)B&OLS`
��� HQG�

D\�� �\%���\$�
��� LI��D\� ���WKHQ
��� EHJLQ LI��\$���\PLQ��RU��\$�!�\PD[��WKHQ�(;,7��^WKH�OLQH�LV�RXWVLGH�`
������� [$�� �[PLQ��[%�� �[PD[�

'5$:B/,1(��[$��\$��[%��\%���(;,7�^6)B&OLS`
��� HQG�
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���� [$�� �[$����\PLQ�±�\$��
�W��\$�� �\PLQ

HQG
�� HQG

HOVH� ^�F�
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�� EHJLQ LI��F��
�F��<����WKHQ ^FDVH�H`
������� EHJLQ \%�� �\$����[PD[���[$��
�D\���D[��[%�� �[PD[�

���� [$�� �[$����\PD[�±�\$��
�D[���D\��\$�� �\PD[�����
HQG

HOVH EHJLQ F�� �D\�
�[PLQ�±�D[�
�\PLQ���F�
LI��F��
�F��!����WKHQ�(;,7� ^FDVH�I`
HOVH ^FDVH�J`
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D[�D\��\%� \PLQ�
���� \$� \$����[PLQ�[$�
D\�D[��[$� [PLQ

HQG
HQG

��� HQG�
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������� 0RGLILHG�6)�DOJRULWKP

,W� FDQ� EH� VHHQ� WKDW� VRPH�PRGLILFDWLRQV� FDQ� EH� GRQH� WR� LPSURYH� WKH� HIILFLHQF\� RI� 6)

DOJRULWKP�

D��7KH� ILUVW� PRGLILFDWLRQ� LV� EDVHG� RQ� WKH� REVHUYDWLRQ� WKDW� WKH� FR�RUGLQDWHV� RI� WKH

LQWHUVHFWLRQ�SRLQWV�FDQ�EH�FDOFXODWHG�IURP�WKH�VHSDUDWLRQ�IXQFWLRQ�YDOXH�RI�WKH�FOLSSLQJ

ZLQGRZ¶V�YHUWLFHV��,W�LV�YHU\�VLPSO\�WR�GHULYH�WKH�IROORZLQJ�H[SUHVVLRQV�

�� [� �[$����\PD[�±�\$��
�D[�D\� �[PLQ�±��F��D\

�WKH�LQWHUVHFWLRQ�SRLQW�RQ�WKH�WRS�ERXQGDU\�

�� \� �\$����[PD[���[$��
�D\�D[� �\PD[����F��D[

�WKH�LQWHUVHFWLRQ�SRLQW�RQ�WKH�ULJKW�ERXQGDU\�

�� [� �[$����\PLQ�±�\$��
�D[�D\� �[PLQ�±��F��D\

�WKH�LQWHUVHFWLRQ�SRLQW�RQ�ERWWRP�ERXQGDU\�

�� \� �\$����[PLQ���[$��
�D\�D[� �\PD[����F��D[

�WKH�LQWHUVHFWLRQ�SRLQW�RQ�WKH�OHIW�ERXQGDU\�

,W� FDQ� EH� VHHQ� WKDW� ZH� FDQ� VDYH� RQH� DGGLWLRQ� DQG� RQH�PXOWLSOLFDWLRQ� IRU� HDFK

LQWHUVHFWLRQ�SRLQW�E\�XVLQJ�WKHVH�H[SUHVVLRQV�

E�� 7KH�EHWWHU�UHVXOWV�FDQ�EH�REWDLQHG�ZKLOH�UHSODFLQJ�WKH�GLUHFW�FDOFXODWLRQ�RI�F���F���F�

E\�XVLQJ�WKH�SUH�FDOFXODWHG�YDOXHV�DV�IROORZV�

�� F�� �D\�
�[PD[�±�D[�
�\PD[���F� �F����D\�
�Z

�� F�� �D\�
�[PD[�±�D[�
�\PLQ���F� �F����D[�
�K

�� F�� �D\�
�[PLQ�±�D[�
�\PLQ���F� �F����D[�
�K

ZKHUH� Z �[PD[�±�[PLQ��WKH�FOLSSLQJ�ZLQGRZ¶V�ZLGWK�

K �\PD[�±�\PLQ��WKH�FOLSSLQJ�ZLQGRZ¶V�KHLJKW�

F�� :H�FDQ�JHW�IXUWKHU�VSHHG�XS�ZKHQ�DSSO\LQJ�WKH�IROORZLQJ�UHSODFHPHQWV��LQVWHDG�RI

WZR�VWDWHPHQWV��F� �[%�
��\$�±�[$�
�\%��F�� �D\�
�[PLQ�±�D[�
�\PD[���F���ZH�FDQ�XVH�RQO\�RQH

�F��� �D\�
��[PLQ�±�[$�����D[�
��\PD[�±�\$����DQG�LQVWHDG�RI�WKH�FRQGLWLRQ��F��
�F��<�����ZH�FDQ

XVH�WKH�FRQGLWLRQ��F��
��F����D[�
�K��<����

$OO� RI� DERYH� PHQWLRQHG� PRGLILFDWLRQV� FDQ� EH� LPSOHPHQWHG� E\� WKH� 06)

DOJRULWKP��VHH�$OJRULWKP�����

6LQFH�WKH�FRQGLWLRQV�D[� ����D\� ���RFFXU�SUDFWLFDOO\�ZLWK�]HUR�SUREDELOLW\�DQG

WKH� WHVW�RI� WKHVH�FRQGLWLRQV�FDQ�EH� OHIW�RXW�ZLWKRXW� ORVW� RI� VWDELOLW\�RU� FRUUHFWQHVV�� WKH

IXUWKHU�VSHHG�XS�FDQ�EH�UHDFKHG�E\�UHPRYLQJ�WKLV�WHVW��7KH�VKRUWHQHG�DOJRULWKP�ZLOO�EH

UHSRUWHG�DV�WKH�06)���DOJRULWKP�
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SURFHGXUH�06)B&OLS���[$��\$��[%��\%��UHDO��
^SRLQWV�$�[$��\$���DQG�%�[%��\%��GHWHUPLQH�WKH�FOLSSHG�OLQH`
JOREDO�YDU�[PLQ��[PD[��\PLQ��\PD[��K��Z��UHDO�
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EHJLQ D[�� �[%���[$�
�
�^WHVWV�LI�OLQH�LV�YHUWLFDO�RU�KRUL]RQWDO`

���� LI��D[� ���WKHQ
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'5$:B/,1(��[$��\$��[%��\%���(;,7�^06)B&OLS`
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��� LI��D\� ���WKHQ
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������� [$�� �[PLQ��[%�� �[PD[�

'5$:B/,1(��[$��\$��[%��\%���(;,7�^06)B&OLS`
��� HQG�

�
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LI��F��
�F��!����WKHQ�(;,7� ^FDVH�I`
HOVH ^FDVH�J`

EHJLQ [%�� �[PLQ�±�F����D\� \%�� �\PLQ�
���� \$�� �\PD[���F����D[��[$�� �[PLQ

HQG
������� HQG

HQG�
'5$:B/,1(��[$��\$��[%��\%�

HQG�^�RI�06)B&OLS�`�

$OJRULWKP������06)�DOJRULWKP�

������� ([SHULPHQWDO�UHVXOWV

)RU�H[SHULPHQWDO�YHULILFDWLRQ�RI�WKH�/%�DQG�/6%�DOJRULWKPV�DQG�WKH�SURSRVHG�6)��06)

DQG�06)���DOJRULWKPV��DOO�IXQGDPHQWDO�FDVHV�ZHUH�WHVWHG�DQG�������GLIIHUHQW�OLQHV�ZHUH

UDQGRPO\�JHQHUDWHG�IRU�HDFK�FRQVLGHUHG�FDVH��VHH�)LJXUH�����DQG�)LJXUH�����

/HW�XV�LQWURGXFH�WKH�FRHIILFLHQWV�RI�HIILFLHQF\�n/6%��n06)��n06)���DV�
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06) 7
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ZKHUH�7/%��7/6%��706)��706)���DUH�WLPHV�FRQVXPHG�E\�WKH�/%��/6%�DOJRULWKP�DQG

WKH� PRGLILFDWLRQV� 06)� DQG� 06)��� DOJRULWKPV� RI� WKH� 6)� DOJRULWKP� �WKH� 06)��

DOJRULWKP�LV�WKH�06)�DOJRULWKP�ZLWKRXW�WHVWLQJ�RI�FRQGLWLRQV�D[� ����D\� ����

7DEOH� ���� VKRZV� H[SHULPHQWDO� UHVXOWV� REWDLQHG� IRU� 3HQWLXP� ,,����0+]���0%

5$0����.%�&$&+(�� VLPLODU� UHVXOWV�ZHUH� DOVR� REWDLQHG� IRU� 3HQWLXP���0+]���0%

5$0� DQG� 3HQWLXP� 352����0+]����0%�5$0�� 7KLV� WDEOH� VKRZV� WKDW� WKH� /6%� DQG

06)� DOJRULWKPV� DUH� VLJQLILFDQWO\� IDVWHU� WKDQ� WKH� /%� DOJRULWKP� LQ� DOO� FDVHV�� ,W� FDQ� EH

VHHQ�WKDW�WKH�VSHHG�XS�YDULHV�IURP�����WR������IRU�DOO�FRPPRQ�FDVHV��7KH�FRPPRQ�FDVH

LV�WKH�FDVH�ZKHQ�WKH�JLYHQ�OLQH�LV�QHLWKHU�KRUL]RQWDO�QRU�YHUWLFDO��FDVHV�S��S���

7KH�06)���DOJRULWKP�LV�EDVHG�RQ�WKH�IDFW�WKDW�VWULFWO\�KRUL]RQWDO�RU�YHUWLFDO�OLQHV

DUH�KLJKO\�LPSRVVLEOH�LQ�QRUPDO�VLWXDWLRQV��7KH�VSHHG�XS�RI�WKH�06)���DOJRULWKP�FDQ�EH

H[SHFWHG�IURP�����WR������IRU�DOO�FRPPRQ�FDVHV��VHH�7DEOH�����
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7DEOH������&RPSDULVRQ�EHWZHHQ�/6%��06)��06)��DQG�/%�DOJRULWKP�
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����� 1LFKROO�/HH�1LFKROO�DOJRULWKP�IRU�OLQH�VHJPHQW�FOLSSLQJ

1LFKROO�� /HH� DQG� 1LFKROO� KDYH� FUHDWHG� D� EHWWHU� �'� OLQH� VHJPHQW� FOLSSHU� �>1LF��D@�

>)RO��D@�� WKDQ� WKH� &6� DOJRULWKP��$OWKRXJK� WKH�1LFKROO�/HH�1LFKROO� �1/1�� DOJRULWKP

KDV�JUHDW�PDQ\�FDVHV��WKH�EDVLF�LGHD�LV�VLPSOH�HQRXJK�WKDW�XQGHUVWDQGLQJ�RQH�FDVH�OHWV

XV�JHQHUDWH� DOO� WKH� RWKHUV��&RQVLGHU� D� OLQH� VHJPHQW�$%� WKDW� LV� WR� EH� FOLSSHG��:H� ILUVW

GHWHUPLQH�ZKHUH�SRLQW�$�OLHV��,I�ZH�GLYLGH�WKH�SODQH�LQWR�WKH�VDPH�QLQH�UHJLRQV�XVHG�LQ

WKH� &6� DOJRULWKP�� VHH� )LJXUH� ����� WKHQ� SRLQW� $� PXVW� OLH� LQ� RQH� RI� WKHVH� UHJLRQV�

%\�GHWHUPLQLQJ�WKH�SRVLWLRQ�RI�SRLQW�%� UHODWLYH�WR� WKH� OLQHV� IURP�$� WR�HDFK�RI�FRUQHUV�

ZH�FDQ�GHWHUPLQH�ZKLFK�HGJHV�RI�WKH�FOLSSLQJ�UHFWDQJOH�WKH�OLQH�VHJPHQW�$%�LQWHUVHFWV�

6XSSRVH� WKDW� SRLQW�$� OLHV� LQ� WKH� ORZHU�OHIW� FRUQHU� UHJLRQ�� DV� LQ� )LJXUH� ����� ,I

SRLQW�%�OLHV�EHORZ�\PLQ�RU�WR�WKH�OHIW�RI�[PLQ��WKHQ�WKH�OLQH�VHJPHQW�$%�FDQQRW�LQWHUVHFW�WKH

FOLSSLQJ�UHFWDQJOH��WKLV�DPRXQWV�WR�FKHFNLQJ�WKH�&RKHQ�6XWKHUODQG�RXWFRGHV���7KH�VDPH

LV�WUXH�LI�SRLQW�%�OLHV�WR�WKH�OHIW�RI�WKH�OLQH�IURP�$�WR�WKH�XSSHU�OHIW�FRUQHU�RU�LI�SRLQW�%

OLHV�WR�WKH�ULJKW�RI�WKH�OLQH�IURP�$�WR�WKH�ORZHU�ULJKW�FRUQHU��0DQ\�FDVHV�FDQ�EH�WULYLDOO\

UHMHFWHG�E\�WKHVH�FKHFNV��:H�DOVR�FKHFN�WKH�SRVLWLRQ�RI�SRLQW�%�UHODWLYH�WR�WKH�OLQH�IURP

$�WR�WKH�ORZHU�OHIW�FRUQHU��:H�ZLOO�GLVFXVV�WKH�FDVH�ZKHQ�%�LV�DERYH�WKLV�OLQH��DV�VKRZQ

LQ�)LJXUH������,I�SRLQW�%�LV�EHORZ�WKH�WRS�RI�WKH�FOLSSLQJ�UHFWDQJOH��LW�LV�HLWKHU�LQVLGH�WKH

FOLSSLQJ�UHFWDQJOH�RU�WR�WKH�ULJKW�RI�LW��+HQFH�WKH�OLQH�VHJPHQW�$%�LQWHUVHFWV�WKH�FOLSSLQJ

UHFWDQJOH�HLWKHU�DW�LWV�OHIW�HGJH�RU�DW�ERWK�WKH�OHIW�DQG�ULJKW�HGJHV��,I�%�LV�DERYH�WKH�WRS�RI

WKH�FOLSSLQJ�UHFWDQJOH�� LW�PD\�EH�WR� WKH�OHIW�RI� WKH� OLQH� IURP�$� WR� WKH�XSSHU�OHIW�FRUQHU

DQG�WKH�OLQH�VHJPHQW�$%�LV�UHMHFWHG��,I�QRW��LW�PD\�EH�WR�WKH�ULJKW�RI�WKH�ULJKW�HGJH�RI�WKH

FOLSSLQJ�UHFWDQJOH��7KLV�ODWHU�FDVH�GLYLGHV�LQWR�WKH�WZR�FDVHV��%�LV�WR�WKH�OHIW�RI�WKH�OLQH

IURP�$� WR� WKH� XSSHU�ULJKW� FRUQHU� DQG� WR� WKH� ULJKW� RI� LW��7KH� UHJLRQV� LQ� )LJXUH� ���� DUH

ODEHOHG� E\� HGJHV� FXW� E\� D� VHJPHQW� IURP� $� WR� DQ\� SRLQW� LQ� WKRVH� UHJLRQV�� /7�� IRU

H[DPSOH��PHDQV�WKH�OLQH�IURP�$� WR�DQ\�SRLQW� LQ� WKLV�UHJLRQ�LQWHUVHFWV�ERWK�WKH�OHIW�DQG

WRS�HGJHV�RI�WKH�FOLSSLQJ�UHFWDQJOH�

7KH�UHPDLQLQJ�FDVHV��ZKHQ�$�LV�LQVLGH�WKH�FOLSSLQJ�UHFWDQJOH�RU�LQ�RQH�RI�WKH�VLGH

UHJLRQV��DUH�VLPLODU��7KXV�� LW� LV�ZRUWKZKLOH� WR�UHFRJQL]H� WKH�V\PPHWULHV�RI� WKH�YDULRXV

FDVHV�DQG�WR�ZULWH�D�SURJUDP�WR�WUDQVIRUP�WKUHH�JHQHUDO�FDVHV��$� LV� LQVLGH�WKH�FOLSSLQJ

UHFWDQJOH��LQ�WKH�FRUQHU�RU�LQ�WKH�VLGH�UHJLRQ��LQWR�QLQH�GLIIHUHQW�FDVHV�
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)LJXUH������7KH�UHJLRQV�GHWHUPLQHG�E\�WKH�OLQHV�IURP�$�WR�WKH�FRUQHUV�

,Q�VXPPDU\��IRU�OLQH�FOLSSLQJ�DJDLQVW�D�UHFWDQJXODU�ZLQGRZ��WKH�&6�DOJRULWKP�LV

HIILFLHQW�ZKHQ�WKH�RXWFRGH�WHVWLQJ�FDQ�EH�GRQH�FKHDSO\��IRU�H[DPSOH��E\�GRLQJ�ELWZLVH

RSHUDWLRQV�LQ�DVVHPEO\�ODQJXDJH��DQG�WULYLDO�DFFHSWDQFH�RU�UHMHFWLRQ�LV�DSSOLFDEOH�WR�WKH

PDMRULW\�RI� OLQH� VHJPHQWV�� )RU� OLQHV� WKDW� FDQQRW� EH� WULYLDOO\� UHMHFWHG� E\�&6� DOJRULWKP

EHFDXVH�WKH\�GR�QRW�OLH�LQ�DQ�LQYLVLEOH�KDOI�SODQH��WKH�UHMHFWLRQ�WHVWV�RI�/%�DOJRULWKP�DUH

FOHDUO\� SUHIHUDEOH� WR� WKH� UHSHDWHG� FOLSSLQJ� UHTXLUHG� E\� &6� DOJRULWKP�� 7KH� 1/1

DOJRULWKP�LV�JHQHUDOO\�SUHIHUDEOH�WR�HLWKHU�&6�RU�/%�DOJRULWKP�EXW�GRHV�QRW�JHQHUDOL]H�WR

�'��DV�GRHV�&6�DQG�/%�DOJRULWKPV��7KH�QHZ�/66%�DOJRULWKP�ZDV�GHYHORSHG��YHULILHG

DQG�WHVWHG�IRU�FOLSSLQJ�OLQH�VHJPHQWV�DQG�LW�FODLP�WKH�VXSHULRULW\�RYHU�WKH�&6�DOJRULWKP�

)RU�FOLSSLQJ�OLQHV�DJDLQVW�D�UHFWDQJXODU�ZLQGRZ��WKH�QHZ�/6%�DQG�06)�DOJRULWKP�FODLP

WKH� VXSHULRULW\� RYHU� WKH� /%� DOJRULWKP� IRU� DOO� FDVHV�� ([SHULPHQWV� SURYHG� WKDW� WKH

VSHHG�XS�FRXOG�EH�FRQVLGHUHG�XS�WR�����WLPHV�RQ�WKH�DYHUDJH�IRU�WKH�/6%�DOJRULWKP��7KH

06)� DQG� 06)��� DOJRULWKPV� ZHUH� DOVR� LPSOHPHQWHG� DV� WKH� PRGLILFDWLRQV� RI� WKH� 6)

DOJRULWKP��7KH�VSHHG�XS�RI�06)���DOJRULWKP�FDQ�EH�FRQVLGHUHG�XS�WR������WLPHV�RQ�WKH

DYHUDJH�IRU�DOO�FRPPRQ�FDVHV�
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��� &OLSSLQJ�E\�D�FRQYH[�SRO\JRQ

0DQ\� DOJRULWKPV� IRU� OLQH� RU� OLQH� VHJPHQW� FOLSSLQJ� E\� FRQYH[� SRO\JRQ� KDV� EHHQ

SURSRVHG��VHH�UHIHUHQFHV��QHYHUWKHOHVV�WKH�&\UXV�%HFN��&%��DOJRULWKP�LV�WKH�PRVW�RIWHQ

XVHG�EHFDXVH�LW�LV�YHU\�VLPSOH�WR�LPSOHPHQW�DQG�QXPHULFDOO\�VWDEOH�

����� &\UXV�%HFN�DOJRULWKP

/HW�WKH�FRQYH[�FOLSSLQJ�SRO\JRQ�EH�JLYHQ�E\�1�SRLQWV

[L� �>[L��\L@
7 ��L� ���������1��

ZKHUH��SRLQWV�[��DQG�[1�DUH�LGHQWLFDO��[L�DQG�\L�DUH�FR�RUGLQDWHV�RI�WKH�YHUWH[�[L��FROXPQ

QRWDWLRQ� LV�XVHG���QL� LV� WKH�QRUPDO�YHFWRU�RI� WKH�HGJH�HL� �[L�[L���� DQG�SRLQWV�RXW� RI� WKH

FRQYH[�SRO\JRQ��7KH�JLYHQ�OLQH�S�LV�GHWHUPLQHG�E\�WZR�SRLQWV�

[$� �>[$��\$@
7� � [%� �>[%��\%@

7

7KH�JLYHQ�OLQH�FDQ�EH�SDUDPHWULFDOO\�UHSUHVHQWHG�DV�IROORZV�

[�W�� �[$����[%���[$��
�W�

RU

[�W�� �[$���D[�
�W�

\�W�� �\$���D\�
�W�

ZKHUH� D[� �[%�±�[$� D\� �\%���\$�

W�¶��-��+����IRU�OLQH�FOLSSLQJ��RU�W�¶�����!���IRU�OLQH�VHJPHQW�FOLSSLQJ�

/HW�XV�FRQVLGHU�WKH�YHFWRU�[�W����[L�IURP�YHUWH[�[L�WR�RQH�SRLQW�RQ�OLQH�S��:H�PXVW

ILQG�WKH�SDUDPHWHU�YDOXH�W�DW�WKH�LQWHUVHFWLRQ�RI�OLQH�S�ZLWK�WKH�HGJH�HL�� L�H��ZH�KDYH�WR

VROYH�WKH�IROORZLQJ�HTXDWLRQ�

QL
7�>[�W����[L@� ��

)LUVW��VXEVWLWXWH�IRU�[�W��

QL
7�>[$����[%���[$��
�W���[L@� ��

1H[W��JURXS�WHUPV�DQG�GLVWULEXWH�WKH�GRW�SURGXFW�

QL
7�>[$���[L@���QL

7�>[%���[$@�
�W� ��

/HW�V� �[%���[$�EH�WKH�YHFWRU�IURP�[$�WR�[%�WKHQ�ZH�FDQ�ZULWH�

VQ

[[Q
7

L

$L

7

L
@�>

W
�
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1RWH� WKDW� WKLV� JLYHV� D�YDOLG� YDOXH� RI� W� LI� DQG� RQO\� LI� WKH� GHQRPLQDWRU� RI� WKH

H[SUHVVLRQ�LV�QRQ]HUR��7KHUHIRUH��WKH�DOJRULWKP�PXVW�FKHFN�WKDW

QL�¡����L�H��WKH�QRUPDO�VKRXOG�QRW�EH�>����@7�

V�¡����L�H��[$�¡�[%�

QL
7�V�¡��� �L�H�� OLQH�S� DQG� WKH� HGJH�HL� DUH�QRW� SDUDOOHO�� ,I� WKH\�ZHUH�SDUDOOHO� WKHQ

HLWKHU�WKH�HQWLUH�OLQH�PXVW�EH�UHMHFWHG�RU�WKH�DOJRULWKP�PRYHV�WR�WKH�QH[W�YHUWH[��

:H�FDOFXODWH�WKH�SDUDPHWHU�YDOXH�W�IRU�DOO�LQWHUVHFWLRQV�EHWZHHQ�WKH�JLYHQ�OLQH�S

DQG�HDFK�HGJH�RI�WKH�FOLSSLQJ�SRO\JRQ��7KH�QH[W�VWHS�LV�WR�GHWHUPLQH�ZKLFK��LI�DQ\��RI

WKH�YDOXHV� FRUUHVSRQG� WR� WKH� LQWHUQDO� LQWHUVHFWLRQV�RI� WKH� JLYHQ� OLQH�ZLWK� HGJHV� RI� WKH

FOLSSLQJ� SRO\JRQ�� L�H�� ZH� QHHG� WR� GHWHUPLQH� ZKHWKHU� WKH� LQWHUVHFWLRQ� OLHV� RQ� WKH� FOLS

ERXQGDU\�� 7KH� LQWHUVHFWLRQV� DUH� FKDUDFWHUL]HG� DV� ³SRWHQWLDOO\� HQWHULQJ´� �3(�� RU

³SRWHQWLDOO\� OHDYLQJ´� �3/�� WKH� FOLSSLQJ� SRO\JRQ�� DV� IROORZV�� LI�PRYLQJ� IURP� [$� WR� [%

FDXVHV�XV�WR�FURVV�D�SDUWLFXODU�HGJH�WR�HQWHU�WKH�HGJH¶V�LQVLGH�KDOI�SODQH��WKH�LQWHUVHFWLRQ

LV�3(��,I�LW�FDXVHV�XV�WR�OHDYH�WKH�HGJH¶V�LQVLGH�KDOI�SODQH��LW�LV�3/��1RWLFH�WKDW�ZLWK�WKLV

GLVWLQFWLRQ�� WZR�LQWHULRU� LQWHUVHFWLRQ�SRLQWV�RI�D�OLQH� LQWHUVHFWLQJ� WKH�FOLS�SRO\JRQ�KDYH

RSSRVLQJ�ODEHOV��VHH�)LJXUH������2Q�DQRWKHU�YLHZ��LQWHUVHFWLRQV�FDQ�EH�FODVVLILHG�DV�3(

RU�3/�RQ�WKH�EDVLV�RI�WKH�QRQ�RULHQWDWHG�DQJOH�EHWZHHQ�V�DQG�QL��,I�WKLV�DQJOH�LV�OHVV�WKDQ

����� WKH� LQWHUVHFWLRQ� LV� 3/�� ,I� LW� LV� JUHDWHU� WKDQ� ����� LW� LV� 3(�� 7KLV� LQIRUPDWLRQ� LV

FRQWDLQHG� LQ� WKH� VLJQ� RI� WKH� GRW� SURGXFW� RI� V� DQG�QL�� 1RWLFH� WKDW� QL
7�V� LV� PHUHO\� WKH

GHQRPLQDWRU�RI�H[SUHVVLRQ�IRU�WKH�SDUDPHWHU�YDOXH�W��ZKLFK�PHDQV�WKDW��LQ�WKH�SURFHVV�RI

FDOFXODWLQJ��WKH�LQWHUVHFWLRQ�FDQ�EH�WULYLDOO\�FDWHJRUL]HG�

)LJXUH������/LQH�FOLSSLQJ�E\�FRQYH[�SRO\JRQ�
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:LWK�WKLV�FDWHJRUL]DWLRQ��ZH�FDQ�GR�WKH�ILQDO�VWHS�LQ�WKH�SURFHVV��:H�PXVW�FKRRVH

D��3(��3/�� SDLU� WKDW� GHILQHV� WKH� FOLSSHG� OLQH�� 7KH� SRUWLRQ� RI� WKH� JLYHQ� OLQH� S� WKDW� LV

ZLWKLQ�WKH�FOLSSLQJ�SRO\JRQ�LV�ERXQGHG�E\�WKH�3(� LQWHUVHFWLRQ�ZLWK�WKH�ODUJHVW� W�YDOXH

FDOOHG� WPLQ� DQG� WKH� 3/� LQWHUVHFWLRQ� ZLWK� WKH� VPDOOHVW� W� YDOXH� FDOOHG� WPD[�� 7KH� UDQJH

�WPLQ��WPD[��WKHQ�GHILQHV�WKH�FOLSSHG�OLQH�VHJPHQW��,I�WPLQ�!�WPD[�WKHQ�QR�SRUWLRQ�RI�OLQH�S�LV

ZLWKLQ�WKH�FOLSSLQJ�SRO\JRQ�DQG�WKH�HQWLUH�OLQH�LV�UHMHFWHG��7KH�YDOXHV�RI�WPLQ�DQG�WPD[�DUH

WKHQ�XVHG�WR�FDOFXODWH�WKH�FRUUHVSRQGLQJ�[�DQG�\�FR�RUGLQDWHV���

�7KH�&%�DOJRULWKP�FDQ�EH�LPSOHPHQWHG�DV�$OJRULWKP�����

SURFHGXUH�&%B&OLS���[$���[%��
YDU WPLQ��WPD[��W��N���UHDO�

L���LQWHJHU�
^QL�LV�D�QRUPDO�YHFWRU�RI�HGJH�HL��[L�[L���`
^QL�SRLQWV�RXW�RI�WKH�FRQYH[�FOLSSLQJ�SRO\JRQ`
^DOO�YHFWRUV�QL�DUH�SUHFRPSXWHG`

EHJLQ
WPLQ� �-���WPD[� �+���^IRU�OLQH�VHJPHQW�WPLQ� ����WPD[� ���`
L�� ���
V�� �[%���[$�

���� ZKLOH�L���1�GR�^1�LV�WKH�QXPEHU�RI�HGJHV�RI�WKH�FOLSSLQJ�SRO\JRQ`
EHJLQ

VL� �[L���[$��^�VL�LV�WKH�YHFWRU�IURP�[$�WR�[L�`
N�� �QL

7�V�
����� LI�N��!���WKHQ

EHJLQ��W�� �QL
7�VL���N�

������ LI�N�!���WKHQ�WPD[� �PLQ��W��WPD[�
������ �HOVH�WPLQ� �PD[��W��WPLQ�

HQG
HOVH�6SHFLDO�FDVH�VROXWLRQ�
L�� �L���

HQG�
LI�WPLQ!�WPD[�WKHQ�(;,7��^WKH�JLYHQ�OLQH�LV�UHMHFWHG`
[%�� �[$���V�
�WPD[�
[$�� �[$���V�
�WPLQ�
'5$:B/,1(�[$��[%�

HQG�^�&%B&OLS�`�^(;,7�PHDQV�OHDYH�WKH�SURFHGXUH`

$OJRULWKP������&\UXV�%HFN�DOJRULWKP�

7KH�&%�DOJRULWKP�UHOLHV�RQ�D�EUXWH�IRUFH�DV�LW�FRPSXWHV�LQWHUVHFWLRQV�RI�DOO�HGJHV

�RU�OLQHV�RQ�ZKLFK�WKH�HGJHV�OLH��ZLWK�WKH�JLYHQ�OLQH�RU�ZLWK�D�OLQH�RQ�ZKLFK�WKH�JLYHQ

OLQH�VHJPHQW�OLHV��WKHUHIRUH�LW�KDV�2�1��FRPSOH[LW\��,W�OHDGV�WR�LQHIIHFWLYH�DOJRULWKP��DV

1���FRPSXWHG�LQWHUVHFWLRQ�SRLQWV�DUH�ORVW�EHFDXVH�WKH�RQO\�WZR�FDQ�EH�YDOLG�
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,Q�DOJRULWKP�GHVLJQ�WKHUH�LV�D�YHU\�ROG�UXOH�³0DNH�WHVWV�ILUVW�DQG�WKHQ�FRPSXWH´�

7KHUH� ZHUH� VHYHUDO� DWWHPSWV� WR� ILQG� DQ� LQWHUVHFWLRQ� GHWHFWLRQ� PHWKRG�� 2QH� RI� WKHP�

NQRZQ�DV�DQ�(&%��(IILFLHQW�&\UXV�%HFN��DOJRULWKP��XVHG�WKH�VHSDUDWLRQ�IXQFWLRQ�WKDW�LV

UHSUHVHQWHG� E\� WKH� LPSOLFLW� IXQFWLRQ� RI� WKH� JLYHQ� OLQH� RU� E\� WKH� FURVV� SURGXFW� RI� WZR

YHFWRUV�DQG�EURXJKW�D�VLJQLILFDQW�LQFUHDVH�RI�VSHHG�WR�WKH�&%�DOJRULWKP�

����� (&%�DOJRULWKP

,Q�WKH�)LJXUH������LW�LV�REYLRXV�WKDW�OLQH�S�LQWHUVHFWV�WKH�HGJH�[�[��RI�WKH�JLYHQ�SRO\JRQ�LI

DQG� RQO\� LI� WKH� YHFWRU� V� OLHV� EHWZHHQ� WZR� YHFWRUV� V�� DQG� V��� /HW� x� DQG�h� GHQRWH� WKH

]�FR�RUGLQDWH�RI�WKH�FURVV�SURGXFWV�DV�IROORZV�

x� �>V��[�VL@]�� �h� �>V��[�VL��@]�� �L� ����������1�±�

ZKHUH�1�LV�QXPEHU�RI�HGJHV�
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)LJXUH������/LQH�S�LQWHUVHFW�WKH�HGJH�[�[��Ã�>V��[�V�@]�
�>V��[�V�@]����

,W� LV�SRVVLEOH� WR�VKRZ�WKDW� OLQH�S�JLYHQ�E\�WKH�HQG�SRLQW�[$�DQG�E\� WKH�YHFWRU�V

LQWHUVHFWV�WKH�HGJH�[L�[L���LI�DQG�RQO\�LI�WKH�IROORZLQJ�FRQGLWLRQ�LV�YDOLG�

�x�!����[RU��h�!�����L�H��x�
�h����

7KH� DERYH� H[SUHVVLRQV� DUH� LQGHSHQGHQW� RQ� SRO\JRQ� RULHQWDWLRQ�� ,W� PHDQV� WKDW

HGJHV�QHHGQ¶W�WR�EH�RUGHUHG��7KDW�LV�WKH�PDLQ�LGHD�RI�WKH�(&%�DOJRULWKP��ZKLFK�LV�EDVHG

RQ�WKH�SUHVXPSWLRQ�WKDW�D�OLQH�FDQ�LQWHUVHFW�D�FRQYH[�SRO\JRQ�DW�PRVW�LQ�WZR�SRLQWV��7KH

(&%�DOJRULWKP� LPSOHPHQWDWLRQ� LV� VKRZQ� LQ� WKH�$OJRULWKP������ ,W� FDQ�EH� VHHQ� WKDW� WKH

(&%� DOJRULWKP� RQO\� GHWHFWV� ZKHWKHU� WKH� JLYHQ� OLQH� LQWHUVHFWV� WKH� FOLSSLQJ� SRO\JRQ¶V

HGJH�DQG�WKHQ�FRPSXWHV�LQWHUVHFWLRQ�SRLQWV��ZKLOH�&%�DOJRULWKP�FRPSXWHV�DOO�SRVVLEOH

LQWHUVHFWLRQ� SRLQWV� ZLWK� DOO� HGJHV�� :LWK� FURVV� SURGXFW� XVHG� DV� D� VHSDUDWLRQ� IXQFWLRQ
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H[SHULPHQWV� SURYHG� WKH� VSHHG�XS� FDQ� EH� H[SHFWHG� LQ� ������� ����!�� IRU� GHWDLOV� VHH

>6ND��E@��,W�LV�QHFHVVDU\�WR�SRLQW�RXW�WKDW�WKH�GHWHFWLRQ�IXQFWLRQ�FDQ�EH�UHSODFHG�E\�WKH

LPSOLFLW�IXQFWLRQ�RI�WKH�JLYHQ�OLQH�ZLWK�EHWWHU�VSHHG�XS�

SURFHGXUH�(&%B&OLS���[$���[%��
^1�LV�WKH�HGJH�QXPEHU�RI�WKH�FOLSSLQJ�SRO\JRQ`
YDU WPLQ��WPD[��W���W����UHDO�

L��M��N���LQWHJHU�
EHJLQ

N�� ����L�� �1�����M�� ���
V�� �[%���[$�
x�� �>V��[��[1�����[$��@]�� ^]�FR�RUGLQDWH�RI�WKH�FURVV�SURGXFW`

���� ZKLOH��M���1��DQG��N������GR
EHJLQ

VM� �[M���[$�� ^�VM�LV�WKH�YHFWRU�IURP�[$�WR�[M�`
h� �>V��[�VM@]�� ^]�FR�RUGLQDWH�RI�WKH�FURVV�SURGXFW`

����� LI�x�
�h�����WKHQ ^LQWHUVHFWLRQ�H[LVWV`
EHJLQ�� ^VDYH�HGJH�LQGH[�KDYLQJ�LQWHUVHFWLRQ`

������ N�� �N�����
LQGH[�N�� �L�

HQG
HOVH�LI�x�
�h� ���WKHQ�6SHFLDO�FDVH�VROXWLRQ

���HOVH�,QWHUVHFWLRQ�SRLQW�GRHV�QRW�H[LVW�
x�� �h�
L�� �M�
M�� �M��

HQG�
LI�N� ���WKHQ�(;,7�� ^WKH�JLYHQ�OLQH�LV�UHMHFWHG`
^�N� ���,QWHUVHFWLRQV�H[LVW�±�HGJHV�VDYHG�LQ�LQGH[�N`
WPLQ� �-���WPD[� �+���^IRU�OLQH�VHJPHQW�WPLQ� ����WPD[� ���`
L�� �LQGH[���W�� �GHW>[L���[$�_�[L���[�L��@���GHW>V�_�[L���[�L��@��
L�� �LQGH[���W�� �GHW>[L���[$�_�[L���[�L��@���GHW>V�_�[L���[�L��@��
^UHFRPSXWH�HQG�SRLQW�LI�FKDQJHG`
LI�W��!�W��WKHQ�^�VZDS�W����W��YDOXHV�"`

EHJLQ�
LI�W����WPLQ�RU�W��!�WPD[�WKHQ�(;,7�^WKH�OLQH�VHJPHQW�LV�UHMHFWHG`
LI�W����WPD[�WKHQ�[%�� �[$���V�
�W��
LI�W��!�WPLQ�WKHQ�[$�� �[$���V�
�W�

HQG
HOVH� EHJLQ�

LI�W����WPLQ�RU�W��!�WPD[�WKHQ�(;,7�^WKH�OLQH�VHJPHQW�LV�UHMHFWHG`
LI�W����WPD[�WKHQ�[%�� �[$���V�
�W��
LI�W��!�WPLQ�WKHQ�[$�� �[$���V�
�W�

HQG�
'5$:B/,1(�[$��[%�

HQG�^(&%B&OLS`�

$OJRULWKP������(&%�DOJRULWKP�
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����� 2�ORJ�1��DOJRULWKP

7KH�(&%�DOJRULWKP�GRHV�QRW�XVH�WKH�LPSRUWDQW�SURSHUW\�RI�WKH�JLYHQ�FOLSSLQJ�SRO\JRQ�

NQRZQ� RUGHU� RI� YHUWLFHV� �SRO\JRQ¶V� YHUWLFHV� DUH� JLYHQ� DV� RUGHUHG��� WKXV� LW� KDV� WKH

FRPSOH[LW\�2�1���7KLV�UHPDUN�OHG�WR�WKH�WKRXJKW�WKDW�VXFK�NQRZOHGJH�FRXOG�EH�XVHG�WR

GHFUHDVH�WKH�DOJRULWKP�FRPSOH[LW\�

,W�FDQ�EH�VKRZQ�WKDW�WKH�WHVWLQJ�RI�ZKHWKHU�D�OLQH�LQWHUVHFWV�WKH�FRQYH[�SRO\JRQ

LV�WKH�GXDO�SUREOHP�WR�WKH�WHVWLQJ�RI�ZKHWKHU�D�SRLQW�LV�LQVLGH�RI�WKH�FRQYH[�SRO\JRQ�LI

GXDO�UHSUHVHQWDWLRQ�LV�XVHG��VHH�>.RO��D@��,W�LV�YHU\�ZHOO�NQRZQ�WKDW�WKH�SUREOHP�WHVWLQJ

LI�D�SRLQW�LV�LQVLGH�RI�WKH�FRQYH[�SRO\JRQ�KDV�RSWLPDO�FRPSOH[LW\�RI�2�ORJ�1����7KLV�KDV

QDWXUDOO\� OHG� WR� WKH� TXHVWLRQ� LI� WKHUH� LV� D�OLQH� FOLSSLQJ� DOJRULWKP� ZLWK� 2�ORJ�1�

FRPSOH[LW\��/HW�XV�DVVXPH�WKH�VLWXDWLRQ�IURP�)LJXUH�����
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)LJXUH������/LQH�S�GLYLGHV�WKH�SODQH�LQWR�WZR�KDIW�SODQH�ZLWK�GLIIHUHQW�VLJQ�RI�)�[��

,W�FDQ�EH�VHHQ�WKDW�LI�ZH�VHOHFW�DQ�LQGH[�N�DV�IROORZV�

N� �Ó�1�����ã

WKHQ�ZH�QHHG�RQO\�ORJ�1�VWHSV�WR�ILQG�ZKLFK�HGJHV�DUH�LQWHUVHFWHG�RQ�HDFK�FKDLQ�RI�WKH

HGJH� VHJPHQWV�� VHH� )LJXUH� ����� $OWKRXJK� VRPH� RWKHU� FDVHV� DUH� D�OLWWOH� ELW� PRUH

FRPSOLFDWHG�� LW�FDQ�EH�VKRZQ� WKDW� WKH�ZKROH� DOJRULWKP� LV�RI�2�ORJ�1�� FRPSOH[LW\�� VHH

$OJRULWKP������,W�LV�QHFHVVDU\�WR�SRLQW�RXW�WKDW�IRU�HIIHFWLYH�LPSOHPHQWDWLRQ�YDOXHV�)�[L�

VKRXOG�EH�VWRUHG�LQ�VHSDUDWH�YDULDEOHV�EHFDXVH�WKH\�DUH�XVHG�VHYHUDO�WLPHV�

7KLV�DSSURDFK�HQDEOHG�WR�VSHHG�XS�OLQH�FOLSSLQJ�VLJQLILFDQWO\�DQG�LW�LV�IDVWHU�WKDQ

&%�DOJRULWKP�HYHQ�IRU�1�!����IRU�1� �����WKH�VSHHG�XS�LV�RYHU����WLPHV���6HH�>6ND��D@

IRU�PRUH�GHWDLOV�DQG�DQDO\VLV�
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SURFHGXUH�&/,3�B�'BORJ��[$��[%���^LQLWLDWLRQ�IRU�D�FOLSSLQJ�ZLQGRZ�[1� �[��`

IXQFWLRQ�PDFUR�)�[���UHDO���^LPSOHPHQWHG�DV�DQ�LQ�OLQH�IXQFWLRQ�`
EHJLQ��)�� �$�
�[���%�
�\���&��HQG�

IXQFWLRQ�6ROYH���L���M����UHDO�
EHJLQ�

^ILQGV�WZR�QHDUHVW�YHUWLFHV�RQ�WKH�RSSRVLWH�VLGHV�RI�WKH�JLYHQ�OLQH�S`
ZKLOH���M���L�������GR�^M���L�DOZD\V`
EHJLQ� N�� ���L���M���GLY����^VKLIW�ULJKW�`

LI��)�[L�
�)�[N�������WKHQ�M�� �N�HOVH�L�� �N�
HQG�^�ZKLOH�`�

� ^JLYHV�WKH�YDOXH�W�IRU�DQ�SRLQW�RI�OLQH�S�ZLWK�WKH�JLYHQ�VHJPHQW�[L�[M�`
6ROYH�� �,QWHUVHFWLRQ�� S ���[L���[M���

HQG�^�6ROYH�`�

EHJLQ
^GHWHUPLQH�$��%��&�YDOXHV�IRU�WKH�)�[��`
$�� �\��±�\����%�� �[��±�[���&�� �[��
�\��±�[��
�\��
L�� ����M�� �Q�
ZKLOH���M���L�������GR
EHJLQ� N� ��L���M��GLY���^VKLIW�WR�WKH�ULJKW`

LI��)�[L�
�)�[N�������WKHQ
EHJLQ��W��� �6ROYH���L���N�����^ILQGV�DQ�LQWHUVHFWLRQ�RQ� [ [L N

�FKDLQ`

W��� �6ROYH���N���M����^ILQGV�DQ�LQWHUVHFWLRQ�RQ� [ [N M �FKDLQ`

�
�^IRU�OLQH�VHJPHQW�FOLSSLQJ�LQFOXGH�WKUHH�IROORZLQJ�OLQHV`
LI�W��!�W��WKHQ�EHJLQ�W� �W���W�� �W���W�� �W��HQG�
W�� PD[����W���W�� PLQ����W��� ^FRPSXWH��W����W�!�¯�����!`
LI���W����W�!� �®�WKHQ�(;,7�� ^�H[LW�SURFHGXUH�&/,3��'�ORJ�`

�
'5$:B/,1(�[�W����[�W���

HQG�^�LI�`�

LI��)�[L��!����WKHQ
EHJLQ

LI�)�[L����)�[N��WKHQ
LI�)�[L������)�[L���WKHQ�M� N� ^'HOHWH� [ [N M FKDLQ`

HOVH�L� N ^'HOHWH� [ [
L N

FKDLQ`
HOVH

LI�)�[N����)�[N����WKHQ�M� N� ^'HOHWH� [ [N M FKDLQ`

HOVH�L� N ^'HOHWH� [ [
L N

FKDLQ`
HQG�HOVH
EHJLQ�^VLPLODUO\�IRU�RSSRVLWH�OLQH�RULHQWDWLRQ`
HQG

���� HQG�^ZKLOH`
HQG�^&/,3B�'BORJ`

$OJRULWKP������2�ORJ�1��DOJRULWKP�
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������� 0RGLILHG�2�ORJ�1��DOJRULWKP

,W� FDQ�EH� VHHQ� WKDW� WKH� DERYH�PHQWLRQHG�2�ORJ�1�� DOJRULWKP�PXVW� LQGHHG� VSHQG� ORJ�1

VWHSV� HYHQ� IRU� WKH� FDVH� ZKHQ� WKH� JLYHQ� OLQH� GRHV� QRW� LQWHUVHFW� WKH� FOLSSLQJ� FRQYH[

SRO\JRQ�� 7KH� WU\LQJ� WR� HOLPLQDWH� WKHVH� XQQHFHVVDU\� VWHSV� UHVXOWHG� LQ� WKH� PRGLILHG

2�ORJ�1��DOJRULWKP��VHH�>%XL��D@��1RZ��ZH�DUH�JRLQJ�WR�GHVFULEH�WKH�PRGLILHG�2�ORJ�1�

DOJRULWKP�LQ�PRUH�GHWDLOV��$JDLQ��OHW�XV�VXSSRVH�WKDW�ZH�KDYH�D�FOLSSLQJ�FRQYH[�SRO\JRQ

FRXQWHU�FORFNZLVH�RULHQWHG�DQG�OLQH�S�LV�GHWHUPLQHG�E\�WZR�SRLQWV�

[$� �>[$��\$@
7� � [%� �>[%��\%@

7

7KH�FRQYH[�SRO\JRQ�LV�UHSUHVHQWHG�E\�1�SRLQWV

[L� �>[L��\L@
7 ��L� ���������1��

ZKHUH��SRLQWV�[��DQG�[1�DUH�LGHQWLFDO��FROXPQ�QRWDWLRQ�LV�XVHG���[L�DQG�\L�DUH�FR�RUGLQDWHV

RI�WKH�YHUWH[�[L�

7KH�QRWDWLRQ� [ [
L N

�LV�XVHG�IRU�D�SRO\OLQH�IURP�[L�WR�[N��L�H��LW�LV�D�FKDLQ�RI�OLQH�VHJPHQWV

IURP�[L�WR�[N�

/HW�XV�GHILQH�WKH�VHSDUDWLRQ�IXQFWLRQ�)�[��LQ�WKH�IRUP

)�[� �$[���%\��&

ZKHUH�)�[� � �� LV� DQ� HTXDWLRQ� IRU� WKH� JLYHQ� OLQH� S� DQG� DVVXPH� WKDW� WKH� OLQH� KDV� WKH

RULHQWDWLRQ�VKRZQ�LQ�)LJXUH������[�LV�GHILQHG�DV�[� �>[��\@7�
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)LJXUH������6HSDUDWLRQ�IXQFWLRQ�)�[��RI�OLQH�S�DQG�RULHQWHG�GLVWDQFH�G�RI�SRLQW�[�IURP�S�

,W�FDQ�EH�VHHQ�LQ�)LJXUH������WKH�RULHQWHG�GLVWDQFH�G�RI�SRLQW�[�IURP�OLQH�S�FDQ�EH

GHWHUPLQHG�DV
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,W� PHDQV� WKDW� WKH� YDOXH� RI� WKH� IXQFWLRQ� )�[�� LV� DFWXDOO\� SURSRUWLRQDO� WR� WKH

GLVWDQFH�G�RI�SRLQW�[�IURP�WKH�JLYHQ�OLQH�S���)LUVW�RI�DOO��OHW�XV�FRQVLGHU�WKH�FKDLQ�
ML

[[ �

ZKHUH�����L���M���1��7KHUH�DUH�WZR�IROORZLQJ�SRVVLEOH�FDVHV�

�� ,Q� WKH� ILUVW� FDVH�� WKH� SRLQWV� [L� DQG� [M� DUH� RQ� WKH� RSSRVLWH� VLGHV� RI� OLQH� S�

L�H��)�[L��
�)�[M�� �� ��� WKHUH�PXVW� EH� MXVW� RQH� LQWHUVHFWLRQ� SRLQW�ZLWK� OLQH� S� RQ� WKH

FKDLQV�
ML

[[ ��EHFDXVH�WKH�JLYHQ�SRO\JRQ�LV�FRQYH[���L�H��WKHUH�PXVW�H[LVW�DQ�LQGH[�P

VR�WKDW�)�[P��
�)�[P���������L���P���M��VHH�)LJXUH������ ,W�LV�REYLRXV�WKDW�LQ�WKLV�FDVH

WKH� LQWHUVHFWLRQ� SRLQW� FDQ� EH� IRXQG� LQ� 2�OJ0�� VWHSV� XVLQJ� ELQDU\� VHDUFK� RYHU

YHUWLFHV��ZKHUH�0�LV�QXPEHU�RI�OLQH�VHJPHQWV�LQ�WKH�FKDLQ�
ML

[[ �

�� 8QIRUWXQDWHO\�� LQ� WKH� VHFRQG� FDVH� ZKHQ� SRLQWV� [L� DQG� [M� DUH� RQ� WKH� VDPH� VLGH� RI

OLQH�S��WKH�VLWXDWLRQ�LV�PRUH�FRPSOH[�WR�VROYH��/HW�XV�FRQFHQWUDWH�RQ�SRLQW�[N��ZKHUH

N� ���L���M���GLY����7KH�FRQGLWLRQ�)�[L��
�)�[N������VKRZV�WKDW�SRLQW�[N�LV�RQ�RQH�VLGH

RI�OLQH�S��ZKHUHDV�[L�DQG�[M�DUH�RQ�WKH�RSSRVLWH�VLGH��7KLV�DOVR�GHULYHV�WKDW�WKHUH�PXVW

EH� MXVW�RQH� LQWHUVHFWLRQ�SRLQW�RQ� WKH�FKDLQV� [ [
L N

DQG� [ [N M
IRU�HDFK� FKDLQ��EHFDXVH

WKH� JLYHQ� SRO\JRQ� LV� FRQYH[�� 7KH� LQWHUVHFWLRQ� SRLQW� RQ� HDFK� FKDLQ� FDQ� EH� DJDLQ

IRXQG� LQ�2�OJ0�� VWHSV�XVLQJ�ELQDU\� VHDUFK� RYHU� YHUWLFHV��ZKHUH�0� LV� D�QXPEHU� RI

OLQH�VHJPHQWV�LQ�WKH�JLYHQ�FKDLQ��VHH�)LJXUH������7KH�ZRUVH�FDVH�ZLOO�KDSSHQ�ZKHQ

DOO� RI� WKUHH� SRLQWV� [L�� [M� DQG� [N� OLH� RQ� WKH� VDPH� VLGH� RI� OLQH� S�� ,W� LV� SRVVLEOH� WR

GLVWLQJXLVK� DOO� WKUHH� IXQGDPHQWDO� VXE�FDVHV� VXSSRVLQJ� WKH� SUHYLRXVO\� VKRZQ

RULHQWDWLRQ�RI�WKH�VHSDUDWLRQ�IXQFWLRQ�)�[��
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[L�DQG�[M�DUH�RQ�WKH�RSSRVLWH�VLGHV�RI�S� [L�DQG�[M�DUH�RQ�WKH�VDPH�VLGH�RI�S

)LJXUH����� )LJXUH����
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D�� 3RLQW� [L� LV� WKH� FORVHVW� SRLQW� WR� OLQH� S�� L�H��)�[L�� �PLQ�^)�[L���)�[M���)�[N�`�� ,Q� WKLV

FDVH��LI�)�[L������)�[L��WKHQ�WKH�FKDLQ� [ [
L N

�FDQ�LQWHUVHFW�OLQH�S��VHH�)LJXUH������7KLV

FRQGLWLRQ� DFWXDOO\� H[SUHVVHV� WKDW� ZH� DUH� JHWWLQJ� FORVHU� WR� OLQH�S�� L�H��WKH� RULHQWHG

GLVWDQFH�G�LV�VPDOOHU��WKHUHIRUH��WKH�FKDLQ� [ [N M
�FDQ�EH�UHPRYHG�E\�WKH�DVVLJQPHQW

M N��:KHQ�WKLV�FRQGLWLRQ�LV�QRW�WUXH��WKH�ZKROH�FKDLQ�
ML

[[ �LV�RQ�RQH�VLGH�RI�OLQH�S�

L�H�� WKHUH� LV� QR� LQWHUVHFWLRQ� SRLQW� RQ� WKLV� FKDLQ� DQG� WKH� FKDLQ� LV� UHMHFWHG�� VHH

)LJXUH�����
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)�[L������)�[L��Æ� [ [N M
�LV�UHPRYHG )�[L����!�)�[L��Æ�

ML
[[ �LV�UHMHFWHG

)LJXUH����� )LJXUH����

E�� 6LPLODUO\� IRU� WKH� FDVH� ZKHQ� SRLQW� [M� LV� WKH� FORVHVW� SRLQW� WR� OLQH� S�� L�H�

)�[M�� �PLQ�^)�[L���)�[M���)�[N�`��VHH�)LJXUHV�����������WKH�LQWHUVHFWLRQ�SRLQWV�FDQ�OLH

RQO\�WKH�FKDLQ� [ [N M
�RU�GR�QRW�H[LVW�DW�DOO��7KH�FRQGLWLRQ�)�[M������)�[M���GHFLGHV�WKDW

WKH�FKDLQ� [ [
L N

�FDQ�EH�UHPRYHG�DQG�WKH�LQGH[�L�PXVW�EH�FKDQJHG�WR�N�VHH�)LJXUH�����
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�LV�UHPRYHG� )�[M����!�)�[M��Æ�
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[[ �LV�UHMHFWHG

)LJXUH����� )LJXUH�����
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F�� $�OLWWOH�ELW�PRUH�FRPSOH[�VLWXDWLRQ�LV�VKRZQ�E\�)LJXUH������������ZKHUH�SRLQW�[N� LV

WKH� FORVHVW� SRLQW� WR� OLQH� S�� L�H��)�[N�� �PLQ�^)�[L���)�[M���)�[N�`�� ,Q� )LJXUH������ WKH

FKDLQ� [ [N M
� FDQ� EH� UHPRYHG�� ZKHUHDV� LQ� )LJXUH������ WKH� FKDLQ� [ [

L N
� FDQ� EH

UHPRYHG��7KHUHIRUH�� LQGH[�M�RU� LQGH[� L�� UHVSHFWLYHO\��PXVW�EH�FKDQJHG� WR�N��7KHVHV

FDVHV� FDQ� EH� GLVWLQJXLVKHG� E\� XVLQJ� FULWHULRQ� )�[N������)�[N��� $FWXDOO\� ZH� PXVW

GLVWLQJXLVK�ZKHWKHU�ZH�DUH�JHWWLQJ�FORVHU�WR�WKH�JLYHQ�OLQH�S�RU�QRW�

,W�LV�YHU\�HDV\�WR�GHULYH�WKH�VLPLODU�FRQGLWLRQV�IRU�WKRVH�FDVHV�ZKHQ�OLQH�S�KDV�DQ

RSSRVLWH�RULHQWDWLRQ��7KHUHIRUH��WKH�PRGLILHG�2�ORJ�1��DOJRULWKP�FRQWDLQV�WKH�IROORZLQJ

EDVLF�VWHSV�

�� 7KH�DOJRULWKP�VWDUWV�ZLWK�L� ����M� �Q����

�� ,I�SRLQWV�[��DQG�[Q���DUH�RQ�WKH�RSSRVLWH�VLGHV�RI�OLQH�S�� L�H��)�[���
�)�[Q�������� WKHQ

RQH� LQWHUVHFWLRQ� SRLQW� LV� RQ� WKH� HGJH�
��

[[
-Q

� DQG� WKH� VHFRQG� RQH� LV� RQ� WKH� FKDLQV

�� -Q
[[ �DQG�FDQ�EH�IRXQG�LQ�2�ORJ�1��VWHSV�

�� ,I�SRLQWV�[��DQG�[Q���DUH�RQ�WKH�VDPH�VLGH�RI�OLQH�S��WKH�DOJRULWKP�FRQWLQXHV�ZLWK�WKH

SURFHVV� WR� VXEVHTXHQWO\� VKRUWHQ� WKH�FKDLQ�
ML[[ ��7KLV�SURFHVV� LV� UHSHDWHG�XQWLO� WKH

ZKROH�FKDLQ�LV�UHMHFWHG�RU�)�[L��
�)�[N������� ,I�WKLV�FRQGLWLRQ�EHFRPHV�WUXH�ZH�ZLOO

REWDLQ� WZR� FKDLQV� [ [
L N

DQG�
MN [[ �� ZKLFK� LQWHUVHFW� OLQH�S� DQG� ELQDU\� VHDUFK� RYHU

YHUWLFHV�FDQ�EH�XVHG�DJDLQ�DV�VLWXDWLRQ�LV�VLPLODU�VLWXDWLRQ�LQ�)LJXUH�����

1RZ� LW� FDQ�EH� VHHQ� WKDW� DOO�SDUWV� RI� WKH�GHVFULEHG� DOJRULWKP�DUH�RI� FRPSOH[LW\

2�ORJ0���ZKHUH�0� LV�D�QXPEHU�RI�HGJHV� LQ� WKH�JLYHQ�FKDLQ�EHFDXVH�ZH�KDYH�XVHG� WKH

ELQDU\�VHDUFK�RYHU�YHUWLFHV�RI�WKH�FOLSSLQJ�FRQYH[�SRO\JRQ�IRU�DOO�VWHSV��7KHUHIRUH�WKH

DOJRULWKP�KDV�2�ORJ1��FRPSOH[LW\�DQG�LW�LV�GHVFULEHG�E\�$OJRULWKP�����
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SURFHGXUH�02'B&/,3B�'BORJ��[$��[%��
^1���SRLQWV�[L� �>[L��\L@

7��L ���������1���[��¢�[1��UHSUHVHQW�WKH�FRQYH[�SRO\JRQ�`
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������� ([SHULPHQWDO�UHVXOWV

7KH� QHZ� PRGLILHG� 2�ORJ1�� DOJRULWKP� ZDV� YHULILHG� H[SHULPHQWDOO\� RQ� 3HQWLXP�3UR�

���0+]�� ���0%�5$0�� ���.%�&$&+(�� 7KH� SURSRVHG� DOJRULWKP� KDV� EHHQ� WHVWHG

DJDLQVW� WKH� &\UXV�%HFN� �&%�� DQG� WKH�2�ORJ1�� DOJRULWKPV� RQ� GDWD� VHWV� ������ RI� OLQH

VHJPHQWV� ZLWK� HQG�SRLQWV� WKDW� KDYH� EHHQ� UDQGRPO\� DQG� XQLIRUPO\� JHQHUDWHG� LQVLGH

D�FLUFOH�LQ�RUGHU�WR�HOLPLQDWH�DQ�LQIOXHQFH�RI�URWDWLRQ��&RQYH[�SRO\JRQV�ZHUH�JHQHUDWHG

DV�1�VLGHG�FRQYH[�SRO\JRQV�LQVFULEHG�LQWR�D�VPDOOHU�FLUFOH�

7R�FRPSDUH�WKHVH�DOJRULWKPV��OHW�XV�LQWURGXFH�FRHIILFLHQWV�RI�WKH�HIILFLHQF\� n �DV

7
7
&%

&%
=n �

7

7/RJ1
/RJ1 =n

ZKHUH��7&%��7/RJ1��7�DUH�H[HFXWLRQ� WLPHV�QHHGHG�E\� WKH�&%��2�ORJ1��DQG� WKH�PRGLILHG

2�ORJ1��DOJRULWKPV��UHVSHFWLYHO\�

7KH� 7DEOH� ���� DQG� 7DEOH� ���� SUHVHQW� WKH� REWDLQHG� UHVXOWV�� ,Q� WKHVH� WDEOHV�� WKH

VHFRQG�URZ�VKRZV�WKH�QXPEHU�RI�SRO\JRQ�HGJHV�DQG�WKH�ILUVW�FROXPQ�WKH�SHUFHQWDJH�T�RI

LQWHUVHFWLQJ�OLQHV�

,W� FDQ� EH� VHHQ� WKDW�� VHH� 7DEOH������ WKH� PRGLILHG� 2�ORJ1�� DOJRULWKP� LV

VLJQLILFDQWO\� IDVWHU� WKHQ� &%� DOJRULWKP�� VSHFLDOO\� IRU� WKH� KLJK� 1�� 7KLV� LV� H[SHFWDEOH

EHFDXVH� WKH� DOJRULWKP� UXQV�ZLWK� 2�ORJ1�� FRPSOH[LW\�� ZKHUHDV� WKH� FRPSOH[LW\� RI� &%

DOJRULWKP�LV�2�1��

7DEOH� ���� VKRZV� WKDW� WKH� PRGLILHG�2�ORJ1�� DOJRULWKP� UHODWLYHO\� LPSURYHV� WKH

2�ORJ1�� DOJRULWKP�VLJQLILFDQWO\�� HVSHFLDOO\� IRU� WKH�FDVHV�ZKHQ� WKH�JLYHQ� OLQH�GRHV�QRW

LQWHUVHFW�WKH�FOLSSLQJ�SRO\JRQ��&%

n&% 1
T � � � � � � � �� �� �� ���
�� ���� ���� ���� ���� ���� ���� ���� ���� ����� ����� �����
��� ���� ���� ���� ���� ���� ���� ���� ���� ����� ����� �����
��� ���� ���� ���� ���� ���� ���� ���� ���� ����� ����� �����
��� ���� ���� ���� ���� ���� ���� ���� ���� ����� ����� �����
��� ���� ���� ���� ���� ���� ���� ���� ���� ����� ����� �����
��� ���� ���� ���� ���� ���� ���� ���� ���� ����� ����� �����
��� ���� ���� ���� ���� ���� ���� ���� ���� ����� ����� �����
��� ���� ���� ���� ���� ���� ���� ���� ���� ����� ����� �����
��� ���� ���� ���� ���� ���� ���� ���� ���� ����� ����� �����
��� ���� ���� ���� ���� ���� ���� ���� ���� ����� ����� �����
���� ���� ���� ���� ���� ���� ���� ���� ���� ����� ����� �����

7DEOH������&RPSDULVRQ�EHWZHHQ�WKH�&%�DOJRULWKP�DQG�WKH�PRGLILHG�2�ORJ1��DOJRULWKP�
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n�/RJ1 1
T � � � � � � � �� �� �� ���
�� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����
��� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����
��� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����
��� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����
��� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����
��� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����
��� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����
��� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����
��� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����
��� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����
���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����

7DEOH������&RPSDULVRQ�EHWZHHQ�2�ORJ1��DQG�WKH�PRGLILHG�2�ORJ1��DOJRULWKP�

�

�

��

��

��

��

��

��

��

� � � � � � � �� �� �� ���

1XPEHU�RI�SRO\JRQ�HGJHV

(
II
LF
LH
QF
\�
FR
HI
IL
FL
HQ
W

�� ��� ��� ��� ��� �����,QWHUVHFWLRQ

*UDSK������&RPSDULVRQ�EHWZHHQ�&%�DQG�WKH�PRGLILHG�2�ORJ1��DOJRULWKP�
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���

���

���

���

�

� � � � � � � �� �� �� ���

1XPEHU�RI�3RO\JRQ�HGJHV

(
II
LF
LH
QF
\�
FR
HI
IL
FL
HQ
W

�� ��� ��� ��� ��� �����,QWHUVHFWLRQ

*UDSK������&RPSDULVRQ�EHWZHHQ�WKH�2�ORJ1��DQG�WKH�PRGLILHG�2�ORJ1��DOJRULWKP�

*UDSK�����DQG�*UDSK�����JLYH�XV�WKH�JUDSKLFDO�SUHVHQWDWLRQ�RI�REWDLQHG�UHVXOWV�

$V�PHQWLRQHG�DERYH��WKH�WHVW�ZKHWKHU�D�OLQH�LQWHUVHFWV�WKH�FRQYH[�SRO\JRQ�LV�WKH

GXDO� SUREOHP� WR� WKH� WHVW� ZKHWKHU� D�SRLQW� LV� LQVLGH� RI� WKH� FRQYH[� SRO\JRQ�� 6LQFH

DQ�DOJRULWKP�IRU� WHVWLQJ�RI�ZKHWKHU� D�SRLQW� LV� LQVLGH�RI� WKH� FRQYH[�SRO\JRQ�ZLWK�2���

H[SHFWHG� FRPSOH[LW\� ZDV� GHYHORSHG� LQ� >6ND��E@�� LW� OHG� WR� D�TXHVWLRQ� ZKHWKHU� D�OLQH

FOLSSLQJ�DOJRULWKP�ZLWK�2���� H[SHFWHG� UXQ�WLPH�FRPSOH[LW\�H[LVWV� DQG�ZKDW�ZRXOG�EH

WKH�FRPSOH[LW\� RI� SUH�SURFHVVLQJ�� 6XFK� DOJRULWKP� ZDV� GHYHORSHG� UHFHQWO\�� VHH� QH[W

SDUDJUDSK�
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����� 2����DOJRULWKP

7KH�2���� DOJRULWKP� LV� EDVHG� RQ� WKH� GXDO� VSDFH� UHSUHVHQWDWLRQ� DQG� RQ� QRQ�RUWKRJRQDO

VSDFH�VXEGLYLVLRQ��VHH�>6ND��E@��7KHUHIRUH��LW�LV�QHFHVVDU\�WR�GHVFULEH�WKHVH�WHFKQLTXHV

EHIRUH�ZH�ZLOO�SUHVHQW�WKH�DOJRULWKP�

������� 7KH�VHPLGXDO�VSDFH�UHSUHVHQWDWLRQ

$Q\�OLQH�U�¶�(��FDQ�EH�GHVFULEHG�E\�DQ�HTXDWLRQ

D[���E\���F� ��

DQG�UHZULWWHQ�DV

\� �N[���T LI� _�N�_����� E�¡��

UHVS�

[� �P\���S LI� _�P�_����� D�¡��

,W�PHDQV��WKDW�OLQH�U�¶�(��FDQ�EH�UHSUHVHQWHG�XVLQJ�DQ�DV\PPHWULFDO�PRGHO�RI�GXDO�VSDFH

UHSUHVHQWDWLRQ� DV� D� SRLQW� '�U�� �>N�T@�¶�'�(��� RU� '�U�� �>P�S@�¶�'�(��� UHVSHFWLYHO\�

7KLV�UHSUHVHQWDWLRQ�PRGHO�KDV�YHU\�LQWHUHVWLQJ�SURSHUWLHV�DQG�XVDJH�WKDW�FDQ�EH�IRXQG�LQ

>6WR��D@��>.RO��D@��>1LH��D@��>=DF��D@�

7KH�SUREOHP�LV� WKDW�GXDO�VSDFH�UHSUHVHQWDWLRQ�IRU�D�FRQYH[�SRO\JRQ�LV� LQILQLWH�

7KHUHIRUH�ZH�ZLOO�VSOLW�WKH�GXDO�VSDFH�UHSUHVHQWDWLRQ�WR�WZR�FRPSOHPHQWDU\�GXDO�VSDFHV�

/HW� XV� FRQVLGHU� D� PRGLILHG� UKRPE� ER[� WKDW� FRQWDLQ� WKH� JLYHQ� SRO\JRQ�� VHH

)LJXUH������D���,W�FDQ�EH�VHHQ�WKDW�T��UHVS��S�YDOXHV�DUH�OLPLWHG�

1RZ��WKH�JLYHQ�OLQH�U�¶�(��FDQ�EH�UHSUHVHQWHG�DV

\� �N[���T LI� _�N�_����

DQG

[� �P\���S LI� _�P�_����

,I�ERWK�UHSUHVHQWDWLRQV�DUH�XVHG�WKHQ� N ��UHVS��P �YDOXHV�DUH�OLPLWHG��7KHQ�YDOXHV

>N�� T@�� UHVS�� >P�� S@� DUH� IURP� WKH� OLPLWHG� DUHD� ����� �!� [� ��K�� K!� LQ� ERWK� VSDFH

UHSUHVHQWDWLRQV�� :H� ZLOO� GHQRWH� WKRVH� WZR� OLPLWHG� VSDFHV� VHPLGXDO� VSDFHV�� VHH

)LJXUH������
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)LJXUH�������7KH�VHPLGXDO�VSDFH�UHSUHVHQWDWLRQ�

������� 6SDFH�VXEGLYLVLRQ

$�VSDFH� VXEGLYLVLRQ� WHFKQLTXH� LV� XVHG� WR� GHWHFW� WKH� UHJLRQ� LQ�ZKLFK� D�SRLQW�'�U�� OLHV�

7KH�VHPLGXDO�VSDFHV�IRU��N��T����P��S��UHVSHFWLYHO\�DUH�VXEGLYLGHG�LQWR�VPDOO�UHFWDQJOHV�

(DFK�UHFWDQJOH�LV�D�GXDO�UHSUHVHQWDWLRQ�RI�D�UHJLRQ�³EXWWHUIO\´�LQ�(���VHH�)LJXUH�����D��

)RU� HDFK� UHFWDQJOH� LW� LV� SRVVLEOH� WR� SUH�FRPSXWH� D�OLVW� RI� SRO\JRQ� HGJHV� WKDW

LQWHUIHUH�LQ�VHPLGXDO�VSDFH�ZLWK�WKH�JLYHQ�UHFWDQJOH��6XFK�OLVW�LV�FDOOHG�WKH�$FWLYH�(GJH

/LVW��$(/��

,W� LV� QHFHVVDU\� WR� SRLQW� RXW� WKDW� WKH� QXPEHU� RI� HGJHV� LQ� $(/� GHSHQGV� RQ� WKH

JHRPHWULF� VKDSH� RI� WKH� JLYHQ� SRO\JRQ� DQG� DOVR� RQ� WKH� ILQHQHVV� RI� WKH� VXEGLYLVLRQ� LQ
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�N��T����P��S��VSDFHV�UHVSHFWLYHO\��,I�WKH�UHFWDQJOHV�DUH�VPDOO�HQRXJK��L�H���WKH�VXEGLYLVLRQ

LV�ILQH��WKHQ�HDFK�OLVW�FRQWDLQV�QR�PRUH�WKDQ�WZR�HGJHV�RI�WKH�JLYHQ�SRO\JRQ�

([SHULPHQWDO�UHVXOWV�VKRZ�WKDW�VXEGLYLVLRQ�LQ� WKH�GLUHFWLRQ�T��S� UHVSHFWLYHO\�� LV

PRUH� VLJQLILFDQW� WKDQ� VXEGLYLVLRQ� LQ� WKH� GLUHFWLRQ� N�� UHVSHFWLYHO\�P�� VHH� >6ND��G@� IRU

GHWDLOV�

������� 7KH�2����OLQH�FOLSSLQJ�DOJRULWKP

7KH�DOJRULWKP�IRU�OLQH�FOLSSLQJ�ZLWK�DQ�2����SURFHVVLQJ�WLPH�FRPSOH[LW\�FRQVLVWV�RI�WKH

IROORZLQJ�VWHSV�

�� 3UH�FRPSXWH�WKH�$(/V�IRU�WKH�FOLSSLQJ�SRO\JRQ��WKLV�SUH�FRPSXWDWLRQ�LV�PDGH�RQFH

IRU�DOO�FOLSSHG�OLQHV��

�� GHWHUPLQH�LI�WKH��N��T��RU��P��S��VHPLGXDO�VSDFH�ZLOO�EH�XVHG�IRU�WKH�JLYHQ�OLQH�

�� FRPSXWH�YDOXHV�>N��T@��>P��S@�UHVSHFWLYHO\�RI�WKH�JLYHQ�OLQH�

�� ILQG�D�UHFWDQJOH�FRQWDLQLQJ��SRLQW�' U� � �

�� IRU�DOO�PHPEHUV�RI�WKH�$(/��WHVW�DQG�FRPSXWH�WKH�LQWHUVHFWLRQV�ZLWK�WKH�JLYHQ�OLQH�LI

WKH\�H[LVW�

%HFDXVH�DOO�VWHSV�RI�WKH�DOJRULWKP�KDYH�DQ�2����FRPSOH[LW\��WKH�DOJRULWKP�RQ�WKH

ZKROH� DOVR� KDV� DQ� 2���� FRPSOH[LW\�� 7KH� GHWDLOHG� DOJRULWKP� LV� GHVFULEHG� E\

$OJRULWKP�����

7KH�&20387(�IXQFWLRQ� LV�EDVHG�RQ� WKH�&%�DOJRULWKP�DQG� LV� SHUIRUPHG�RQO\

IRU�HGJHV�LQFOXGHG�LQ�WKH�$(/�DVVRFLDWHG�ZLWK�WKH�VHOHFWHG�5(*,21�L�M��

,W�FDQ�EH�VKRZQ�WKDW�FRPSXWDWLRQ�RI�WKH�$(/V�IRU�DOO�UHJLRQV��SUH�SURFHVVLQJ��LV

RI�2�1
QN
QT��DQG�2�1
QP
QS��FRPSOH[LW\��ZKHUH�

�� 1�LV�WKH�QXPEHU�RI�HGJHV�RI�WKH�JLYHQ�SRO\JRQ�

�� QN���QT�DUH�WKH�QXPEHU�RI�VXEGLYLVLRQV�LQ�WKH�GLUHFWLRQ�N�DQG�T��UHVSHFWLYHO\��

�� QP���QS�DUH�WKH�QXPEHU�RI�VXEGLYLVLRQV�LQ�WKH�GLUHFWLRQ�P�DQG�S��UHVSHFWLYHO\�

,W� ZDV� WKHRUHWLFDOO\� DQG� H[SHULPHQWDOO\� SURYHG� WKDW� WKH� DOJRULWKP� KDV� 2���

H[SHFWHG� UXQ�WLPH� FRPSOH[LW\� ZLWK� SUH�SURFHVVLQJ� FRPSOH[LW\� 2�1���� VHH� >6ND��E@�

>6ND��G@�IRU�GHWDLOV�
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SURFHGXUH�&/,3B�'B2���[$��[%��
EHJLQ
N��� �QT�����
K�� �N��� �QN����� N��� �QS�����
K��� N��� �QP�����
W��� ����� W��� ���� ^LQLWLDOLVDWLRQ���LQWHUYDO����W����W��!� �®`
D[�� ��[%���[$� �D\�� �\%���\$�
LI�_�D[�_���_�D\�_�WKHQ� ^�N�T��VHPLGXDO�VSDFH`
EHJLQ�N�� �D\�D[� T�� �\%���N
[%�

L�� �LQW����T���K���
�N������� M�� �LQW����N������
�N�������
WHVW�� �IDOVH�
^WHVW�DOO�PHPEHUV�RI�WKH�$(/�IRU�UHJLRQ�L�M��FRPSXWH�WKH�DSSURSULDWH�YDOXH�RI�W`
WHVW�� �&20387(��5(*,21�L�M���W���W���^LI�LQWHUVHFWLRQV�H[LVW��WKHQ�WHVW� �WUXH`

HQG
HOVH
EHJLQ�P�� �D[�D\� S�� �[%���P
\%�

L�� �LQW����S���K���
�N������� M�� �LQW����P������
�N�������
WHVW�� �IDOVH�
^WHVW�DOO�PHPEHUV�RI�WKH�$(/�IRU�UHJLRQ�L�M��FRPSXWH�WKH�DSSURSULDWH�YDOXH�RI�W`
WHVW�� �&20387(��5(*,21�L�M���W���W���^LI�LQWHUVHFWLRQV�H[LVW�WKHQ�WHVW� �WUXH`

HQG�
LI�OLQH�VHJPHQW�FOLSSLQJ�WKHQ���W��W�!�� ���W��W�!�¯�����!�
WHVW�� �WHVW�DQG����W����W��!�¡�®��
LI�WHVW�WKHQ��^�DQ�LQWHUVHFWLRQ�H[LVWV�`
EHJLQ�[�� �[$���D[�
�W�� \�� �\$���D\�
�W��

���[�� �[$���D[�
�W�� \�� �\$���D\�
�W�
HQG�

HQG�^&/,3B�'B2�`

$OJRULWKP������2����DOJRULWKP�

������� 7KH�2����OLQH�FOLSSLQJ�DOJRULWKP�XVLQJ�SRODU�FR�RUGLQDWH�V\VWHP

$QRWKHU�ZD\� WR� VROYH� WKH� OLQH� FOLSSLQJ� SUREOHP� DJDLQVW� D� FRQYH[� SRO\JRQ�ZLWK�2���

UXQ�WLPH�FRPSOH[LW\�LV�E\�XVLQJ�WKH�SRODU�FR�RUGLQDWH�V\VWHP�DQG�WKH�VSDFH�VXEGLYLVLRQ

LQ��r���j��SODQH�>6ND��D@��/HW��r��j��LV�SRODU�FR�RUGLQDWH�RI�V\VWHP�RULJLQ¶V�SURMHFWLRQ�RQ

WKH�JLYHQ�OLQH��VHH�)LJXUH�������)RU�VLPSOLFLW\��OHW�XV�VXSSRVH�WKDW�r�¡���� ,W�FDQ�EH�VHHQ

WKDW��r��j��XQDPELJXRXVO\�GHWHUPLQHV�OLQH�S�DQG�VR�LW�FDQ�EH�XVHG�WR�UHSUHVHQW�OLQH�S�LQ

SRODU�FR�RUGLQDWH�V\VWHP�� ,I�ZH�WUDQVIRUP�WKH�FRQYH[�SRO\JRQ�WR�WKH�SRODU�FR�RUGLQDWH

V\VWHP� UHSUHVHQWDWLRQ�ZH� JHW� DQ� LPDJH� LQ� �r��j�� FR�RUGLQDWHV�� VHH� )LJXUH�������ZKHUH

HDFK�UHJLRQ�UHSUHVHQWV�D�VHW�RI��r��j��YDOXHV�RI� WKH�FOLSSHG�OLQH�WKDW� LQWHUVHFW� WKH�VDPH

HGJHV��LQ�RXU�FDVH�HGJHV�H��DQG�H��

,W� FDQ� EH� VHHQ� WKDW� LI� WKH� VSDFH� VXEGLYLVLRQ� WHFKQLTXH� LV� XVHG� ZH� FDQ� GLUHFWO\

GHWHUPLQH� HGJHV� WKDW� DUH� LQWHUVHFWHG� E\� WKH� JLYHQ� OLQH� S� UHJDUGOHVV� WR� WKH� QXPEHU� RI

HGJHV�RI�WKH�JLYHQ�SRO\JRQ�IRU�LQILQLWH�VXEGLYLVLRQ�LQ��r��j��VSDFH��,W�PHDQV�WKDW�LI�WKH
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VXEGLYLVLRQ� LV� FRDUVHU�ZH�ZLOO� KDYH� WR� WHVW�PRUH� WKDQ� WZR� HGJHV�� VHH� )LJXUH� ������ ,Q

RWKHU�ZRUGV��DQ�DOJRULWKP�WKDW�KDV�2����UXQ�WLPH�FRPSOH[LW\�FDQ�EH�GHVLJQHG�E\�XVLQJ

WKLV�SULQFLSOH��VHH�$OJRULWKP�����

)LJXUH�������7KH�SRODU�FR�RUGLQDWH�UHSUHVHQWDWLRQ

)LJXUH�������7KH��r��j��VSDFH�VXEGLYLVLRQ�

7KH�&20387(�IXQFWLRQ�LV�DJDLQ�EDVHG�RQ�WKH�&%�DOJRULWKP�DQG�LV�SHUIRUPHG

RQO\�IRU�HGJHV�LQFOXGHG�LQ�WKH�$(/�DVVRFLDWHG�ZLWK�WKH�VHOHFWHG�5(*,21�L�M��
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,W� FDQ�EH� VKRZQ� WKDW� FRPSXWDWLRQ�RI� WKH�$(/V� IRU� DOO� UHJLRQV� �SUH�SURFHVVLQJ�

UXQV�LQ�2�1
�Qr
�Qj��WLPH��ZKHUH�

�� 1�LV�WKH�QXPEHU�RI�HGJHV�RI�WKH�JLYHQ�SRO\JRQ�

�� Qr���LV�WKH�QXPEHU�RI�VXEGLYLVLRQV�LQ�WKH�GLUHFWLRQ�r�

�� Qj��LV�WKH�QXPEHU�RI�VXEGLYLVLRQV�LQ�WKH�GLUHFWLRQ�j�

SURFHGXUH�32/B&/,3B�'B2���[$��[%��
EHJLQ

Tr�� �Qr���U� �Tj��� ��Qj�����
3L��
W��� ����� W��� ���� ^LQLWLDOLVDWLRQ���LQWHUYDO����W����W��!� �®`
&RPSXWH��r��j��FR�RUGLQDWHV�RI�OLQH�S�
L�� �r�
�Tr����� M�� �j�
�Tj������
^WHVW�DOO�PHPEHUV�RI�WKH�$(/�IRU�UHJLRQ�L�M��FRPSXWH�WKH�DSSURSULDWH�YDOXH�RI�W`
&20387(��5(*,21�L�M���W���W��
LI�OLQH�VHJPHQW�FOLSSLQJ�WKHQ���W��W�!�� ���W��W�!�¯�����!�
LI���W����W��!�¡�®�WKHQ�'5$:B/,1(�[�W����[�W����^DQ�LQWHUVHFWLRQ�H[LVWV`

HQG�^32/B&/,3B�'B2�`

$OJRULWKP������2����DOJRULWKP�XVLQJ�SRODU�FR�RUGLQDWH�
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��� &OLSSLQJ�E\�D�QRQ�FRQYH[�SRO\JRQ

,Q�WHFKQLFDO�SUDFWLFH��PDQ\�WLPHV�ZH�QHHG�FOLS�OLQHV�RU�OLQH�VHJPHQWV�E\�WKH�QRQ�FRQYH[

SRO\JRQ��&OLSSLQJ�E\�QRQ�FRQYH[�SRO\JRQ�LV�UHODWLYHO\�PRUH�FRPSOH[�WKDQ�FOLSSLQJ�E\

FRQYH[� SRO\JRQ�� EHFDXVH� WKH� OLQH� FDQ� LQWHUVHFW� WKH� SRO\JRQ� LQ�PRUH� WKDQ� WZR� SRLQWV�

7KHUHIRUH��WKLV�VHFWLRQ�LV�GHYRWHG�WR�WKH�FOLSSLQJ�SUREOHP�DJDLQVW�QRQ�FRQYH[�SRO\JRQ�

$OJRULWKP� IRU� OLQH� FOLSSLQJ� DJDLQVW� D� QRQ�FRQYH[� SRO\JRQ� LV� EDVHG� RQ� WKH� SDUDPHWULF

UHSUHVHQWDWLRQ� RI� OLQHV� RU� OLQH� VHJPHQWV� >6ND��D@�� ,W� FDQ� EH� VHHQ� WKDW�� WKHUH� DUH� VRPH

VSHFLDO�FDVHV�WKDW�DUH�QHFHVVDU\�WR�EH�FRQVLGHUHG��VHH�OLQHV�S���S��DQG�S��LQ�)LJXUH�����

S��

S��

S�� S��

)LJXUH������/LQH�FOLSSLQJ�DJDLQVW�QRQ�FRQYH[�SRO\JRQ�

/HW� XV� VXSSRVH� WKDW� ZH� KDYH� D� QRQ�FRQYH[� SRO\JRQ� WKDW� LV� FORFNZLVH� RU

FRXQWHU�FORFNZLVH�RULHQWHG�DQG��UHSUHVHQWHG�E\�1���SRLQWV

[L� �>[L��\L@
7 ��L� ���������1

ZKHUH��SRLQWV�[��DQG�[1�DUH�LGHQWLFDO��[L�DQG�\L�DUH�FR�RUGLQDWHV�RI�WKH�YHUWH[�[L���/LQH�S

SDVVHV�WZR�SRLQWV�

[$� �>[$��\$@
7� � [%� �>[%��\%@

7

DQG�LV�SDUDPHWULFDOO\�UHSUHVHQWHG�DV

[�W�� �[$����[%���[$��
�W
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�ZKHUH W�¶��-��+����IRU�OLQH�FOLSSLQJ��DQG�W�¶�����!���IRU�OLQH�VHJPHQW�FOLSSLQJ��

)RU�VLPSOLFLW\�OHW�XV�DVVXPH�WKDW�

�� 7KH�SRO\JRQ�VKRXOG�QRW�KDYH�KROHV�

�� 7KH�SRO\JRQ�YHUWLFHV�VKRXOG�QRW�FRLQFLGH�

�� 7ZR�VXFFHVVLYH�SRO\JRQ�HGJHV�VKRXOG�QRW�OLH�RQ�WKH�VDPH�OLQH�

EXW�WKH�DOJRULWKP�FDQ�EH�PRGLILHG�WR�FLUFXPYHQW�WKHVH�FRQVWUDLQV�

,I�ZH�UHSUHVHQW�L�WK�SRO\JRQ�HGJH�SDUDPHWULFDOO\�DV�IROORZV�

[�T�� �[L����[L���±�[L��
�T�ZKHUH�T�¶��������L� ����������Q��

WKHQ�WKH�LQWHUVHFWLRQ�SRLQW�RI�OLQH�S�ZLWK�L�WK�HGJH�FDQ�EH�IRXQG�E\�VROYLQJ�WKH�IROORZLQJ

OLQHDU�HTXDWLRQ�V\VWHP�

[�W�� �[$����[%���[$��
�W

[�T�� �[L����[L���±�[L��
�T

&R�RUGLQDWHV� RI� DOO� LQWHUVHFWLRQ� SRLQWV� RI� WKH� JLYHQ� OLQH� ZLWK� WKH� QRQ�FRQYH[

SRO\JRQ� WKHUHIRUH�ZLOO� EH� GHWHUPLQHG� E\� WKH� SDUDPHWHU� YDOXH� W��%XW� LW� LV� QHFHVVDU\� WR

WDNH�LQWR�FRQVLGHUDWLRQ�WKH�IROORZLQJ�VSHFLDO�FDVHV�

�� /LQH�S�SDVVHV�RU�WRXFKHV�D�SRO\JRQ�YHUWH[�

�� $�SRO\JRQ�HGJH�OLHV�RQ�OLQH�S�

/HW�XV�GHILQH�V�� �[N�±�[N����V�� �[$�±�[%�DQG�V�� �[N���±�[N�

,Q� WKH� ILUVW�FDVH�� WKHUH�DUH�RQO\� WZR�SRVVLELOLWLHV�� VHH�)LJXUH������ ,Q�VXE�FDVH�D�

�>V��[�V��@]��>V��[�V��@]�!����RQO\�RQH�SDUDPHWHU�YDOXH�W�LV�JHQHUDWHG��ZKHUHDV�LQ�VXE�FDVH�E�

�>V��[�V��@]��>V��[�V��@]������GRXEOH�SDUDPHWHU�YDOXH� W� LV�JHQHUDWHG�� ,Q�ERWK�VXE�FDVHV�� WKH

SDUDPHWHU�YDOXH�W�FRUUHVSRQGV�WR�WKH�ORFDWLRQ�RI�JLYHQ�SRO\JRQ�YHUWH[�RQ�OLQH�S�

[
N��

[
N

[
N��

V
�

V
�

V
�

S

S

V
�

V
�

V
�

[
N��

[
N

[
N��

D��OLQH�S�SDVVHV�WKH�YHUWH[�[N E��OLQH�S�WRXFKHV�WKH�SRO\JRQ�DW�[N

)LJXUH������7KH�YHUWH[�[N�OLHV�RQ�OLQH�S�
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4XLWH�GLIIHUHQW�VLWXDWLRQ�DULVHV�ZKHQ�D�SRO\JRQ�HGJH�OLHV�RQ�OLQH�S��,Q�WKDW�FDVH�

WKHUH�DUH�IRXU�SRVVLEOH�VXE�FDVHV�WKDW�DUH�LOOXVWUDWHG�LQ�WKH�)LJXUH������,W�LV�LPSRVVLEOH�WR

GLUHFWO\� GHFLGH� KRZ� SDUDPHWHU� YDOXH� W� VKRXOG� EH� JHQHUDWHG� DQG� WKHUHIRUH� D�VSHFLDO

DWWULEXWH�DVVRFLDWHG�WR�WKH�SDUDPHWULF�YDOXH�PXVW�EH�JHQHUDWHG��7KH�DGGLWLRQDO�DWWULEXWH

GHSHQGV�RQ�WKH�VLJQ�RI�WKH�]�FR�RUGLQDWH�RI�WKH�FURVV�SURGXFW�UHVXOW�RI�WKH�YHFWRUV�V��DQG

V��RU�V��DQG�V���UHVSHFWLYHO\��7KHUHIRUH��WKH�LQWHUVHFWLRQ�SRLQW�ZLOO�EH�VSHFLILHG�QRW�RQO\

E\� WKH� SDUDPHWHU� YDOXH� W� EXW� DOVR� E\� WKH� DGGLWLRQDO� DWWULEXWH�� )RU� WKH� FDVH�� ZKHQ� WKH

SRO\JRQ�HGJH�GRHV�QRW�OLH�RQ�WKH�JLYHQ�OLQH��LW�LV�XQQHFHVVDU\�WR�GHWHUPLQH�WKH�DGGLWLRQDO

DWWULEXWH�DQG�LW�ZLOO�EH�VHW�WR�HPSW\������2WKHUZLVH��WKH�DWWULEXWH�LV����RU�±�DFFRUGLQJ�WR

WKH�VLJQ�RI�WKH�]�FR�RUGLQDWH�RI�WKH�FURVV�SURGXFW�>V��[�V��@�RU�>V��[�V��@��UHVSHFWLYHO\�

S V
�

[
N

[
N��

W� W�

S V
�

[
N

[
N��

W� W�

S V
�

[
N

[
N��

W� W�

S V
�

[
N

[
N��

W� W�

)LJXUH������7KH�HGJH�[N[N���OLHV�RQ�OLQH�S�

$IWHU� GHWHUPLQLQJ� DOO� LQWHUVHFWLRQ� SRLQWV� ZLWK� WKHLU� DGGLWLRQDO� DWWULEXWH�� WKH

JHQHUDWHG�SDUDPHWULF�YDOXHV�ZLOO�EH�VRUWHG�WRJHWKHU�ZLWK�WKHLU�DWWULEXWHV��,Q�QH[W�VWHS��WKH

VRUWHG�VHW�RI�JHQHUDWHG�YDOXHV�ZLOO�EH� UHGXFHG� DFFRUGLQJ� WR� WKH� UXOH� LQ�7DEOH������7KH

ILQDO�UHVXOW�ZLOO�EH�WKH�VHW�RI�SDUDPHWULF�YDOXHV�WKDW�LQ�SDLUV�GHWHUPLQH�WKH�VHJPHQWV�RI

OLQH�S�ZKLFK�DUH� LQVLGH� WKH�JLYHQ�QRQ�FRQYH[�SRO\JRQ��)RU� OLQH� VHJPHQW�FOLSSLQJ� LW� LV

QHFHVVDU\� WR� PDNH� LQWHUVHFWLRQ� RI� DOO� SDLUV� RI� REWDLQHG� SDUDPHWHU� YDOXHV� W� ZLWK� WKH

LQWHUYDO�����!��$ERYH�GHVFULEHG�DOJRULWKP�FDQ�EH�LOOXVWUDWHG�LQ�$OJRULWKP�����
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$WWULEXWH

WL WL�� WL��
6LWXDWLRQ $FWLRQ

� � 
 VDYH�WL��WL�����L �L��

� � � VDYH�WL��WL�����L �L���
FKDQJH�DWWULEXWH�RI�WL�WR��

� � � VDYH�WL���WL�����L �L��

� � � VDYH�WL��WL�����L �L���
FKDQJH�DWWULEXWH�RI�WL�WR��

� � � VDYH�WL��WL�����L �L���
FKDQJH�DWWULEXWH�RI�WL�WR��

� � � VDYH�WL��WL�����L �L���
FKDQJH�DWWULEXWH�RI�WL�WR��

� � � VDYH�WL��WL�����L �L��

� � � VDYH�WL��WL�����L �L���
FKDQJH�DWWULEXWH�RI�WL�WR��

� � � VDYH�WL��WL�����L �L��

� � � VDYH�WL��WL�����L �L���
FKDQJH�DWWULEXWH�RI�WL�WR��

� � 
 VDYH�WL��WL�����L �L���
FKDQJH�DWWULEXWH�RI�WL�WR��

� � 
 VDYH�WL��WL�����L �L��

� � � VDYH�WL��WL�����L �L���
FKDQJH�DWWULEXWH�RI�WL�WR��

� � � VDYH�WL��WL�����L �L���
FKDQJH�DWWULEXWH�RI�WL�WR��

� � � VDYH�WL��WL�����L �L��

� � 
 VDYH�WL��WL�����L �L��

� � 
 VDYH�WL��WL�����L �L���
FKDQJH�DWWULEXWH�RI�WL�WR��


�PDUNV�DOO�FDVHV��L�H���������

7DEOH������5HGXFWLRQ�UXOH�IRU�JHQHUDWHG�SDUDPHWHU�YDOXHV�
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SURFHGXUH�1RQ&RQYH[B&OLS��[$���[%��
^1�LV�WKH�HGJH�QXPEHU�RI�WKH�FOLSSLQJ�QRQ�FRQYH[�SRO\JRQ`
YDU L��N���LQWHJHU�
EHJLQ

N�� �1����
L�� ���
V��� �[N�±�[N���� V��� �[%���[$�
ZKLOH��L���1��GR
EHJLQ

V�� �[L�±�[N�� ^�V��LV�WKH�YHFWRU�IURP�[N�WR�[L�`
&RPSXWH��W��

����� LI�[N�OLHV�RQ�S�WKHQ
EHJLQ��

LI�>V��[�V��@]� ���WKHQ ^WKH�HGJH�[N[L��OLHV�RQ�S`
*HQHUDWH��W�ZLWK�VLJQ�>V��[�V��@]��DV�DWWULEXWH�

HOVH� LI�>V��[�V��@]� ���WKHQ ^WKH�HGJH�[N��[N��OLHV�RQ�S`
*HQHUDWH��W�ZLWK�VLJQ�>V��[�V��@]��DV�DWWULEXWH�

HOVH� LI�>V��[�V��@]��>V��[�V��@]�����WKHQ��^[N��WRXFKHV�S`
*HQHUDWH��W��W�ZLWK�HPSW\�DWWULEXWH�

HOVH� ����^S�SDVVHV�[N`
*HQHUDWH��W�ZLWK�HPSW\�DWWULEXWH�

HQG
HOVH� LI�WKH�LQWHUVHFWLRQ�EHWZHHQ�OLQH�S�DQG�WKH�HGJH�[N[L�H[LVWV�WKHQ

*HQHUDWH��W�ZLWK�HPSW\�DWWULEXWH��
V�� �V��
N�� �L�
L�� �L��

HQG�
6RUW��JHQHUDWHG�SDUDPHWHU�YDOXHV�W��
5HGXFH��VRUWHG�SDUDPHWHU�YDOXHV�W��
^GHWHUPLQH�VHTXHQW�VHJPHQWV`
L�� ����
ZKLOH��L���,QWHUVHFWLRQ�QXPEHU��GR

EHJLQ�
'5$:B/,1(�[�WL���[�WL������^IRU�OLQH�FOLSSLQJ`
^IRU�OLQH�VHJPHQW�FOLSSLQJ
LI�PD[����WL����PLQ����WL����WKHQ

'5$:B/,1(�[�PD[����WL����[�PLQ����WL�������`
L�� �L����

HQG
HQG�^1RQ&RQYH[B&OLS`�

$OJRULWKP������$OJRULWKP�IRU�OLQH�FOLSSLQJ�DJDLQVW�QRQ�FRQYH[�SRO\JRQ�

7KH�SUHVHQWHG�DOJRULWKP�����HQDEOHV�WR�FOLS�D�JLYHQ�OLQH�RU�OLQH�VHJPHQW�DJDLQVW

D�QRQ�FRQYH[� SRO\JRQ�� ,W� LV� REYLRXVO\� WKDW� WKH� SULQFLSOH� RI� (&%� DOJRULWKP�� VHH

VHFWLRQ������FDQ�EH�DSSOLHG�WR�JHW�PRUH�HIILFLHQF\��0RUHRYHU��WKH�2����DOJRULWKP�FDQ�EH

DOVR�PRGLILHG�IRU�FOLSSLQJ�E\�QRQ�FRQYH[�SRO\JRQ�
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��� &OLSSLQJ�E\�D�QRQ�FRQYH[�DUHD

6R�IDU�WKH�SUHVHQWHG�DOJRULWKPV�KDYH�VROYHG�WKH�OLQH�FOLSSLQJ�E\�FRQYH[�RU�QRQ�FRQYH[

SRO\JRQ�� L�H�� E\� DUHDV� WKDW� DUH� ERXQGHG� E\� OLQHDU� HGJHV�� %XW� SOHQW\� RI� DSSOLFDWLRQV

UHTXLUH� FOLSSLQJ� RYHU� DUHDV� WKDW� DUH� IRUPHG� E\� OLQHDU� HGJHV� DQG� DUFV�� VHH� )LJXUH� ����

3URYLGHG� D� QRQ�FRQYH[� DUHD� LV� JLYHQ� E\� LWV� YHUWLFHV� LQ� WKH� FORFNZLVH� RU

FRXQWHU�FORFNZLVH�RUGHU�DQG�LI�WKH�HGJH�LV�QRW�OLQHDU�WKHQ�LQIRUPDWLRQ�ZKHWKHU�WKH�ULJKW

RU�OHIW�SDUW�RI�WKH�FLUFOH�LV�WR�EH�WDNHQ�IURP�WKH�DFWXDO�YHUWH[��VHH�)LJXUH������,W� LV�DOVR

DVVXPHG�WKDW�DOO�YHUWLFHV�KDYH�GLIIHUHQW�FR�RUGLQDWHV�� WKDW�QR�YHUWH[� OLHV�RQ�DQ�HGJH�RU

DUF�DQG�WKDW�WZR�HGJHV�RU�DUFV�PLJKW�KDYH�RQO\�D�YHUWH[�DV�D�FRPPRQ�SRLQW�

2ULHQWDWLRQ�
WR�WKH�ULJKW

2ULHQWDWLRQ�
WR�WKH�OHIW

S
�

S
�

³WRXFK´

³SDVV´

)LJXUH������&OLSSLQJ�E\�QRQ�FRQYH[�DUHD�WKDW�LV�IRUPHG�E\�OLQHDU�HGJHV�DQG�DUFV�

&RQWUDU\�WR�WKH�OLQHDU�HGJH�FDVH��OLQH�S�FDQ�LQWHUVHFW�WKH�DUF�HGJH�LQ�WZR�SRLQWV��,W

SDUWLDOO\�LQFUHDVHV�WKH�FRPSOH[LW\�RI�WKH�JLYHQ�SUREOHP�

7KH�JLYHQ�OLQH��LV�GHVFULEHG�E\�WKH�SDUDPHWULF�HTXDWLRQ�

[�W�� �[$����[%���[$��
�W

7KH�SURFHGXUH� IRU� ILQGLQJ�DOO� LQWHUVHFWLRQ�SRLQWV� LV� VLPLODU� WR� WKH�DOJRULWKP�IRU

OLQH�FOLSSLQJ�DJDLQVW�QRQ�FRQYH[�SRO\JRQ��EXW�QRZ�LQ�FDVH�RI�DUF�HGJH�LW�LV�QHFHVVDU\�WR

VROYH�WKH�IROORZLQJ�HTXDWLRQ�V\VWHP�

[�W�� �[$����[%���[$��
�W

��[�±�[&�
7��[�±�[&�� �U

�

ZKHUH�[&� �>[&��\&@
7�LV�WKH�FHQWUH�RI�WKH�JLYHQ�DUF�DQG�U�LV�WKH�UDGLXV�RI�WKLV�DUF�
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7R� VROYH� WKLV� HTXDWLRQ� V\VWHP� ZLWK� UHJDUG� WR� YDULDEOH� W�� D� TXDGUDWLF� HTXDWLRQ

DW����EW���F� ���ZLOO�EH�REWDLQHG��ZKHUH�

D� ��[%���[$�
7���[%���[$�

E� ��
��[%���[$�
7���[$�±�[&�

F� ��[$�±�[&�
7���[$�±�[&����U

�

,Q� WKH� FDVH� WKDW� OLQH�S� LQWHUVHFWV� RU� WRXFKHV� WKH� JLYHQ� FLUFOH� WZR� VROXWLRQV� DUH

REWDLQHG��QRW�QHFHVVDULO\�GLIIHUHQW��DV�

D

FDEE
W

�

��

���

-�-
=

1RZ�LW�LV�QHFHVVDU\�WR�GHWHUPLQH�ZKLFK�SDUW�RI�WKH�FLUFOH�IRUPV�WKH�ERXQGDU\�RI

WKH�JLYHQ�DUHD��%HFDXVH�WKH�ERUGHU�LV�RULHQWHG�LW�FDQ�EH�GLVFHUQHG�ZKHWKHU�WKH�DUF�LV�RQ

WKH�ULJKW�RU�RQ�WKH�OHIW�WR�WKH�FRQQHFWLRQ�RI�[N�DQG�[N���SRLQWV��,I�OLQH�S�LV�FRQVLGHUHG�WKHQ

LW�PXVW�EH�GHFLGHG�ZKLFK�LQWHUVHFWLRQ�SRLQW�RXJKW�WR�EH�WDNHQ��,W�LV�REYLRXV�WKDW�RQO\�WKH

SRLQW�WKDW�OLHV�RQ�WKH�SURSHU�DUF�FDQ�EH�FRQVLGHUHG��,W�PHDQV�WKDW�

�� LI�WKH�OHIW�DUF�LV�FRQVLGHUHG�WKHQ�SRLQW�[�W��ZLOO�EH�WDNHQ�LQWR�FRQVLGHUDWLRQ�LI�DQG

RQO\�LI�>V��[�V�@]�!��

�� LI� WKH� ULJKW� DUF� LV� FRQVLGHUHG� WKHQ�SRLQW�[�W��ZLOO�EH� WDNHQ� LQWR�FRQVLGHUDWLRQ� LI

DQG�RQO\�LI�>V��[�V�@]����

DVVXPLQJ�WKDW�[�W��¡�[N��V�� �[N���±�[N�DQG�V� �[�W��±�[N�

2I�FRXUVH�VRPH�VSHFLDO�VLWXDWLRQV�PXVW�EH�VROYHG�DJDLQ��H�J��ZKHQ�WKH�JLYHQ�OLQH

SDVVHV� RU� WRXFKHV� WKH� YHUWH[� [N�� ,Q� WKRVH� FDVHV� WKH� WDQJHQW� YHFWRUV� V��� V�� DQG� V�� DUH

GHWHUPLQHG�DV�

�� V�� �>\N�±�\&��[&�±�[N@
7�IRU�WKH�DUF�[N��[N�ZLWK�FHQWUH�[&

V�� �>[N�±�[N����\N�±�\N��@
7�IRU�WKH�OLQHDU�HGJH

�� V�� �>[%�±�[$��\%�±�\$@
7

�� V�� �>\N�±�\&��[&�±�[N@
7�IRU�WKH�DUF�[N[N���ZLWK�FHQWUH�[&

V�� �>[N�±�[N����\N�±�\N��@
7�IRU�WKH�OLQHDU�HGJH

� 8VLQJ� WDQJHQW� YHFWRUV�� ZH� FDQ� GHFLGH� ZKHWKHU� WKH� VLQJOH� RU� GRXEOH� SDUDPHWHU

YDOXH�VKRXOG�EH�JHQHUDWHG�DQG�GHWHUPLQH�WKH�FRUUHVSRQGLQJ�DWWULEXWH�

,I�WKH�DUF�LV�RULHQWHG�WR�WKH�ULJKW�WKHQ�WKH�VLJQ�RI�WDQJHQW�YHFWRU�PXVW�EH�FKDQJHG

LQ�VRPH�VLWXDWLRQV�

7KH� ZKROH� DOJRULWKP� IRU� OLQH� FOLSSLQJ� E\� QRQ�FRQYH[� DUHD� LV� VKRZQ� LQ

$OJRULWKP�����
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SURFHGXUH�$UHDB&OLS��[$���[%��� ^1�LV�WKH�QXPEHU�RI�DUHD¶V�YHUWLFHV`
SURFHGXUH�&RPSXWHB7DQJHQW�[����[���U��W��
EHJLQ LI�[��[��LV�OLQHDU�WKHQ EHJLQ V�� �[��±�[���U�� �>V�[�V��@]�HQG

HOVH ^[��[��LV�WKH�DUF`
EHJLQ V�� �>\N�±�\&��[&�±�[N@

7��U�� �>V�[�V��@]����^>[&��\&@
7�LV�DUF¶V�FHQWUH`

LI�U ���WKHQ� LI�W�WKHQ�U�� �V�7V��HOVH�U�� ��V
�7V�

HOVH� LI�WKH�DUF�LV�RULHQWHG�WR�WKH�ULJKW�WKHQ�U�� ��U
HQG

HQG

EHJLQ N�� �1���� L�� ��� V��� �[%���[$�
ZKLOH��L���1��GR
EHJLQ� LI�[N�OLHV�RQ�S�WKHQ

EHJLQ��&RPSXWHB7DQJHQW��[N��[L��E��7UXH��
&RPSXWHB7DQJHQW��[N����[N��D��)DOVH��
LI�[N�[L�LV�OLQHDU�WKHQ
EHJLQ��&RPSXWHB9DOXH��W��

LI�D�E�����WKHQ��^S�WRXFKHV�[N`
*HQHUDWH��W��W�ZLWK�HPSW\�DWWULEXWH�

HOVH� LI�D�E�!���WKHQ��^S�SDVVHV�[N`
*HQHUDWH��W�ZLWK�HPSW\�DWWULEXWH�

HOVH� LI�D ���WKHQ^WKH�HGJH�[N��[N��OLHV�RQ�S`
*HQHUDWH��W�ZLWK�DWWULEXWH�VLJQ�E�

HOVH ^WKH�HGJH�[N[L��OLHV�RQ�S`
*HQHUDWH��W�ZLWK�DWWULEXWH�VLJQ�D�

HQG
HOVH� ^[N�[L�LV�WKH�DUF`
EHJLQ��&RPSXWHB9DOXHV��W���W���

LI�D�E�����WKHQ��^S�WRXFKHV�[N`
*HQHUDWH��W���W���W�
�ZLWK�HPSW\�DWWULEXWH�

HOVH� LI�D�E�!���WKHQ��^S�SDVVHV�[N`
*HQHUDWH��W���W�
��ZLWK�HPSW\�DWWULEXWH�

HOVH� ^WKH�HGJH�[N��[N��OLHV�RQ�S`
*HQHUDWH��W��ZLWK�DWWULEXWH�VLJQ�E�

������W�
�ZLWK�HPSW\�DWWULEXWH�
HQG

HQG
HOVH
EHJLQ��LI�[N�[L�LV�OLQHDU�WKHQ

EHJLQ��&RPSXWHB9DOXH��W��
LI�DQ�LQWHUVHFWLRQ�SRLQW�LQ�LQVLGH�RI��[N�[L��WKHQ�

*HQHUDWH��W�ZLWK�HPSW\�DWWULEXWH�
HQG
HOVH� ^[N�[L�LV�WKH�DUF`
EHJLQ��&RPSXWHB9DOXHV��W���W���

*HQHUDWH���W�
��W�
�ZLWK�HPSW\�DWWULEXWH�
HQG

HQG��
N�� �L��L�� �L��

HQG�
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6RUW��JHQHUDWHG�SDUDPHWHU�YDOXHV�W��
5HGXFH��VRUWHG�SDUDPHWHU�YDOXHV�W��
^GHWHUPLQH�VHTXHQW�VHJPHQWV`
L�� ����
ZKLOH��L���,QWHUVHFWLRQ�QXPEHU��GR

EHJLQ�
'5$:B/,1(�[�WL���[�WL������^IRU�OLQH�FOLSSLQJ`
^IRU�OLQH�VHJPHQW�FOLSSLQJ
LI�PD[����WL����PLQ����WL����WKHQ

'5$:B/,1(�[�PD[����WL����[�PLQ����WL�������`
L�� �L����

HQG
HQG�^$UHDB&OLS`�
^
�PHDQV�LI�WKH�LQWHUVHFWLRQ�SRLQW�OLHV�RQ�WKH�SURSHU�VLGH�RI�WKH�DUF�[N�[L�`

$OJRULWKP������$OJRULWKP�IRU�OLQH�FOLSSLQJ�DJDLQVW�QRQ�FRQYH[�DUHD�

,W� LV�REYLRXV� WKDW� WKH�SUHVHQWHG�DOJRULWKP� IRU� OLQH� FOLSSLQJ�E\�QRQ�FRQYH[�DUHD

FDQ�EH�PRGLILHG�IRU�WKH�FDVH�ZKHQ�WKH�DUHD�LV�IRUPHG�E\�OLQHDU�VHJPHQWV�DQG�TXDGUDWLF

DUFV��,Q�WKLV�FDVH�LW�LV�QHFHVVDU\�WR�GHILQH�FRQYHQLHQWO\�WKH�TXDGUDWLF�DUFV��*HQHUDOO\�DOO

TXDGUDWLF�FXUYHV�DUH�GHVFULEHG�E\�WKH�IXQFWLRQ�I�[�\��WRJHWKHU�ZLWK�WKHLU�WDQJHQW�YHFWRUV

DV�

I�[�\�� �D[����E\�����F[\����G[���H\���J� ��

DQG

V� �>�I\����I[�@
7

,I� WKH� JLYHQ� DUHD� FRQVLVWV� RI� VRPH�KROHV� LW� LV� QHFHVVDU\� WR� DSSO\� WKH� SUHVHQWHG

DOJRULWKP�IRU�DOO� WKH�JLYHQ�KROHV� WKHPVHOYHV�DQG�PHUJH� WKH�REWDLQHG�SDUDPHWHU�YDOXHV

WRJHWKHU�DSSURSULDWHO\��VHH�>6ND��E@�IRU�PRUH�GHWDLOV�
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$Q�DOJRULWKP� WKDW� FOLSV� D�SRO\JRQ�PXVW� GHDO�ZLWK�PDQ\� GLIIHUHQW� FDVHV��2QH� FRQFDYH

SRO\JRQ� FDQ� EH� FOLSSHG� LQWR� WZR� RU� PRUH� VHSDUDWH� SRO\JRQV�� *HQHUDOO\�� WKH� WDVN� RI

FOLSSLQJ�VHHPV�UDWKHU�FRPSOH[��(DFK�HGJH�RI� WKH�SRO\JRQ�PXVW�EH� WHVWHG�DJDLQVW� HDFK

HGJH� RI� WKH� FOLSSLQJ� SRO\JRQ�� QHZ� HGJHV�PXVW� EH� DGGHG�� DQG� H[LVWLQJ� HGJHV�PXVW� EH

GLVFDUGHG�� UHWDLQHG�� RU� GLYLGHG��0XOWLSOH� SRO\JRQV� PD\� UHVXOW� IURP� FOLSSLQJ� D� VLQJOH

SRO\JRQ�� :H� QHHG� D� V\VWHPDWLF� ZD\� WR� GHDO� ZLWK� DOO� WKHVH� FDVHV�� 7KHUH� DUH� PDQ\

DOJRULWKPV�IRU�WKH�SRO\JRQ�FOLSSLQJ��VHH�UHIHUHQFHV���EXW�WKH�6XWKHUODQG�+RGJPDQ��6+�

DOJRULWKP�LV�WKH�PRVW�RIWHQ�XVHG�

6XWKHUODQG� DQG� +RGJPDQ
V� SRO\JRQ�FOLSSLQJ� DOJRULWKP� >6XW��D@� XVHV

D�GLYLGH�DQG�FRQTXHU�VWUDWHJ\�� ,W�VROYHV�D�VHULHV�RI�VLPSOH�DQG� LGHQWLFDO�SUREOHPV� WKDW�

ZKHQ� FRPELQHG�� VROYH� WKH� RYHUDOO� SUREOHP�� 7KH� VLPSOH� SUREOHP� LV� WR� FOLS� D� SRO\JRQ

DJDLQVW�D�VLQJOH� LQILQLWH�FOLS�HGJH��)RXU�FOLS�HGJHV��HDFK�GHILQLQJ�RQH�ERXQGDU\�RI� WKH

FOLS� UHFWDQJOH�� VXFFHVVLYHO\� FOLS� D� SRO\JRQ� DJDLQVW� D� FOLS� UHFWDQJOH�� ,W� LV� QHFHVVDU\� WR

SRLQW� RXW� WKDW� 6+� DOJRULWKP� LV� RULJLQDOO\� VXJJHVWHG� IRU� SRO\JRQ� FOLSSLQJ� DJDLQVW

D�UHFWDQJXODU�ZLQGRZ�EXW� LWV� SULQFLSOH� FDQ� EH� XVHG� WR� FOLS� SRO\JRQV� DJDLQVW� D� FRQYH[

SRO\JRQ�

1RWH� WKH� GLIIHUHQFH� EHWZHHQ� WKLV� VWUDWHJ\� IRU� FOLSSLQJ� D� SRO\JRQ� DQG� WKH

&RKHQ�6XWKHUODQG�DOJRULWKP�IRU�FOLSSLQJ�D�OLQH��7KH�SRO\JRQ�FOLSSHU�FOLSV�DJDLQVW�IRXU

HGJHV� LQ� VXFFHVVLRQ�� ZKHUHDV� WKH� OLQH� FOLSSHU� WHVWV� WKH� RXWFRGH� WR� VHH� ZKLFK� HGJH� LV

FURVVHG��DQG�FOLSV�RQO\�ZKHQ�QHFHVVDU\�

7KH�DOJRULWKP�ZRUNV�E\�PRYLQJ�DURXQG�WKH�SRO\JRQ�IURP�[Q�WR�[��WR�[Q��[��DQG

[Q�DUH�LGHQWLFDO��WDNLQJ�LQWR�DFFRXQW�WKH�UHODWLRQVKLS�EHWZHHQ�VXFFHVVLYH�YHUWLFHV�DQG�WKH

FOLS�ERXQGDU\��)RU�HDFK�YHUWH[�SDLU�� HLWKHU�]HUR��RQH��RU� WZR�YHUWLFHV�DUH�DGGHG� WR� WKH

RXWSXW�OLVW�RI�YHUWLFHV�

7KHUH�DUH�IRXU�SRVVLEOH�WHVW�FDVHV�QHHG�WR�EH�H[DPLQHG��VHH�)LJXUH������)RU�HDFK

FDVH��ZH�ZLOO�DVVXPH�WKH�SRO\JRQ�HGJH�WR�EH�FOLSSHG�LV�IURP�YHUWH[�6�WR�3�

�� &DVH�D���:KROO\�LQVLGH�YLVLEOH�UHJLRQ���VDYH�HQG�SRLQW�3

�� &DVH�E���([LW�YLVLEOH�UHJLRQ���VDYH�WKH�LQWHUVHFWLRQ�,

�� &DVH�F���:KROO\�RXWVLGH�YLVLEOH�UHJLRQ���VDYH�QRWKLQJ

�� &DVH�G���(QWHU�YLVLEOH�UHJLRQ���VDYH�LQWHUVHFWLRQ�,�DQG�HQG�SRLQW�3
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7KH� 6+� DOJRULWKP� FDQ� EH� LPSOHPHQWHG� E\� $OJRULWKP� ����� ,Q� WKLV

LPSOHPHQWDWLRQ��LW�KDV�D�FRXSOH�RI�DVVXPSWLRQV�

�� DFFHSWV�DQ�DUUD\�LQBY�RI�SRO\JRQ�YHUWLFHV�DQG�FUHDWHV�DQ�DUUD\�RXWBY

�� SURFHGXUH�287387�RXWBY�Y�RXWBOHQJWK��SODFHV�YHUWH[�Y�LQWR�RXWBY�DQG�XSGDWHV�WKH

QXPEHU�RI�YHUWLFHV�LQWR�RXWB�OHQJWK

�� IXQFWLRQ� ,17(56(&7�6�3�FOLSBERXQGDU\�� UHWXUQV� WKH� LQWHUVHFWLRQ�RI� VHJPHQW� �63�

ZLWK�FOLSBERXQGDU\�

)XQFWLRQ� ,16,'(�SRLQW�FOLSBERXQGDU\�� UHWXUQV� WUXH� LI� WKH� SRLQW� LV� LQVLGH� WKH� FOLS

ERXQGDU\�ZKHUH�LQVLGH�LV�GHILQHG�WR�EH�WR�WKH�OHIW�RI�WKH�FOLS�ERXQGDU\��LI�WKH�SRO\JRQ�LV

FRXQWHU�FORFNZLVH�RULHQWHG���0RUH�VSHFLILF��LQVLGH�LV�WR�WKH�OHIW�ZKHQ�ORRNLQJ�IURP�WKH

ILUVW�SRLQW�RI�WKH�FOLS�ERXQGDU\�WR�WKH�VHFRQG��IXQFWLRQ�,16,'(�XVHV�WKH�FURVV�SURGXFW�RI

WZR�YHFWRUV�IRUPHG�E\�XVLQJ�WKH�SRLQW�DQG�WKH�FOLS�ERXQGDU\�

6

3

,QVLGH 2XWVLGH

6 3

,QVLGH 2XWVLGH

,

�������D��63�LV�LQVLGH� E��63�H[LWV�WKH�YLVLEOH�UHJLRQ�

6

3

,QVLGH 2XWVLGH

63

,QVLGH 2XWVLGH

,

F��63�LV�RXWVLGH� G��63�HQWHUV�WKH�YLVLEOH�UHJLRQ�

)LJXUH������)RXU�SRVVLEOH�FDVHV�RI�UHODWLRQVKLS�EHWZHHQ�SRO\JRQ�HGJH�DQG�FOLS

ERXQGDU\�
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W\SH YHUWH[ DUUD\>����@�RI�UHDO�
ERXQGDU\ DUUD\>����@�RI�YHUWH[�
YHUWH[BDUUD\>���PD[@�RI�YHUWH[�

SURFHGXUH�FOLSBSRO\� LQBY����YHUWH[BDUUD\�������� ^LQSXW�YHUWH[�DUUD\`
YDU�RXWBY���YHUWH[BDUUD\������� ^RXWSXW�YHUWH[�DUUD\`
LQBOHQJWK���LQWHJHU�������� ^OHQJWK�RI�LQBY`
YDU�RXWBOHQJWK���LQWHJHU������� ^OHQJWK�RI�RXWBY`
FOLSBERXQGDU\���ERXQGDU\��� ^FOLS�ERXQGDU\`

YDU ,�3�6���YHUWH[�
M���LQWHJHU�

EHJLQ RXWBOHQJWK�� ���
6�� �LQBY>LQBOHQJWK@�
IRU�M�� ���WR�LQBOHQJWK�GR
EHJLQ

3�� �LQBY>M@�
LI�,16,'(�3�FOLSBERXQGDU\��WKHQ

LI�,16,'(�6�FOLSBERXQGDU\��WKHQ
287387�RXWBY�3�RXWOHQJWK�

HOVH�EHJLQ
,�� �,17(56(&7�6�3�FOLSBERXQGDU\��
287387�RXWBY�,�RXWBOHQJWK��
287387�RXWBY�3�RXWBOHQJWK�

�HQG
HOVH

LI�,16,'(�6�FOLSBERXQGDU\��WKHQ
EHJLQ

,�� �,17(56(&7�6�3�FOLSBERXQGDU\��
287387�RXWBY�,�RXWBOHQJWK�

HQG
6�� �3�

HQG
HQG�^FOLSBSRO\`�

$OJRULWKP������6XWKHUODQG�+RGJPDQ�$OJRULWKP�

%HFDXVH�FOLSSLQJ�DJDLQVW�RQH�HGJH�LV�LQGHSHQGHQW�RI�DOO�RWKHUV�� LW� LV�SRVVLEOH� WR

DUUDQJH�WKH�FOLSSLQJ�VWDJHV�LQ�D�SLSHOLQH��7KH�LQSXW�SRO\JRQ�LV�FOLSSHG�DJDLQVW�RQH�HGJH

DQG�DQ\�SRLQWV�WKDW�DUH�NHSW�DUH�SDVVHG�RQ�DV�LQSXW�WR�WKH�QH[W�VWDJH�RI�WKH�SLSHOLQH��%\

WKLV� ZD\�� IRXU� SRO\JRQV� FDQ� EH� DW� GLIIHUHQW� VWDJHV� RI� WKH� FOLSSLQJ� SURFHVV

VLPXOWDQHRXVO\��7KLV�LV�RIWHQ�LPSOHPHQWHG�LQ�KDUGZDUH�

,W� FDQ� EH� VHHQ� WKDW� WKH� 6+� DOJRULWKP� UXQV� LQ�2�0
1�� WLPH�� ZKHUH�0�1� DUH

QXPEHU� RI� YHUWLFHV� RI� HDFK� SRO\JRQ�� )RU� FOLSSLQJ� D� QRQ� FRQYH[� SRO\JRQ� DJDLQVW

D�FRQYH[�SRO\JRQ��5DSSDSRUW�SURSRVHG�DQ�DOJRULWKP�>5DS��D@�WKDW�UXQV�LQ�2�0
/RJ1�

WLPH��0RUHRYHU��DQ�DOJRULWKP�ZLWK�2�0�1��FRPSOH[LW\�IRU�FOLSSLQJ�D�FRQYH[�SRO\JRQ

DJDLQVW�D�FRQYH[�SRO\JRQ�ZDV�SXEOLVKHG�E\�7RXVVDLQW��VHH�>7RX��D@�IRU�PRUH�GHWDLOV�
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3UHYLRXVO\� GHVFULEHG� DOJRULWKPV� HQDEOH� WKH� OLQH� RU� OLQH� VHJPHQW� FOLSSLQJ� DJDLQVW

D�UHFWDQJXODU�ZLQGRZ�� D��FRQYH[� RU� QRQ�FRQYH[�� SRO\JRQ� RU� DQ� DUHD� LQ�(��� ,W� LV� YHU\

HDV\� WR� H[WHQG� &RKHQ�6XWKHUODQG� DOJRULWKP� DQG� /LDQJ�%DUVN\� DOJRULWKP� IRU� WKH� OLQH

FOLSSLQJ� DJDLQVW� D�FDQRQLFDO� SDUDOOHO� RU� SHUVSHFWLYH� YLHZ� YROXPH� �FXEH� RU� S\UDPLG�

UHVSHFWLYHO\�� LQ�(�� >)RO��D@�� ,Q�WKLV� VHFWLRQ�ZH�ZLOO� IRFXV� RQ� WKH� FOLSSLQJ� DOJRULWKPV

DJDLQVW�D�S\UDPLG��ZKLFK�UHSUHVHQWV�WKH�YLVLEOH�UHJLRQ�RI�DQ�REVHUYHU�LQ�WKH�SHUVSHFWLYH

SURMHFWLRQ�� 0DQ\� DOJRULWKPV� IRU� FOLSSLQJ� OLQHV� RU� OLQH� VHJPHQWV� LQ� (�� KDYH� EHHQ

SXEOLVKHG��VHH�>&\U��D@��>/LD��D@��>/LD��D@��>)RO��D@��>6ND��D@��>6ND��D@��>6ND��F@�IRU

PDLQ� UHIHUHQFHV�� )RU� D�ORQJ� WLPH� WKH� &6� DOJRULWKP� DQG� LWV� H[WHQVLRQV� WR� (�� �VHH

>)RO��D@��ZHUH�WKH�RQO\�OLQH�VHJPHQW�FOLSSLQJ�DOJRULWKPV�IRXQG�LQ�PRVW�WH[WERRNV��7KH

/%�DOJRULWKP�SURSRVHG�IRU�OLQH�FOLSSLQJ�FDQ�EH�DOVR�XVHG�IRU�WKH�OLQH�VHJPHQW�FOLSSLQJ�

EXW� LW� LV� VORZHU� WKDQ� WKH�&6� DOJRULWKP�� ,W� LV� SRVVLEOH� WR� VD\� WKDW� DOJRULWKPV� IRU� D� OLQH

FOLSSLQJ� FDQ� EH� PRGLILHG� IRU� D� OLQH� VHJPHQW� FOLSSLQJ� EXW� WKRVH� PRGLILFDWLRQV� DUH

JHQHUDOO\�VORZHU�WKDQ�DOJRULWKPV�RULJLQDOO\�GHYHORSHG�IRU�WKH�OLQH�VHJPHQWV�FOLSSLQJ�

/HW�XV�DVVXPH�WKDW�ZH�KDYH�D�OLQH�RU�OLQH�VHJPHQW�ZLWK�HQG�SRLQWV�$�[$��\$��]$�

DQG� %�[%��\%��]%�� DQG� D� XQLWDU\� FOLSSLQJ� S\UDPLG�� 7KH� XQLWDU\� FOLSSLQJ� S\UDPLG� LV

GHILQHG�DW�WKH�VHW�RI�DOO�SRLQWV��[��\��]��VXFK�WKDW�±]���[���]�DQG�±]���\���]��]�������7KH

LQWHUVHFWLRQ�RI�WKH�S\UDPLG�DQG�WKH�JLYHQ�OLQH�RU�OLQH�VHJPHQW�LV�D�FRQWLQXRXV�SRUWLRQ�RI

WKH�OLQH�RU�OLQH�VHJPHQW��LI�QRW�HPSW\���DQG�VR�LW�FDQ�EH�UHSUHVHQWHG�E\�WZR�HQG�SRLQWV�

7KHUHIRUH��ZH�PXVW�GHWHUPLQH�ZKHWKHU�WKH�LQWHUVHFWLRQ�LV�HPSW\�DQG�LI�QRW�FRPSXWH�WKH

FR�RUGLQDWHV�RI�LWV�HQG�SRLQWV��%HIRUH�GHVFULELQJ�SDUWLFXODU�DOJRULWKPV��LW�LV�QHFHVVDU\�WR

PHQWLRQ�VRPH�FRPPRQ�GHILQLWLRQV�

����� 'HILQLWLRQV

7KH� SODQHV� [�  � �]�� [�  � ]�� \�  � �]� DQG� \� �]�DUH� FDOOHG� WKH� ULJKW�� OHIW�� ERWWRP� DQG� WRS

ERXQGDULHV�RI�WKH�XQLWDU\�S\UDPLG��UHVSHFWLYHO\��:H�ZLOO�VD\�WKDW�

�� D�SRLQW�RU�D�OLQH�VHJPHQW�LV�YLVLEOH��LI�LW�OLHV�HQWLUHO\�LQVLGH�WKH�JLYHQ�S\UDPLG�

�� D� SRLQW�� D� OLQH� RU� OLQH� VHJPHQW� LV� LQYLVLEOH�� LI� LW� OLHV� HQWLUHO\� RXWVLGH� WKH� JLYHQ

S\UDPLG�

�� D� OLQH�RU� OLQH�VHJPHQW� LV�SDUWLDOO\�YLVLEOH�� LI� LW� OLHV�SDUWO\� LQVLGH� WKH�JLYHQ�S\UDPLG

DQG�SDUWO\�RXWVLGH�
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,I� D� OLQH� RU� OLQH� VHJPHQW� LV� LQYLVLEOH�� WKHQ� QR� SDUW� RI� WKH� OLQH� RU� OLQH� VHJPHQW

DSSHDUV� LQ� WKH� RXWSXW�� WKH� OLQH� RU� OLQH� VHJPHQW� LV� VDLG� WR� EH� UHMHFWHG� E\� WKH� FOLSSLQJ

DOJRULWKP�� 7KH� ERXQGDULHV� RI� WKH� S\UDPLG� GLYLGH� WKH� &DUWHVLDQ� SRVLWLYH� KDOI�VSDFH

�]������LQWR���UHJLRQV��5HJLRQV�WKDW�DUH�ERXQGHG�E\�RQO\�WZR�ERXQGDULHV�DUH�FDOOHG�WKH

FRUQHU�UHJLRQV�DQG�UHJLRQV�ZKLFK�DUH�ERXQGHG�E\�WKUHH�ERXQGDULHV�DUH�FDOOHG�WKH�HGJH

UHJLRQV��VHH�)LJXUH�����

)LJXUH������6XEGLYLVLRQ�RI�WKH�SRVLWLYH�KDIW�VSDFH�LQWR�UHJLRQV�

����� &6��'�DOJRULWKP�IRU�OLQH�VHJPHQW�FOLSSLQJ�DJDLQVW�D�S\UDPLG

7KH� &6��'� DOJRULWKP� LV� YHU\� ZHOO� NQRZQ� DOJRULWKP�� ,W� LV� WKH� H[WHQVLRQ� RI� WKH

&6�DOJRULWKP�IRU�OLQH�VHJPHQW�FOLSSLQJ�DJDLQVW�D�UHFWDQJXODU�ZLQGRZ�LQ�(���,W�LV�VLPSOH

DQG�UREXVW��,W�HQDEOHV�WR�GHWHFW�DOO�WKH�FDVHV�ZKHQ�WKH�OLQH�VHJPHQW�LV�FRPSOHWHO\�LQVLGH

RI� WKH� JLYHQ� S\UDPLG� DQG� VRPH� FDVHV� ZKHQ� WKH� OLQH� VHJPHQW� LV� RXWVLGH� RI� WKH� JLYHQ

S\UDPLG�� VHH� )LJXUH� ����� 7KH� &6��'� DOJRULWKP� XVHV� D� FRGLQJ� V\VWHP� WR� GLVWLQJXLVK

VHYHUDO� FDVHV�� 7KLV� DSSURDFK� GLYLGHV� WKH� SUREOHP� LQWR� D�PDQDJHDEOH� QXPEHU� RI� FDVHV

DQG� OHDGV� WR� D� VKRUWHU� SURJUDP�� +RZHYHU� WKH� FRGLQJ� V\VWHP� FDQ� EH� WKH� FDXVH� RI

LQHIILFLHQF\��6RPH�FRPSDULVRQV�PXVW� EH�SHUIRUPHG� WR� HQFRGH� WKH� ORFDWLRQ�RI� WKH� OLQH

VHJPHQW��)XUWKHU�FRPSDULVRQV�RQ� WKH�HQFRGLQJ�DUH� WKHQ�QHHGHG�EHIRUH� WKH�DSSURSULDWH

FDOFXODWLRQ�RI�DQ�LQWHUVHFWLRQ�LV�GRQH��0RUHRYHU��LQ�VRPH�FDVHV��DOO�LQWHUVHFWLRQ�SRLQWV�RI

WKH� OLQH� VHJPHQW� ZLWK� HDFK� S\UDPLG¶V� ERXQGDU\� SODQH� DUH� FRPSXWHG�� EXW� RQO\� WZR

LQWHUVHFWLRQ� SRLQWV� DUH� QHHGHG�� VHH� WKH� OLQH� VHJPHQW� ()� LQ� )LJXUH� ����� 7KH� &6��'

DOJRULWKP�FDQ�EH�LPSOHPHQWHG�E\�$OJRULWKP�����
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SURFHGXUH�&6B&OLSB�'���[$��\$��]$��[%��\%��]%��UHDO��
YDU [��\��]��W��UHDO�

F��F$��F%��LQWHJHU��^RSHUDWRUV�ODQG��UHVS��ORU�DUH�ELWZLVH�DQG��UHVS��RU�RSHUDWRUV�`
SURFHGXUH�&2'(��[��\��]��UHDO��YDU�F��LQWHJHU���^LPSOHPHQWHG�DV�D�PDFUR`
EHJLQ� F�� ���

LI�[����]�WKHQ�F�� ���HOVH�LI�[�!�]�WKHQ�F�� ���
LI�\����]�WKHQ�F�� �F�����HOVH�LI�\�!�]�WKHQ�F�� �F����

HQG�^�RI�&2'(�`�
EHJLQ &2'(��[$��\$��]$��F$���&2'(��[%��\%��]%��F%��

LI��F$�ODQG�F%��¡���WKHQ�(;,7��� ^WKH�OLQH�VHJPHQW�LV�RXWVLGH�WKH�S\UDPLG`
LI��F$�ORU�F%�� ���WKHQ� ^WKH�OLQH�VHJPHQW�LV�LQVLGH�RI�WKH�S\UDPLG`

EHJLQ�'5$:B/,1(��[$��\$��]$��[%��\%��]%���(;,7�HQG�
UHSHDW LI��F$�¡���WKHQ�F� �F$�HOVH�F� �F%�

LI��F�ODQG�µ����¶��¡���WKHQ
EHJLQ W�� ��]$���[$������[$�±�[%�����]%���]$���

]�� �]$���W
�]%���]$�� [�� ��]���\�� �\$���W
�\%���\$�
HQG
HOVH� LI��F�ODQG�µ����¶��¡���WKHQ

EHJLQ W�� ��]$���[$������[%�±�[$�����]%���]$���
]�� �]$���W
�]%���]$�� [�� �]� \�� �\$���W
�\%���\$�

HQG
HOVH LI��F�ODQG�µ����¶��¡���WKHQ

EHJLQ W�� ��]$���\$������\$�±�\%�����]%���]$���
]�� �]$���W
�]%���]$��[�� �[$���W
�[%���[$��\�� ��]

HQG
HOVH LI��F�ODQG�µ����¶��¡���WKHQ

EHJLQ W�� ��]$���\$������\%�±�\$�����]%���]$���
]� �]$�W
�]%���]$��[� �[$���W
�[%���[$��\� �]

HQG�
LI��F� �F$��WKHQ�EHJLQ�[$�� �[��\$�� �\��]$�� �]��&2'(��[$��\$��]$��F$��HQG

HOVH�EHJLQ�[%�� �[��\%�� �\��]%�� �]��&2'(��[%��\%��]%��F%��HQG�
LI��F$�ODQG�F%��¡���WKHQ�(;,7

XQWLO��F$�ORU�F%�� ���
'5$:B/,1(��[$��\$��]$��[%��\%��]%�

HQG�^&6B&OLSB�'`�

$OJRULWKP������&RKHQ�6XWKHUODQG��'�DOJRULWKP�

)LJXUH������/LQH�VHJPHQW�FOLSSLQJ�DJDLQVW�D�S\UDPLG�
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����� 3\UDPLGDO�FOLSSLQJ��3&��DOJRULWKP

,Q� RUGHU� WR� HIILFLHQWO\� WR� FOLS� OLQH� VHJPHQWV� DJDLQVW� D� JLYHQ� S\UDPLG� LQ� (��� D� QHZ

DOJRULWKP�FDOOHG�3\UDPLGDO�FOLSSLQJ�DOJRULWKP�ZDV�GHYHORSHG��YHULILHG�DQG�WHVWHG��7KH

3\UDPLGDO� FOLSSLQJ� DOJRULWKP� �3&�� XVHV� D� VLPLODU� DSSURDFK� DV� 1LFKROO�/HH�1LFKROO

DOJRULWKP�>1LF��D@�WKDW�ZDV�GHULYHG�IRU�(��FDVH�RQO\��7KLV�DOJRULWKP�LV�UREXVW��UHOLDEOH

DQG�FRQYHQLHQW�IRU�DOO�DSSOLFDWLRQV�LI�OLQH�VHJPHQW�FOLSSLQJ�LQ�(��LV�WR�EH�XVHG�

������� %ULHI�GHVFULSWLRQ�RI�WKH�DOJRULWKP

/HW�XV�DVVXPH� WKDW� WZR�SRLQWV�$�[$��\$��]$�� DQG�%�[%��\%�� ]%�� DUH� JLYHQ�DQG�ZH�ZLVK� WR

FRPSXWH�WKH�LQWHUVHFWLRQ�RI�WKH�OLQH�VHJPHQW�$%�ZLWK�WKH�XQLWDU\�FOLSSLQJ�S\UDPLG��)RU

VLPSOLFLW\� ZH� DVVXPH� WKDW� ERWK� SRLQWV� $� DQG� %� DUH� LQ� WKH� SRVLWLYH� KDOI�VSDFH�� 7KH

HQG�SRLQW�$� WKHUHIRUH� FDQ� OLH� LQVLGH� RI� WKH� S\UDPLG�� LQ� DQ� HGJH� UHJLRQ� RU� LQ� D� FRUQHU

UHJLRQ�� )RU� HDFK� RI� WKHVH� FDVHV�� ZH� FDQ� GLYLGH� WKH� SRVLWLYH� KDOI�VSDFH� LQWR� FHUWDLQ

QXPEHU� RI� VXE�UHJLRQV�� VHH� )LJXUHV���������� 7KHVH� VXE�UHJLRQV� DUH� ERXQGHG� E\� WKH

S\UDPLG¶V� ERXQGDULHV� DQG� SODQHV� GHWHUPLQHG� E\� SRLQW� $� DQG� RQH� HGJH� RI� S\UDPLG�

7KHVH� SODQHV� ZLOO� EH� GHQRWHG� r��� r��� r��� r��� FORFNZLVH� IURP� WKH� WRS�OHIW� HGJH�� VHH

)LJXUHV���������� $OO� RWKHU� FDVHV� FDQ� EH� REWDLQHG� IURP� RQH� RI� WKHVH� FDVHV� LQ

)LJXUHV���������E\�URWDWLQJ�WKH�VFHQH�DURXQG�WKH�]�D[LV�

:LWK�WKH�DERYH�GHILQLWLRQV�WKH�3&�DOJRULWKP�FDQ�EH�GHVFULEHG�E\�WKH�IROORZLQJ

EDVLF�VWHSV�

�� FKDUDFWHUL]H�WKH�ORFDWLRQ�RI�SRLQW�$�DPRQJ�WKH���UHJLRQV�

�� FKDUDFWHUL]H�WKH�ORFDWLRQ�RI�SRLQW�%�DPRQJ�WKH�DSSURSULDWH�VXE�UHJLRQV�

�� FRPSXWH�WKH�LQWHUVHFWLRQ�SRLQWV�DFFRUGLQJ�WR�DERYH�FKDUDFWHUL]DWLRQ�

)LJXUH������6XE�UHJLRQV�IRU�WKH�FDVH�ZKHQ�SRLQW�$�OLHV�LQVLGH�WKH�S\UDPLG�

r�

r�

r�

r�
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7KH�PDLQ� DGYDQWDJH� RI� WKLV� DSSURDFK� LV� WKDW� ZH� FDQ� GHWHUPLQH� ZKLFK� S\UDPLG

ERXQGDULHV� DUH� LQWHUVHFWHG� DQG� WKHUHIRUH� DYRLG� XQQHFHVVDU\� FRPSXWDWLRQ� RI� LQYDOLG

LQWHUVHFWLRQ�SRLQWV�

)LJXUH������6XE�UHJLRQV�IRU�WKH�FDVH�ZKHQ�SRLQW�$�LV�LQ�OHIW�HGJH�UHJLRQ�

)LJXUH������6XE�UHJLRQV�IRU�WKH�FDVH�ZKHQ�SRLQW�$�LV�LQ�WRS�ULJKW�FRUQHU�UHJLRQ�

������� 'HWDLOV�RI�WKH�3&�DOJRULWKP

7KH�SURSRVHG�3&�DOJRULWKP�ZLOO�EH�H[SODLQHG�LQ�PRUH�GHWDLO�E\�WKH�WRS�GRZQ�DSSURDFK�

$W�WKH�EHJLQQLQJ�ZH�PXVW�GHWHUPLQH�ZKHWKHU�WKH�HQG�SRLQW�$�RI�WKH�JLYHQ�OLQH�VHJPHQW

LV� EH\RQG� WKH� ULJKW� ERXQGDU\�� EH\RQG� WKH� OHIW� ERXQGDU\� RU� EHWZHHQ� WKRVH� WZR

ERXQGDULHV��7KH�PDLQ�SURFHGXUH��LQ�3DVFDO�OLNH�FRGH�LV�

r�
r�

r�

r�

r�

r� r�
r�
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SURFHGXUH�3&B&OLS��[$��\$��]$��[%��\%��]%��UHDO��
YDU� D[��D\��D]����N��P��U���UHDO
EHJLQ�

LI�[$�����]$�WKHQ
FDVHB, ^SRLQW�$�LV�EH\RQG�ULJKW�ERXQGDU\`

�HOVH� LI�[$�� �]$�WKHQ
FDVHB,, ^SRLQW�$�LV�EHWZHHQ���ERXQGDULHV`

HOVH�
FDVHB,,, ^SRLQW�$�LV�EH\RQG�OHIW�ERXQGDU\`

HQG�^3&B&OLS`�

:H�ZLOO�XVH�WKH�(;,7� LQVWUXFWLRQ�LQ�WKH�IROORZLQJ�SDUWV�RI�DOJRULWKP�WR�GHQRWH

WKH� HQG� RI� WKH� SURFHGXUH� DQG� WR� DYRLG� ³HOVH� LI´� VHTXHQFHV� XQQHFHVVDU\� IRU� DOJRULWKP

H[SODQDWLRQ�

,��3RLQW�$�LV�EH\RQG�WKH�ULJKW�ERXQGDU\�

,I�SRLQW�%� LV�DOVR�EH\RQG�WKH�ULJKW�ERXQGDU\�� LW� LV�QRW�QHFHVVDU\�WR�IXUWKHU�FKDUDFWHUL]H

SRLQW� $�� EHFDXVH� WKH� OLQH� VHJPHQW� LV� LQYLVLEOH�� 7KHUHIRUH�� ZH� PXVW� FKHFN� ZKHWKHU

SRLQW�%� LV� EH\RQG� WKH� ULJKW� ERXQGDU\� EHIRUH� SURFHHGLQJ� RQ�� $IWHU� WKDW�� ZH� PXVW� WHVW

ZKHWKHU�SRLQW�$� OLHV�HLWKHU� LQ� WKH� FRUQHU� UHJLRQ�RU� LQ� WKH� HGJH� UHJLRQ��7KLV� VHFWLRQ�RI

DOJRULWKP�FDQ�EH�LPSOHPHQWHG�DV�IROORZV�

EHJLQ�^FDVHB,`
LI�[%�����]%�WKHQ�(;,7��^/LQH�VHJPHQW�LV�UHMHFWHG`
LI�\$�!�]$�WKHQ

FDVHB,B� ^SRLQW�$�LV�LQ�WKH�WRS�ULJKW�FRUQHU�UHJLRQ`
HOVH�LI�\$�! ���]$�WKHQ

FDVHB,B� ^SRLQW�$�LV�LQ�WKH�ULJKW�HGJH�UHJLRQ`
HOVH

FDVHB,B� ^SRLQW�$�LV�LQ�WKH�ERWWRP�ULJKW�FRUQHU�UHJLRQ`
HQG�^FDVHB,`�

,���� 3RLQW� $� LV� LQ� WKH� WRS�ULJKW� FRUQHU� UHJLRQ� DQG� SRLQW� %� LV� QRW� EH\RQG� WKH� ULJKW

ERXQGDU\�

,I� SRLQW� %� LV� DERYH� WKH� WRS� ERXQGDU\�� WKH� OLQH� VHJPHQW� LV� LQYLVLEOH� DQG� QR� IXUWKHU

FRPSXWDWLRQ� LV� QHHGHG�� 7KHUHIRUH�� ZH� QHHG� WR� FKHFN� WKLV� FRQGLWLRQ� ILUVW�� DQG� WKHQ

FKDUDFWHUL]H�SRLQW�%�VR�WKDW�ZH�FDQ�GLVWLQJXLVK�EHWZHHQ�WKH�FDVH�ZKHQ�SRLQW�%�LV�EH\RQG

WKH�OHIW�ERXQGDU\�DQG�WKH�FDVH�ZKHQ�SRLQW�%� LV� LQVLGH�RI� WKH�S\UDPLG�RU� LQ� WKH�ERWWRP

HGJH� UHJLRQ�� VHH� )LJXUH� ����� 7KH� IROORZLQJ� SVHXGR�FRGH� VKRZV� KRZ� LW� FDQ� EH

LPSOHPHQWHG�
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EHJLQ�^FDVHB,B�`
LI�\%�!��]%�WKHQ��(;,7��^/LQH�VHJPHQW�LV�UHMHFWHG`
LI�[%�!�]%�WKHQ FDVHB,B�BD

^3RLQW�%�LV�LQ�WKH�OHIW�HGJH�RU�LQ�WKH�ERWWRP�OHIW�FRUQHU�UHJLRQ`
HOVH FDVHB,B�BE
^3RLQW�%�LV�LQVLGH�RI�WKH�S\UDPLG�RU�LQ�WKH�ERWWRP�HGJH�UHJLRQ`

HQG�^FDVHB,B�`�

,���D��3RLQW�$�LV�LQ�WKH�WRS�ULJKW�FRUQHU�UHJLRQ�DQG�SRLQW�%�LV�LQ�WKH�OHIW�HGJH�UHJLRQ�RU

LQ�WKH�ERWWRP�OHIW�FRUQHU�UHJLRQ�

,I�SRLQW�%�LV�DERYH�WKH�SODQH�r���WKH�OLQH�VHJPHQW�LV�UHMHFWHG��VHH�)LJXUH������7KHUHIRUH�

ZH�PXVW�FKHFN�WKLV�FRQGLWLRQ�ILUVW��DQG�WKHQ�GLVWLQJXLVK�WKH�FDVH�ZKHQ�SRLQW�%�LV�LQ�WKH

OHIW� HGJH� UHJLRQ�DQG� WKH� FDVH�ZKHQ�SRLQW�%� LV� LQ� WKH�ERWWRP�OHIW� FRUQHU� UHJLRQ�� ,Q� WKH

FDVH�RI�WKH�OHIW�HGJH�UHJLRQ��RQH�LQWHUVHFWLRQ�SRLQW�OLHV�RQ�WKH�S\UDPLG¶V�OHIW�ERXQGDU\�

7KH� ORFDWLRQ� RI� SRLQW�%� DJDLQVW� WKH� SODQH�r��ZLOO� VSHFLI\� WKDW� WKH� VHFRQG� LQWHUVHFWLRQ

SRLQW� OLHV� RQ� WKH� WRS� RU� RQ� WKH� ULJKW� ERXQGDU\�� %\� WKLV� ZD\� RQO\� WKH� DSSURSULDWH

LQWHUVHFWLRQ�SRLQW�LV�FRPSXWHG��,Q�WKH�FDVH�RI�ERWWRP�OHIW�FRUQHU�UHJLRQ��WKH�FRPSDULVRQ

RI�SRLQW�%� DJDLQVW� WKH� SODQH�r�� LV� SHUIRUPHG� ILUVW� WR� HOLPLQDWH� WKH� FDVH�ZKHQ� WKH� OLQH

VHJPHQW�LV�UHMHFWHG��$IWHU�WKDW��ZH�FRPSDUH�WKH�SRVLWLRQ�RI�SRLQW�%�DJDLQVW�WKH�SODQH�r�

WR� GHWHUPLQH� ORFDWLRQ� RI� WKH� ILUVW� LQWHUVHFWLRQ� SRLQW� �RQ� WKH� ERWWRP� RU� RQ� WKH� OHIW

ERXQGDU\���$W�WKH�HQG��D�VLPLODU�FRPSDULVRQ�ZLWK�WKH�SODQH�r��LV�SHUIRUPHG�WR�GHWHUPLQH

WKH�VHFRQG�LQWHUVHFWLRQ�SRLQW��$Q�LPSOHPHQWDWLRQ�FDQ�EH�DV�IROORZV�

EHJLQ�^FDVH�,B�BD`
D[�� �[%�±�[$���D\�� �\%�±�\$���D]�� �]%�±�]$�
LI���[$±]$�
�D]�D\��!��\$�]$�
�D]�D[���WKHQ�(;,7��^/LQH�VHJPHQW�LV�UHMHFWHG`
^ILUVW�LQWHUVHFWLRQ�SRLQW�FRPSXWDWLRQ`
LI�\%�!��]%�WKHQ�W��� ��[$±]$����D]�D[� ^%�LV�LQ�WKH�OHIW�HGJH�UHJLRQ`
HOVH�^%�LV�LQ�WKH�ERWWRP�OHIW�FRUQHU�UHJLRQ`

EHJLQ
LI���[$�]$�
�D]�D\��!�\$�]$�
�D]�D[���WKHQ�(;,7�
LI���]$�[$�
�D\�D]��!��]$�\$�
�D]�D[���WKHQ

W��� ��[$±]$���D]�D[��^LQWHUVHFWLRQ�ZLWK�OHIW�ERXQGDU\`
HOVH�W��� ���\$�]$���D]�D\� ^LQWHUVHFWLRQ�ZLWK�ERWWRP�ERXQGDU\`

HQG�
^VHFRQG�LQWHUVHFWLRQ�SRLQW�FRPSXWDWLRQ`
LI���[$�]$�
�D]�D\��!��]$�\$�
�D]�D[���WKHQ

W��� ��\$±]$���D]�D\�� ^LQWHUVHFWLRQ�ZLWK�WRS�ERXQGDU\` ������
HOVH� W��� ���[$�]$���D]�D[� ������� ^LQWHUVHFWLRQ�ZLWK�ULJKW�ERXQGDU\`

HQG�^FDVH�,B�BD`�
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,���E��3RLQW�$�LV�LQ�WKH�WRS�ULJKW�FRUQHU�UHJLRQ�DQG�SRLQW�%�LV�LQVLGH�RI�WKH�S\UDPLG�RU

LQ�WKH�ERWWRP�HGJH�UHJLRQ�

,Q� WKH� FDVH�ZKHQ�SRLQW�%� LV� LQVLGH�RI� WKH�S\UDPLG�� WKH�SRVLWLRQ�RI�SRLQW�%� DJDLQVW� WKH

SODQH�r�� VSHFLILHV�ZKHWKHU� WKH� LQWHUVHFWLRQ�SRLQW� OLHV� HLWKHU� RQ� WKH� WRS� RU� RQ� WKH� ULJKW

ERXQGDU\�� ,Q� WKH� FDVH�ZKHQ� SRLQW�%� LV� LQ� WKH� ERWWRP� HGJH� UHJLRQ�� WKH� FRPSDULVRQ� RI

SRLQW�%�DJDLQVW�WKH�SODQH�r��PXVW�EH�SHUIRUPHG�ILUVW�WR�HOLPLQDWH�WKH�VLWXDWLRQ�ZKHQ�WKH

OLQH�VHJPHQW�LV�UHMHFWHG��,I�WKH�OLQH�VHJPHQW�$%�LV�QRW�UHMHFWHG�E\�WKH�FOLSSLQJ�DOJRULWKP

WKHQ�RQH�LQWHUVHFWLRQ�SRLQW�OLHV�RQ�WKH�ERWWRP�ERXQGDU\��7KH�RWKHU�LQWHUVHFWLRQ�SRLQW�OLHV

RQ� WKH� WRS� RU� RQ� WKH� ULJKW� ERXQGDU\� DFFRUGLQJ� WR� WKH� SRVLWLRQ� RI� SRLQW�%� DJDLQVW� WKH

SODQH�r���7KLV�VHFWLRQ�FDQ�EH�LPSOHPHQWHG�DV�IROORZV�

EHJLQ�^FDVH�,B�BE`
D[�� �[%�±�[$���D\�� �\%�±�\$���D]�� �]%�±�]$�
^ILUVW�LQWHUVHFWLRQ�SRLQW�FRPSXWDWLRQ`
LI�\%����]%�WKHQ��� ^%�LQ�ERWWRP�HGJH�UHJLRQ`

EHJLQ
LI����[$�]$�
�D]�D\�!�\$�]$�
�D]�D[���WKHQ�(;,7�
W��� ���\$�]$���D]�D\�

HQG
HOVH�W��� ���� ^%�LV�LQVLGH�WKH�S\UDPLG`

^VHFRQG�LQWHUVHFWLRQ�SRLQW�FRPSXWDWLRQ`
LI���[$�]$�
�D]�D\��!��]$�\$�
�D]�D[���WKHQ

W��� ��\$±]$���D]�D\� ^LQWHUVHFWLRQ�ZLWK�WRS�ERXQGDU\`
HOVH W��� ���[$�]$���D]�D[� ^LQWHUVHFWLRQ�ZLWK�ULJKW�ERXQGDU\`

HQG�^FDVHB,B�BE`�

,����3RLQW�$�LV�LQ�ULJKW�HGJH�UHJLRQ�DQG�WKH�SRLQW�%�LV�QRW�EH\RQG�WKH�ULJKW�ERXQGDU\�

:H�QHHG�WR�GLVWLQJXLVK�WKH�FDVHV��ZKHQ�SRLQW�%�LV�EHOORZ�WKH�ERWWRP�ERXQGDU\���SRLQW�%

LV�LQ�ERWWRP�OHIW�FRUQHU�UHJLRQ�RU�LQ�WKH�ERWWRP�HGJH�UHJLRQ���RU�DERYH�WKH�WRS�ERXQGDU\

�SRLQW�%�LV�LQ�WRS�OHIW�FRUQHU�UHJLRQ�RU�LQ�WKH�WRS�HGJH�UHJLRQ��RU�EHWZHHQ�WRS�DQG�ERWWRP

ERXQGDULHV��$Q�LPSOHPHQWDWLRQ�FDQ�EH�DV�IROORZV�

EHJLQ�^FDVHB,B�`
LI�\%�����]%�WKHQ�FDVHB,B�BD

^SRLQW�%�LV�LQ�WKH�ERWWRP�OHIW�FRUQHU�RU�LQ�WKH�ERWWRP�HGJH�UHJLRQ`
HOVH� LI�\%�� �]%�WKHQ�FDVH�,B�BE

^SRLQW�%�LV�LQ�WKH�OHIW�HGJH�UHJLRQ�RU�LQVLGH�RI�WKH�S\UDPLG`
HOVH� FDVHB,B�BF

^SRLQW�%�LV�LQ�WKH�WRS�OHIW�FRUQHU�RU�LQ�WKH�WRS�HGJH�UHJLRQ`
HQG�^FDVHB,B�`
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,���D��3RLQW�$�LV�LQ�WKH�ULJKW�HGJH�UHJLRQ�DQG�SRLQW�%�LV�LQ�WKH�ERWWRP�OHIW�FRUQHU�RU�LQ

WKH�ERWWRP�HGJH�UHJLRQ�

7KH�ORFDWLRQ�RI�SRLQW�%�DJDLQVW�WKH�SODQH�r��KHOSV�XV�WR�HOLPLQDWH�WKH�FDVH�ZKHQ�WKH�OLQH

VHJPHQW�LV�UHMHFWHG��,I�SRLQW�%�LV�LQ�WKH�ERWWRP�HGJH�UHJLRQ�WKHQ�WKH�LQWHUVHFWLRQ�SRLQWV

DUH�RQ�WKH�ULJKW�DQG�WKH�ERWWRP�ERXQGDULHV��,I�SRLQW�%�LV�LQ�WKH�ERWWRP�OHIW�FRUQHU�UHJLRQ

WKHQ�RQH�LQWHUVHFWLRQ�SRLQW�OLHV�RQ�WKH�ULJKW�ERXQGDU\�DQG�WKH�VHFRQG�LQWHUVHFWLRQ�SRLQW¶V

ORFDWLRQ��HLWKHU�RQ�WKH�OHIW�RU�RQ�WKH�ERWWRP�ERXQGDU\��LV�GHWHUPLQHG�E\�WKH�ORFDWLRQ�RI

SRLQW�%�DJDLQVW�WKH�SODQH�r��

EHJLQ�^FDVHB,B�BD`
LI����[$�]$�
�D]�D\��!��\$�]$�
�D]�D[���WKHQ�(;,7�
^ILUVW�LQWHUVHFWLRQ�SRLQW�FRPSXWDWLRQ`
LI�[%�!�]%�WKHQ�^SRLQW�%�LQ�WKH�ERWWRP�OHIW�FRUQHU�`

LI���]$�[$�
�D]�D\��!��]$�\$�
�D]�D[���WKHQ
W�� �[$±]$���D]�D[������������ ^LQWHUVHFWLRQ�ZLWK�OHIW�ERXQGDU\`

HOVH W�� ���\$�]$���D]�D\� ^LQWHUVHFWLRQ�ZLWK�ERWWRP�ERXQGDU\`
HOVH�^SRLQW�%�LQ�ERWWRP�HGJH�UHJLRQ`

W�� ���\$�]$���D]�D\�� ^LQWHUVHFWLRQ�ZLWK�ERWWRP�ERXQGDU\`
^VHFRQG�LQWHUVHFWLRQ�SRLQW�FRPSXWDWLRQ`
W��� ���[$�]$���D]�D[�

HQG�^FDVHB,B�BD`�

,���E��3RLQW�$�LV�LQ�WKH�ULJKW�HGJH�UHJLRQ�DQG�SRLQW�%�LV�LQVLGH�RI�WKH�S\UDPLG�RU�LQ�WKH

OHIW�HGJH�UHJLRQ�

,Q� WKLV� FDVH�� RQH� LQWHUVHFWLRQ� SRLQW� LV� RQ� WKH� ULJKW� ERXQGDU\� DQG� WKH� VHFRQG� RQH� �LI

SRLQW�%�LV�LQ�WKH�OHIW�HGJH�UHJLRQ��LV�RQ�WKH�OHIW�ERXQGDU\��VHH�IROORZLQJ�SVHXGR�FRGH�

EHJLQ�^FDVHB,B�BE`
^ILUVW�LQWHUVHFWLRQ�SRLQW�FRPSXWDWLRQ`
W��� ���[$�]$���D]�D[��
^VHFRQG�LQWHUVHFWLRQ�SRLQW�FRPSXWDWLRQ`
LI�[%�!�]%�WKHQ�W��� ��[$±]$���D]�D[� ^SRLQW�%�LQ�OHIW�HGJH�UHJLRQ`

����HOVH���W�� ��

HQG�^FDVHB,B�BE`�

,���F��3RLQW�$�LV�LQ�WKH�ULJKW�HGJH�UHJLRQ�DQG�SRLQW�%�LV�LQ�WKH�WRS�OHIW�FRUQHU�RU�LQ�WKH

WRS�HGJH�UHJLRQ��VLPLODU�WR�FDVHB,B�BD�
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,����3RLQW�$�LV�LQ�WKH�ERWWRP�ULJKW�FRUQHU�UHJLRQ�DQG�SRLQW�%�LV�QRW�EH\RQG�WKH�ULJKW

ERXQGDU\�

7KLV�FDVH�LV�VLPLODU�WR�FDVHB,B��

,,��3RLQW�$�LV�EHWZHHQ�WKH�OHIW�DQG�WKH�ULJKW�ERXQGDULHV�

,Q�WKLV�FDVH��ZH�QHHG�WR�FKDUDFWHUL]H�WKH�ORFDWLRQ�RI�SRLQW�$�WR�VSHFLI\�WKDW��LI�SRLQW�$�OLHV

LQVLGH�RI� WKH�S\UDPLG�RU� LQ� DQ� HGJH� UHJLRQ��7KH� IROORZLQJ�SVHXGR�FRGH� VKRZV�KRZ� LW

FDQ�EH�GRQH�

EHJLQ�^FDVHB,,`
LI�\$�!�]$�WKHQ�FDVHB,,B� ^SRLQW�$�LV�LQ�WKH�WRS�HGJH�UHJLRQ`
HOVH� LI�\$�����]$�WKHQ�FDVHB,,B� ^SRLQW�$�LV�LQ�WKH�ERWWRP�HGJH�UHJLRQ`

HOVH�FDVHB,,B� ^SRLQW�$�LV�LQVLGH�WKH�S\UDPLG`
HQG�^FDVHB,,`�

:H�QHHG�WR�FRQVLGHU�RQO\�WKH�FDVH�ZKHQ�SRLQW�$�LV�LQVLGH�WKH�S\UDPLG��FDVHB,,B���

7KH�FDVHV��ZKHQ�SRLQW�$�LV�LQ�WKH�WRS��FDVHB,,B���RU�ERWWRP�HGJH�UHJLRQ��FDVHB,,B����DUH

VLPLODU�DV�WKH�FDVH�ZKHQ�SRLQW�$�LV�LQ�WKH�ULJKW�HGJH�UHJLRQ��FDVHB,B���

,,����3RLQW�$�LV�LQVLGH�WKH�S\UDPLG�

,I�SRLQW�%�OLHV�LQ�DQ�HGJH�UHJLRQ�WKHQ�WKH�ERXQGDU\��RQ�ZKLFK�WKH�LQWHUVHFWLRQ�SRLQW�OLHV�

LV�GHWHUPLQHG��VHH�WKH�)LJXUH������$QG�WKH�DSSURSULDWH�LQWHUVHFWLRQ�SRLQW�LV�FRPSXWHG��,I

SRLQW�%�OLHV�LQ�D�FRUQHU�UHJLRQ�WKHQ�D�FRPSDULVRQ�RI�SRLQW�%�ZLWK�DQ�DSSURSULDWH�SODQH�rL

LV�QHFHVVDU\�EHIRUH�WKH�DSSURSULDWH� LQWHUVHFWLRQ�SRLQW� LV�FRPSXWHG��$Q� LPSOHPHQWDWLRQ

FDQ�EH�LOOXVWUDWHG�DV�IROORZV�

EHJLQ�^FDVHB,,B�`
LI�[%�����]%�WKHQ� ^FDVHB,,B�BD�F`

LI�\%�!�]%�WKHQ�FDVHB,,B�BD�^SRLQW�%�LV�LQ�WKH�WRS�ULJKW�FRUQHU�UHJLRQ`
HOVH� LI�\%�! ���]%�WKHQ� FDVHB,,B�BE

^SRLQW�%�LV�LQ�WKH�ULJKW�HGJH�UHJLRQ`
HOVH� FDVHB,,B�BF

^SRLQW�%�LV�LQ�WKH�ERWWRP�ULJKW�FRUQHU�UHJLRQ`
HOVH� LI�[%�!�]%�WKHQ� ^FDVHB,,B�BG�I`

LI�\%�!�]%�WKHQ� FDVHB,,B�BG
^SRLQW�%�LV�LQ�WKH�WRS�OHIW�FRUQHU�UHJLRQ`



���&OLSSLQJ�E\�D�S\UDPLG�LQ�(�

��

HOVH� LI�\%�����]%�WKHQ� FDVHB,,B�BH
^SRLQW�%�LV�LQ�WKH�ERWWRP�OHIW�FRUQHU�UHJLRQ`

HOVH� FDVHB,,B�BI
^SRLQW�%�LV�LQ�WKH�OHIW�HGJH��UHJLRQ`

HOVH� ^FDVHB,,B�BJ�L`
LI�\%�!�]%�WKHQ� FDVHB,,B�BJ

^SRLQW�%�LV�LQ�WKH�WRS�HGJH�UHJLRQ`
HOVH� LI�\%�����]%�WKHQ� FDVHB,,B�BK

^SRLQW�%�LV�LQ�WKH�ERWWRP�HGJH�UHJLRQ`
HOVH� FDVHB,,B�BL
^%�LV�LQVLGH�S\UDPLG��ZKROH�OLQH�VHJPHQW�LV�YLVLEOH`

HQG�^FDVHB,,B�`�

1RZ��ZH�QHHG�WR�FRQVLGHU�RQO\�WKH�WZR�FDVHV�ZKHQ�SRLQW�%�LV�LQ�WRS�ULJKW�FRUQHU

UHJLRQ��L�H��FDVH�,,���D�RU�LQ�WKH�ULJKW�HGJH�UHJLRQ��L�H��FDVH�,,���E��,W�FDQ�EH�VHHQ�WKDW�WKH

RWKHU�FDVHV�DUH�VLPLODU�

,,���D��3RLQW�$�LV�LQVLGH�RI�WKH�S\UDPLG�DQG�SRLQW�%�LV�LQ�WRS�ULJKW�FRUQHU�UHJLRQ�

7KH�FRPSDULVRQ�RI�SRLQW�%�ZLWK�WKH�SODQH�r��VSHFLILHV�ZKLFK�ERXQGDU\��WRS�RU�ULJKW��WR

EH�XVHG�WR�FRPSXWH�WKH�LQWHUVHFWLRQ�SRLQW��$Q�LPSOHPHQWDWLRQ�FDQ�EH�DV�IROORZV�

EHJLQ�^FDVHB,,B�BD`
LI���[$�]$�
�D]�D\��!��]$�\$�
�D]�D[���WKHQ

W��� ��\$±]$�����D]�D\� ^LQWHUVHFWLRQ�ZLWK�WRS�ERXQGDU\`
HOVH�W��� ���[$�]$����D]�D[��� ^LQWHUVHFWLRQ�ZLWK�ULJKW�ERXQGDU\`
W��� ���

HQG�^FDVHB,,B�BD`�

7KH�FDVHV�FDVHB,,B�BF��FDVHB,,B�BG�DQG�FDVHB,,B�BH�DUH�VLPLODU�WR�FDVHB,,B�BD�

,,���E��3RLQW�$�LV�LQVLGH�RI�WKH�S\UDPLG�DQG�SRLQW�%�LV�LQ�ULJKW�HGJH�UHJLRQ�

FRPSXWHG��7KH�IROORZLQJ�SVHXGR�FRGH�VKRZV�KRZ�LW�FDQ�EH�LPSOHPHQWHG�

EHJLQ�^FDVHB,,B�BE`
W��� ���[$�]$����D]�D[��
W��� ��

HQG�^FDVHB,,B�BE`�

7KH�FDVHV�FDVHB,,B�BI��FDVHB,,B�BJ�DQG�FDVHB,,B�BK�FDQ�EH�VROYHG�VLPLODUO\�

,,,��3RLQW�$�LV�EH\RQG�WKH�OHIW�ERXQGDU\�

7KLV�FDVH�FDQ�EH�VROYHG�VLPLODUO\�WR�WKH�FDVH�ZKHQ�SRLQW�$�LV�EH\RQG�WKH�ULJKW�ERXQGDU\

�FDVHB,��
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)LQDOO\��ZH�FDQ�HDVLO\�FRPSXWH� WKH�HQG�SRLQWV�RI� WKH�RXWSXW� OLQH� VHJPHQW� IURP

WKH�SDUDPHWHU�YDOXH�W�DV�IROORZ�

[�� �W
D[���[$�

\�� �W
D\���\$�

]�� �W
D]���]$

,W�FDQ�EH�VHHQ�WKDW�DOO�SRVVLEOH�FDVHV�ZHUH�VROYHG�DQG�WKH�FRPSOHWH�DOJRULWKP�FDQ

EH�JRW�E\�VXEVWLWXWLRQ�DOO�SURFHGXUHV�E\�DSSURSULDWH�FRGHV�

������� &RPSDULVRQ�EHWZHHQ�&6�DQG�3&�DOJRULWKPV

7R� EH� DEOH� WR� FRPSDUH� WKH� &6��'� DOJRULWKP� ZLWK� WKH� SURSRVHG� 3&� DOJRULWKP� DQG

HYDOXDWH� WKH�HIILFLHQF\�RI� WKH�3&�DOJRULWKP��ZH� LQWURGXFH�D�FRHIILFLHQW�RI� HIILFLHQF\�n

DV�

3&

'&6

7
7

�-=n

ZKHUH�� 7&6��'�� 73&� GHQRWH� WKH� WLPH� FRQVXPHG� E\� WKH� &6��'� DOJRULWKP� DQG� E\� WKH

SURSRVHG�3&�DOJRULWKP��UHVSHFWLYHO\�

)RU� H[SHULPHQWDO� YHULILFDWLRQ�� ������� GLIIHUHQW� OLQH� VHJPHQWV� ZHUH� UDQGRPO\

JHQHUDWHG�IRU�HDFK�RI�WKH�FRQVLGHUHG�FDVHV��VHH�)LJXUH��������7KH�WHVWV�ZHUH�SHUIRUPHG

RQ� WKH� +3� 9HFWUD� ;$� 3HQWLXP�3UR�� ���0+]�� ���0%� 5$0�� ���� .%� &$&+(�� 7KH

REWDLQHG� UHVXOWV� DUH� SUHVHQWHG� LQ� 7DEOH������ ZKLFK� VKRZV� WKDW� WKH� 3&� DOJRULWKP� LV

VLJQLILFDQWO\� IDVWHU� LQ� DOO� FRQVLGHUHG� QRQ�WULYLDO� FDVHV� �ZKHQ� WKH� OLQH� VHJPHQW� LV� QRW

HQWLUHO\�LQVLGH�RI�WKH�S\UDPLG���,Q�WKH�FDVH�WKDW�WKH�OLQH�VHJPHQW�LV�LQVLGH�RI�WKH�FOLSSLQJ

S\UDPLG� WKH�HIILFLHQF\�RI� WKH�3&�DOJRULWKP�LV�DV� JRRG�DV� WKH� HIILFLHQF\�RI� WKH�&6��'

DOJRULWKP��,W�FDQ�EH�VHHQ�WKDW�WKH�VSHHG�XS�YDULHV�IURP������WR������DSSUR[LPDWHO\�IRU

DOO�RWKHU�FDVHV��VHH�7DEOH�����

\

[

]
6
�

6
�

6
�

6
�

6
�

6
�

6
�

6
�

6
�

6
��

6
��

6
��

)LJXUH������*HQHUDWHG�OLQH�VHJPHQWV�

\

[

]

6
��

6
��

6
��

6
��

6
��

6
��

6
��

6
��

6
��

)LJXUH������*HQHUDWHG�OLQH�VHJPHQWV�
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FDVH &6��' 3& n
V� ������ ������ �������
V� ������ ������ �������
V� ������ ������ �������
V� ������ ������ �������
V� ������ ������ �������
V� ������ ������ �������
V� ������ ������ �������
V� ������ ������ �������
V� ������ ������ �������
V�� ������ ������ �������
V�� ������ ������ �������
V�� ������ ������ �������
V�� ������ ������ �������
V�� ������ ������ �������
V�� ������ ������ �������
V�� ������ ������ �������
V�� ������ ������ �������
V�� ������ ������ �������
V�� ������ ������ �������
V�� ������ ������ �������
V�� ������ ������ �������

7DEOH������&RPSDULVRQ�EHWZHHQ�&6��'�DQG�3&�DOJRULWKP�
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����� /LDQJ�%DUVN\�DOJRULWKP�IRU�OLQH�FOLSSLQJ�DJDLQVW�D�S\UDPLG

$V�KDV�EHHQ�PHQWLRQHG��LQ�PDQ\�DSSOLFDWLRQV�LW�LV�QHFHVVDU\�WR�FOLS�OLQHV�LQVWHDG�RI�OLQH

VHJPHQWV��7KHUHIRUH�� /%� DOJRULWKP�ZDV� DOVR� H[WHQGHG� WR� �'� IRU� OLQH� FOLSSLQJ� DJDLQVW

D�S\UDPLG��VHH�>)RO��@��7KH�/%��'�DOJRULWKP�LV�EDVHG�RQ�FOLSSLQJ�RI�WKH�JLYHQ�OLQH�E\

HDFK� ERXQGDU\� RI� WKH� S\UDPLG�� 7KH� JLYHQ� OLQH� ZKLFK� SDVVHV� SRLQWV� $�[$��\$��]$�� DQG

%�[%��\%��]%��LV�SDUDPHWULFDOO\�UHSUHVHQWHG�DV�IROORZV�

[�W�� �[$���D[�
�W�

\�W�� �\$���D\�
�W�

]�W�� �]$���D]�
�W�

ZKHUH D[� �[%�±�[$� D\� �\%���\$� D]� �]%���]$� W�¶��-��+��

$W�WKH�EHJLQQLQJ�RI�FRPSXWDWLRQ�WKH�SDUDPHWHU�W�LV�XQOLPLWHG�DQG�WKHQ�WKLV�LQWHUYDO

LV�VXEVHTXHQWO\�FXUWDLOHG�E\�DOO�WKH�LQWHUVHFWLRQ�SRLQWV�ZLWK�HDFK�ERXQGDU\�SODQH�RI�WKH

FOLSSLQJ�S\UDPLG��VHH�$OJRULWKP�����

,W�FDQ�EH�VHHQ�WKDW�DQ�DGGLWLRQDO�WULYLDO�UHMHFWLRQ�WHVW��IXQFWLRQ�&/,3W��LV�XVHG�WR

DYRLG�FDOFXODWLRQ�RI�VRPH�SDUDPHWULF�YDOXHV�IRU�OLQHV�WKDW�GR�QRW� LQWHUVHFW� WKH�FOLSSLQJ

S\UDPLG�

$�ZHDNQHVV�RI� WKH�/%��'�DOJRULWKP�LV� WKH�QHHG� WR�FRPSXWH� WKH�SDUDPHWHU� W�RI

LQWHUVHFWLRQ�SRLQWV�WKDW�DUH�QRW�SDUW�RI�WKH�UHVXOW��)RU�H[DPSOH��VHH�OLQH�S�LQ�)LJXUH�����

DOO� IRXU� SDUDPHWULF� YDOXHV�� UHSUHVHQWLQJ� LQWHUVHFWLRQ� SRLQWV� ZLWK� HDFK� ERXQGDU\� RI

S\UDPLG��DUH�FRPSXWHG��EXW�RQO\�WZR�DUH�YDOLG�

)LJXUH������/LQH�FOLSSLQJ�DJDLQVW�D�YLHZLQJ�S\UDPLG�
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SURFHGXUH�/%��'B&OLS�[$��\$��]$��[%��\%��]%��UHDO��
^WZR�SRLQWV�$�[$�\$�]$���%�[%�\%�]%��GHWHUPLQH�WKH�FOLSSHG�OLQH`

YDU W���W���D[��D\��D]��UHDO�

IXQFWLRQ�&/,3W��S��T���UHDO��YDU�W���W����UHDO��ERROHDQ�
YDU U���UHDO�
EHJLQ� &/,3W� �WUXH�

LI�S�����WKHQ
EHJLQ� U�� �T���S�

LI�U�!�W��WKHQ�&/,3W� �IDOVH
HOVH�LI�U�!�W��WKHQ�W�� �U

HQG
HOVH� LI�S�!���WKHQ

EHJLQ� U�� �T���S�
LI�U���W��WKHQ�&/,3W� �IDOVH
HOVH�LI�U���W��WKHQ�W�� �U

HQG
HOVH� LI�T�����WKHQ�&/,3W� �IDOVH

HQG�^�RI�&/,3W�`�

EHJLQ
W�� �-��� W�� �+��
D[�� �[%���[$��D]�� �]%���]$�
LI�&/,3W���D[�D]��[$���]$��W���W���WKHQ

LI�&/,3W�D[�D]��]$���[$��W���W���WKHQ
EHJLQ

D\�� �\%���\$�
LI�&/,3W���D\�D]��\$�]$��W���W��WKHQ

LI�&/,3W�D\�D]��]$��\$��W���W��WKHQ
EHJLQ� [%�� �[$���D[�
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�W��
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�W��
[$�� �[$���D[�
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�W��
]$�� �]$���D]�
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HQG
HQG
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����� 7KH�6)��'�$OJRULWKP

6RPH� FRQVLGHUDWLRQV� KRZ� WR� LPSURYH� WKH� HIILFLHQF\� RI� WKH� /%��'� DOJRULWKP� UHVXOWHG

LQWR� D� QHZ� DOJRULWKP� IRU� OLQH� FOLSSLQJ�� ZKLFK� LV� GHQRWHG� DV� 6)��'� DOJRULWKP�� 7KH

VHSDUDWLRQ�IXQFWLRQ�DOJRULWKP��6)��'��IRU�WKH�OLQH�FOLSSLQJ�LQ�(��LV�DQ�H[WHQVLRQ�RI�6)

DOJRULWKP�IRU� OLQH�FOLSSLQJ� LQ�(��� ,W� LV�EDVHG�RQ�D� FRGLQJ� WHFKQLTXH� IRU�YHUWLFHV�RI� WKH

JLYHQ�FOLSSLQJ�S\UDPLG��/HW�XV�GHQRWH�r�DV�WKH�SODQH��ZKLFK�SDVVHV�WKH�RULJLQ�DQG�OLQH�S�

3ODQH�r�GLYLGHV�WKH�ZKROH�VSDFH�LQWR�WZR�UHJLRQV�

/HW�XV�GHILQH�WKH�VHSDUDWLRQ�IXQFWLRQ�DV�

I�[�\�]�� �D
[���E
\���F
]���G

ZKHUH� D� �\$
]%���\%
]$��� E� �]$
[%���]%
[$�

F� �[$
\%���[%
\$� G� ����SODQH�r�SDVVHV�WKH�RULJLQ��

7KH�VLJQ�RI� WKH�VHSDUDWLRQ�IXQFWLRQ�HYDOXDWHG�DW�D�YHUWH[�GHWHUPLQHV� WKH� UHJLRQ

LQ�ZKLFK�WKH�YHUWH[� OLHV��8VLQJ� WKH�YDOXH�RI� WKH�VHSDUDWLRQ�IXQFWLRQ�IRU�DOO�YHUWLFHV�ZH

FDQ�GLVWLQJXLVK�VHYHUDO�SRVVLEOH�FDVHV��VHH�)LJXUH����������

7KLV� DQDO\VLV� OHG� WR� WKH� 6)��'� DOJRULWKP� IRU� (�� FDVH� DV� D� VWUDLJKWIRUZDUG

H[WHQVLRQ�RI�WKH�6)�DOJRULWKP�IRU�(���7KH�EDVLF�VWHSV�FDQ�EH�GHILQHG�DV�

�� FDOFXODWH�WKH�FRHIILFLHQWV�D��E��F�RI�VHSDUDWLRQ�IXQFWLRQ�

�� XVLQJ� WKH� VHSDUDWLRQ� IXQFWLRQ� WR� FKDUDFWHUL]H� WKH� ORFDWLRQ� RI� YHUWLFHV� RI� WKH� JLYHQ

FOLSSLQJ�S\UDPLG�

�� GHWHUPLQH�WKH�DSSURSULDWH�FDVH�

�� FRPSXWH�WKH�LQWHUVHFWLRQ�SRLQWV�ZLWK�DSSURSULDWH�ERXQGDULHV�

,W� FDQ� EH� VHHQ� WKDW� RQO\� WKH� LQWHUVHFWLRQ� SRLQWV� UHTXLUHG� IRU� WKH� RXWSXW� DUH

FRPSXWHG�

:H�ZLOO�GHVFULEH�QRZ�WKH�FODVVLILFDWLRQ�SURFHVV�PRUH�LQ�GHWDLO��/HW�XV�GHQRWH�F��

F���F���F��DV�YDOXHV�RI�WKH�VHSDUDWLRQ�IXQFWLRQ�RI�WKH�FOLSSLQJ�S\UDPLG¶V�YHUWLFHV�9���9��

9���9���VHH�)LJXUH�����

7KHUH�DUH�WZR�PDMRU�FDVHV�WR�EH�GLVWLQJXLVKHG�

�� WKH�YHUWLFHV�9��DQG�9��OLH�RQ�WKH�GLIIHUHQW�VLGHV�RI�SODQH�r��L�H��F��
�F��<����VHH

)LJXUHV����������

�� WKH�YHUWLFHV�9��DQG�9��OLH�RQ�WKH�VDPH�VLGH�RI�SODQH�r��VHH�)LJXUHV�����������
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D�� 7KH�YHUWLFHV�9���9��DUH�LQ�WKH�GLIIHUHQW�VLGHV�RI�SODQH�r��,Q�WKLV�FDVH��WKH�VLJQ�RI

H[SUHVVLRQ��F�
F���GHWHUPLQH�ZKHWKHU�9���9��OLH�RQ�WKH�GLIIHUHQW�VLGHV�RI�SODQH�r��WKH

ILUVW�WZR�FDVHV��RU�QRW��WKH�WZR�IROORZLQJ�FDVHV���,I�9���9��OLH�RQ�WKH�GLIIHUHQW�VLGHV�RI

SODQH�r� �F�
F������ WKHQ�RQH�LQWHUVHFWLRQ�SRLQW� OLHV�RQ�WKH�WRS�ERXQGDU\�RI�FOLSSLQJ

S\UDPLG� �)LJXUHV������������ 2WKHUZLVH�� LW� OLHV� RQ� WKH� OHIW� ERXQGDU\� RI� FOLSSLQJ

S\UDPLG��VHH�)LJXUHV�����������

7R�GHWHUPLQH�WKH�ORFDWLRQ�RI�WKH�VHFRQG�LQWHUVHFWLRQ�SRLQW��ZH�XVH�WKH�FRQGLWLRQ

�F�
F��������� ,I� �F�
F������� WKHQ�9���9�� OLH� RQ� WKH� GLIIHUHQW� VLGHV� RI� SODQH�r� DQG� WKH

VHFRQG� LQWHUVHFWLRQ� SRLQW� OLHV� RQ� WKH� ULJKW� ERXQGDU\� RI� FOLSSLQJ� S\UDPLG�� VHH

)LJXUHV������������ 2WKHUZLVH��9�� DQG�9�� OLH� RQ� WKH� VDPH� VLGH� RI� SODQH� r� DQG� WKH

VHFRQG� LQWHUVHFWLRQ� SRLQW� OLHV� RQ� WKH� ERWWRP� ERXQGDU\� RI� FOLSSLQJ� S\UDPLG�� VHH

)LJXUHV����������

)LJXUH���� )LJXUH�����

)LJXUH����� )LJXUH�����

E�� 7KH�YHUWLFHV�9���9��OLH�RQ�WKH�VDPH�VLGH�RI�SODQH�r��,Q�WKLV�FDVH��LI��F�
F��<�����L�H�

9���9��OLH�RQ�WKH�GLIIHUHQW�VLGHV�RI�SODQH�r��WKHQ�WKH�LQWHUVHFWLRQ�SRLQWV�OLH�RQ�WKH�WRS

DQG� WKH� OHIW� ERXQGDULHV�� VHH� )LJXUH�������2WKHUZLVH�� WKH� DGGLWLRQDO� WHVW� �F�
F������

GHWHUPLQHV� WKDW� WKH� LQWHUVHFWLRQ�SRLQWV� OLH� RQ� WKH�ERWWRP�DQG� WKH� ULJKW� ERXQGDULHV�

r
r

r
r
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VHH�)LJXUH�������,Q�WKH�FDVH�ZKHQ��F�
F�������LV�IDOVH��ZH�QHHG�WR�WHVW�LI�WKH�YHUWH[�9�

OLHV� RQ� WKH� SODQH�r� �F�� �����:KHQ� WKH� YHUWH[�9�� GRHV� QRW� OLH� RQ� WKH� SODQH�r�� WKH

ZKROH� OLQH� LV�RXWVLGH�RI�FOLSSLQJ�S\UDPLG��)RU� WKH�FDVH�ZKHQ� WKH�YHUWH[�9�� OLHV�RQ

WKH�SODQH�r�ZH�QHHG�WR�GLVWLQJXLVK�WZR�IROORZLQJ�VXE�FDVHV�

�� 7KH�YHUWH[�9��DOVR�OLHV�RQ�WKH�SODQH�r��F�� �����WKH�FRQGLWLRQ��F�� ����GHWHUPLQHV�WKDW

WKH� RULJLQ� 2� OLHV� RQ� OLQH� S�� )RU�WKLV� FDVH�� RQH� DGGLWLRQDO� WHVW� PXVW� EH� GRQH� WR

GLVWLQJXLVK�EHWZHHQ�WKH�FDVH�ZKHQ�WKH�ZKROH�OLQH�LV�LQYLVLEOH��)LJXUH�������DQG�WKH

FDVH�ZKHQ�RQO\�KDOI�RI�WKH�OLQH�LV�YLVLEOH��)LJXUH��������,I�WKH�RULJLQ�GRHV�QRW�OLH�RQ

OLQH�S��F��¡�����WKH�ZKROH�OLQH�LV�RXWVLGH�RI�FOLSSLQJ�S\UDPLG�

�� :KHQ� WKH�YHUWH[�9�� GRHV�QRW� OLH� RQ� WKH�SODQH�r� �F��¡����� LI� �F�
F��! ���� WKH�ZKROH

OLQH� LV� RXWVLGH� RI� FOLSSLQJ� S\UDPLG�� VHH� )LJXUH� ������ 2WKHUZLVH�� RQH� LQWHUVHFWLRQ

SRLQW� OLHV� RQ� WRS�ULJKW� HGJH� RI� WKH� FOLSSLQJ� S\UDPLG� DQG� WKH� DGGLWLRQDO� WHVW

�F�
F������� GHWHUPLQHV� LI� WKH� VHFRQG� LQWHUVHFWLRQ� SRLQW� OLHV� RQ� WKH� OHIW� ERXQGDU\

�)LJXUH�������RU�WKH�ERWWRP�ERXQGDU\�RI�WKH�FOLSSLQJ�S\UDPLG��)LJXUH�������

)LJXUH����� )LJXUH�����

)LJXUH����� )LJXUH�����

r r



���&OLSSLQJ�E\�D�S\UDPLG�LQ�(�

��

7KH�FRPSOHWH�6)��'�DOJRULWKP�FDQ�EH�LPSOHPHQWHG�E\�WKH�$OJRULWKP�����

,W�FDQ�EH�VHHQ�WKDW��EHIRUH�FDOFXODWLQJ�WKH�LQWHUVHFWLRQ�SRLQW�EHWZHHQ�OLQH�S�DQG

RQH�ERXQGDU\�RI�WKH�S\UDPLG��ZH�DOZD\V�QHHG�WR� WHVW�ZKHWKHU� OLQH�S� LV�SDUDOOHO� WR� WKDW

ERXQGDU\�� VHH� IXQFWLRQ�&DOF7� LQ�$OJRULWKP� ����� ,Q� WKH� SDUDOOHO� FDVH�� WKH� LQWHUVHFWLRQ

SRLQW�OLHV�LQ�WKH�LQILQLWH��VHH�)LJXUH�������+RZHYHU��WKH�SDUDOOHOLVP�RI�OLQH�S�ZLWK�VRPH

S\UDPLG¶V� ERXQGDULHV� LV� KLJKO\� LPSRVVLEOH� LQ� QRUPDO� VLWXDWLRQV�� 0RUHRYHU�� WKH

FRQGLWLRQV� ZLWK� FL� ��� RFFXU� SUDFWLFDOO\� ZLWK� ]HUR� SUREDELOLW\�� WKHUHIRUH�� WKH� WHVW� RI

WKHVH� FRQGLWLRQV� �SDUW� ^6SHFLDO� FDVHV`� LQ� $OJRULWKP� ����� KDV� QR� LQIOXHQFH� WR� WKH

DOJRULWKP�HIILFLHQF\�

)LJXUH����� )LJXUH�����

)LJXUH�����

)LJXUH�������S�LV�SDUDOOHO�WR�OHIW�ERXQGDU\�

r

r

r

r
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SURFHGXUH�6)��'B&OLS���[$��\$��]$��[%��\%��]%��UHDO��YDU�W���W����UHDO��
^LQSXW���WZR�SRLQWV�$�[$��\$��]$���%�[%��\%��]%��GHWHUPLQH�WKH�FOLSSHG�OLQH`
^RXWSXW���W���W����SDUDPHWHU�YDOXHV�RI�LQWHUVHFWLRQ�SRLQWV`

YDU D[��D\��D]��D��E��F��F���F���F���F���U��V��UHDO�
IXQFWLRQ�&DOF7��D���V���D���V����UHDO����UHDO� ^LPSOHPHQWHG�DV�PDFUR`
EHJLQ�����LI��V�� �V�����WKHQ���LI��D]�!����WKHQ�&DOF7� �+��HOVH�&DOF7� ���

HOVH &DOF7�� ��D����D������V��±�V��
HQG�

EHJLQ W�� �+���W�� ���� ^HPSW\�LQWHUYDO���W���W��!`
D[�� �[%���[$��D\�� �\%���\$� D]�� �]%���]$�
D�� �\$�
�]%�±�\%�
�]$� E�� �]$�
�[%�±�]%�
�[$� F�� �[$�
�\%�±�[%�
�\$�
F�� ��D���E���F� F�� �D���E���F� F�� �D���E���F�� F�� ��D���E���F�
LI��F�
�F�<����WKHQ

� EHJLQ�����LI��F��
�F��������WKHQ�W��� �&DOF7�\$��D\��]$��D]�����^)LJXUH�����`
HOVH�W��� �&DOF7�[$��D[��]$��D]������^)LJXUH�����`

LI��F��
�F��������WKHQ�W��� �&DOF7��[$���D[��]$��D]��^)LJXUH������`
HOVH�W��� �&DOF7��\$���D\��]$��D]���^)LJXUH�����`

HQG
HOVH LI��F��
�F�������WKHQ ^)LJXUH���`

EHJLQ���W�� �&DOF7�\$�D\�]$�D]����W�� �&DOF7�[$�D[�]$�D]��HQG
HOVH�LI��F��
�F�������WKHQ ^)LJXUH���`

EHJLQ�W�� �&DOF7��\$��D\�]$�D]����W�� �&DOF7��[$��D[�]$�D]��HQG
HOVH�EHJLQ�LI��F���!����WKHQ�(;,7^6)��'B&OLS`�^6SHFLDO�FDVHV`

LI��F�� ����WKHQ
EHJLQ

���������� LI��F���!����WKHQ�(;,7^6)��'B&OLS`�
LI�D]�����WKHQ

EHJLQ�D[� ��D[��D\� ��D\��D]� ��D]�HQG�
LI��D[!D]��RU��D[��D]��RU��D\!D]��RU��D\��D]�

WKHQ�(;,7�^6)��'B&OLS` ^)LJXUH���`
HOVH�EHJLQ �������� ^)LJXUH���`

W�� �&DOF7�����]$�D]��
W�� �&DOF7���D]���D]�

�HQG
HQG

HOVH�EHJLQ
^)LJXUH���` LI��F��
�F��! ����WKHQ�(;,7^6)��'B&OLS`�
^)LJXUH���` LI��F��
�F������� WKHQ�W��� �&DOF7�[$��D[��]$��D]��
^)LJXUH���` HOVH�W��� �&DOF7��\$���D\��]$��D]��

W��� �&DOF7��[$���D[��]$��D]�
HQG

HQG�
U�� �]$���D]�
�W�� V�� �]$���D]�
�W��
LI��U�<����WKHQ�LI��V�������WKHQ�(;,7�HOVH�LI��D]�!����WKHQ�W�� �+��HOVH�W�� ���

�HOVH�LI��V�������WKHQ�LI��D]�!����WKHQ�W�� �+��HOVH�W�� ���
HQG�^RI�6)��'B&OLS`�

$OJRULWKP������6)��'�DOJRULWKP
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7KH�UHVXOW�RI�WKH�6)��'�DOJRULWKP�FDQ�EH�

�� OLQH�S� LV� WRWDOO\�RXWVLGH�RI� WKH�FOLSSLQJ�S\UDPLG�DQG� W� +��� W� ���� L�H���� W��� W�!� LV

HPSW\

�� D�OLQH�VHJPHQW��D�SDUW�RI� OLQH�S� WKDW� LV� LQVLGH�RI� WKH�FOLSSLQJ�S\UDPLG�� LV�JHQHUDWHG

DQG�LWV�HQG�SRLQWV�FDQ�EH�GHWHUPLQHG�DV�

[%�� �[$���D[�
�W��

\%�� �\$���D\�
�W��

]%�� �]$���D]�
�W��

[$�� �[$���D[�
�W��

\$�� �\$���D\�
�W��

]$�� �]$���D]�
�W��

�� D�KDOI�OLQH��D�SDUW�RI�OLQH�S�WKDW�LV�LQVLGH�RI�WKH�FOLSSLQJ�S\UDPLG��LV�JHQHUDWHG��,Q�WKLV

FDVH��WKH�RQO\�RQH�YDOXH�RI�W���UHVS��W���LV�OLPLWHG��WKH�VHFRQG�RQH�LV�XQOLPLWHG�DQG�WKH

RQO\�RQH�YDOLG�HQG�SRLQW�FDQ�EH�GHWHUPLQHG�DV�

�[$�� �[$���D[�
�W�����LI�W�¡���

\$�� �\$���D\�
�W��

]$�� �]$���D]�
�W��

UHVS�

[%�� �[$���D[�
�W�����LI�W�¡���

\%�� �\$���D\�
�W��

]%�� �]$���D]�
�W��

1RZ�WKH�KDOI�OLQH�FDQ�EH�UHSUHVHQWHG�DV�

�[�W�� �[$���D[�
�W���LI�W�¡���

\�W��� �\$���D\�
�W�

]�W��� �]$���D]�
�W�

ZKHUH�

Ö
Õ
Ô

-�=>-�
+�=�<

¶
�

�

�WLI����

�WLI�����
W

UHVS�

�[�W�� �[%���D[�
�W����LI�W�¡���

\�W��� �\%���D\�
�W�

]�W��� �]%���D]�
�W�
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ZKHUH�

Ö
Õ
Ô

-�=>-�
+�=�<

¶
�

�

�WLI����

�WLI�����
W

������� &RPSDULVRQ�EHWZHHQ�/%��'�DQG�6)��'�DOJRULWKPV

7KH� QHZ� SURSRVHG� 6)��'� DOJRULWKP� ZDV� YHULILHG� H[SHULPHQWDOO\� RQ� 3HQWLXP�,,�

���0+]����0%�5$0�����.%�&$&+(�IRU�HYDOXDWLRQ�RI�WKH�6)��'�DOJRULWKP�DJDLQVW

WKH� /%��'� DOJRULWKP��6RPH� W\SLFDO� FDVHV�ZHUH� WHVWHG� DQG� ������� GLIIHUHQW� OLQHV�ZHUH

UDQGRPO\�JHQHUDWHG�IRU�HDFK�FRQVLGHUHG�FDVH��VHH�)LJXUH������

/HW�XV�LQWURGXFH�WKH�FRHIILFLHQWV�RI�HIILFLHQF\�n�DV�

'6)

'/%

7
7

�

�

-

-=n

:KHUH�7/%��'��76)��'�DUH�WLPHV�FRQVXPHG�E\�WKH�/%��'�DQG�6)��'�DOJRULWKPV�

)LJXUH�������*HQHUDWHG�OLQHV�IRU�FRPSDULVRQ�EHWZHHQ�/%��'�DQG�6)��'�DOJRULWKP�

7KH� H[SHULPHQWDO� UHVXOWV� DUH� SUHVHQWHG� LQ� 7DEOH������ 7KLV� WDEOH� VKRZV� WKDW� WKH

6)��'� DOJRULWKP� LV� VLJQLILFDQWO\� IDVWHU� WKDQ� WKH� /%��'� DOJRULWKP� LQ� DOO� FRQVLGHUHG

FDVHV��,W�FDQ�EH�VHHQ�WKDW�WKH�VSHHG�XS�YDULHV�IURP������WR������DSSUR[LPDWHO\�

FDVH 7/%��'�>V@ 76)��'>V@ n
S� ������� ������ ����
S� ������� ������� ����
S� ������� ������� ����
S� ������� ������� ����
S� ������ ������ ����

7DEOH������&RPSDULVRQ�EHWZHHQ�/%��'�DQG�6)��'�DOJRULWKP�
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,Q� WHFKQLFDO� SUDFWLFH�� PDQ\� DSSOLFDWLRQV� QHHG� WR� FOLS� OLQHV� RU� OLQH� VHJPHQWV� QRW� RQO\

DJDLQVW� WKH� YLHZLQJ� S\UDPLG� EXW� DOVR� DJDLQVW� WKH� YROXPHWULF� REMHFWV�� ,Q� FRPSXWHU

JUDSKLFV��WKH�YROXPHWULF�REMHFWV�DUH�XVXDOO\�UHSUHVHQWHG�DV�SRO\KHGURQV��,Q�WKLV�VHFWLRQ�

ZH� DUH� JRLQJ� WR� GHVFULEH� DOJRULWKPV� IRU� OLQH� FOLSSLQJ� DJDLQVW� D�SRO\KHGURQ� LQ� PRUH

GHWDLO�

����� &%��'�DOJRULWKP

$OJRULWKPV� IRU� OLQH� FOLSSLQJ� LQ� (�� DUH� PRVWO\� EDVHG� RQ� WKH� &\UXV�%HFN� �&%��'�

DOJRULWKP� DQG� LWV� PRGLILFDWLRQV�� VHH� >&\U��D@�� $OJRULWKP� ���� LOOXVWUDWHV� D� VKRUWHQHG

YHUVLRQ�RI�WKH�&%��'�DOJRULWKP�

SURFHGXUH�&%B&OLSB�'���[$���[%���
^�QL�LV�D�QRUPDO�YHFWRU�RI�WKH�L�WK�IDFHW�������`
^�QL�PXVW�SRLQW�RXW�RI�WKH�FRQYH[�SRO\KHGURQ�`

������ ^����DOO�QRUPDO�YHFWRUV�QL�DUH�SUHFRPSXWHG������`
EHJLQ
��� WPLQ�� ��������WPD[�� ���������V�� ��[%���[$�
��� ^�IRU�WKH�OLQH�FOLSSLQJ�WPLQ� �����WPD[�� ������`

IRU��L� ���WR�1�GR����������^�1�LV�D�QXPEHU�RI�IDFHWV�`
��� EHJLQ

x�� �V7QL�� VL�� �[L���[$�
LI��x��!���WKHQ
EHJLQ

W�� �VL
7QL���x�

LI�x�!����WKHQ�WPD[�� �PLQ���W���WPD[�
HOVH�WPLQ�� �PD[���W���WPLQ�

HQG
HOVH�6SHFLDO�FDVH�VROXWLRQ�^�OLQH�LV�SDUDOOHO�WR�D�IDFHW�`
L�� �L����

HQG�
LI�WPLQ�!�WPD[�WKHQ�(;,7��^������WPLQ��WPD[�!� �®�`
^�UHFRPSXWH�HQG�SRLQWV�RI�WKH�OLQH�VHJPHQW�LI�FKDQJHG�`
^�IRU�OLQHV�SRLQWV�[$���[%�PXVW�EH�DOZD\V�UHFRPSXWHG��`
LI�WPD[�����WKHQ�[%�� �[$���V�
�WPD[�
LI�WPLQ�!���WKHQ�[$�� �[$���V�
�WPLQ�
'5$:B/,1(���[$���[%���

HQG�^�&%B&OLSB�'�`�

$OJRULWKP������&%��'�DOJRULWKP�IRU�OLQH�FOLSSLQJ�E\�D�FRQYH[�SRO\KHGURQ�
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7KH� PDLQ� DGYDQWDJHV� RI� WKH� &%��'� DOJRULWKP� DUH� LWV� QXPHULFDO� VWDELOLW\� DQG

VLPSOLFLW\��7KH�DOJRULWKP�LV�EDVHG�RQ�WKH�GLUHFW�LQWHUVHFWLRQ�FRPSXWDWLRQ�RI�D�OLQH�ZLWK

D�SODQH�LQ�(��

,W� LV� REYLRXV� WKDW� WKH� DOJRULWKP� UXQV� ZLWK�2�1�� WLPH� FRPSOH[LW\� DQG� VR� ZLWK

LQFUHDVLQJ� QXPEHU� RI� IDFHWV� RI� WKH� JLYHQ� SRO\KHGURQ� WKH� HIILFLHQF\� RI� WKH� &%��'

DOJRULWKP�GHFUHDVHV�EHFDXVH�PDQ\�LQYDOLG�LQWHUVHFWLRQ�SRLQWV�DUH�FRPSXWHG�

7KH� PDLQ� GLVDGYDQWDJH� RI� WKH� &%��'� DOJRULWKP� LV� D�GLUHFW� OLQH� LQWHUVHFWLRQ

FRPSXWDWLRQ�IRU�DOO�SODQHV�ZKLFK�IRUP�WKH�ERXQGDU\�RI�WKH�JLYHQ�FRQYH[�SRO\KHGURQ��,W

PHDQV�WKDW�1����� LQWHUVHFWLRQ�FRPSXWDWLRQV�DUH�ZDVWHG� LI�1� LV�D�QXPEHU�RI� IDFHWV�RI

WKH�JLYHQ�FRQYH[�SRO\KHGURQ��7KDW�LV�VXEVWDQWLDO�EHFDXVH�WKH�DYHUDJH�QXPEHU�RI�IDFHWV

RI�WKH�JLYHQ�SRO\KHGURQ�LV�YHU\�KLJK��D�QXPEHU�RI�IDFHWV�PLJKW�HDVLO\�UHDFK�IRU�D�VSKHUH

DSSUR[LPDWLRQ� YDOXH� ������ 7KHUHIRUH�� LW� LV� QHFHVVDU\� WR� ILQG� DQ� HIIHFWLYH� PHWKRG� IRU

VHOHFWLRQ�RI�IDFHWV�WKDW�PLJKW�EH�LQWHUVHFWHG�E\�WKH�JLYHQ�OLQH��6XFK�DWWHPSWV�KDYH�EHHQ

GRQH�DW�RXU�ODERUDWRU\�WKDW�UHVXOWHG�LQ�WKH�IROORZLQJ�DOJRULWKPV�

����� $OJRULWKP�EDVHG�RQ�WZR�SODQHV�XVH

/HW� WKH� FRQYH[� SRO\KHGURQ� 3� LV� GHILQHG� E\� WULDQJXODU� IDFHWV� �JHQHUDOO\� LW� LV� QRW

QHFHVVDU\���:H� QHHG� WR� ILQG� DQ� HIIHFWLYH� WHVW� ZKHWKHU� OLQH�S� LQWHUVHFWV� D�IDFHW� RI� WKH

JLYHQ�SRO\KHGURQ�3��VHH�)LJXUH������DQG�WKHQ�FRPSXWH�LQWHUVHFWLRQ�SRLQWV��VHH�>6ND��D@��

,W� FDQ� EH� VHHQ� WKDW� DQ\� OLQH� S� LQ�(�� FDQ� EH� GHILQHG� DV� DQ� LQWHUVHFWLRQ� RI� WZR

QRQ�SDUDOOHO�SODQHV�r��DQG�r���VHH�)LJXUH������,W�PHDQV�WKDW�LI�OLQH�S�LQWHUVHFWV�WKH�JLYHQ

IDFHW� WKHQ� SODQHV� r�� DQG� r�� LQWHUVHFW� WKH� JLYHQ� IDFHW�� WRR�� EXW� QRW� YLFH� YHUVD�� VHH

)LJXUH������ /LQH� S
� WKDW� LV� GHILQHG� DV� WKH� LQWHUVHFWLRQ� RI� r�� DQG� r�� SODQHV� GRHV� QRW

LQWHUVHFW�WKH�IDFHW�

)LJXUH������/LQH�FOLSSLQJ�E\�FRQYH[�SRO\KHGURQ�LQ�(��
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)LJXUH���� )LJXUH����

,W�LV�SRVVLEOH�WR�WHVW�DOO�IDFHWV�RI�WKH�JLYHQ�SRO\KHGURQ�DJDLQVW�r��DQG�r��SODQHV��,I�ERWK

SODQHV�r�� DQG�r�� LQWHUVHFW� WKH�JLYHQ� IDFHW� WKHQ�FRPSXWH�GHWDLOHG� LQWHUVHFWLRQ� WHVW��7KH

LQWHUVHFWLRQ�RI�WKH�JLYHQ�SODQH�rL�DQG�WKH�IDFHW��WULDQJOH��H[LVWV�LI�DQG�RQO\�LI�H[LVW�WZR

YHUWLFHV�[$�DQG�[%�RI�WKH�WULDQJOH�VR�WKDW

VLJQ�)L�[$���¡�VLJQ�)L�[%��

ZKHUH�)L�[�� �DL�[���EL�\���FL�]���GL�LV�DQ�HTXDWLRQ�IRU�WKH�L�WK�SODQH�rL��L ����

7KH�VXEVWDQWLDO�DGYDQWDJH�LV�WKDW�r��DQG�r��SODQHV�FDQ�EH�WDNHQ�SDUDOOHO�ZLWK�DQ\

FR�RUGLQDWH� D[HV�� 7KRVH� SODQHV� DUH� XVXDOO\� FDOOHG� ÄGLDJRQDO³�� 8VLQJ� WKHVH� SODQHV� ZH

VDYH�RQH�DGGLWLRQ�DQG�WZR�PXOWLSOLFDWLRQV�IRU�HDFK�VHSDUDWLRQ�IXQFWLRQ�HYDOXDWLRQ�

,W�FDQ�EH�VHHQ�WKDW�WKH�VHSDUDWLRQ�IXQFWLRQ�)��[���)��[��UHVS��DUH�FRPSXWHG�PRUH

WLPHV� WKDQ� QHHGHG� EHFDXVH� HDFK� YHUWH[� LV� VKDUHG� E\�PDQ\� WULDQJOHV�� 7KHUHIRUH� LW� LV

FRQYHQLHQW�LI�WKH�YDOXHV�VLJQ�)��
L[N���DUH�SUHFRPSXWHG���

L[N�LV�WKH�N�WK�YHUWH[�RI�WKH�L�WK

IDFHW��DQG�VWRUHG�LQ�D�VHSDUDWH�YHFWRU��VHH�$OJRULWKP������7KLV�PRGLILFDWLRQ�VLJQLILFDQWO\

LPSURYHV�WKH�HIILFLHQF\�RI�WKH�DOJRULWKP��,W�LV�SRVVLEOH�WR�VHOHFW�SODQHV�r��DQG�r��DV�WZR

ÄGLDJRQDO�³�SODQHV�LQ�RUGHU�WR�DYRLG�VLQJXODU�FDVHV��VHH�>6ND��D@�IRU�GHWDLO�GHVFULSWLRQ�

7KH� DOJRULWKP� FDQ� EH� HDVLO\� PRGLILHG� IRU� QRQ�FRQYH[� SRO\KHGURQ� DQG� H[SHFWHG

VSHHG�XS�LV�XS�WR�������1HYHUWKHOHVV��WKLV�DOJRULWKP�LV�VWLOO�RI�2�1��FRPSOH[LW\�
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SURFHGXUH�&/,3B�'B02'���[$���[%���
EHJLQ

WPLQ�� ��������WPD[�� ����V�� ��[%���[$�
^�IRU�WKH�OLQH�FOLSSLQJ�WPLQ� �����WPD[�� ������`
^�r����)��[�� �D��[���F��]��G�� ��������������r����)��[�� �E��\���F��]��G�� ���`
IRU�N�� ���WR�1Y�GR����^�1Y�QXPEHU�RI�YHUWLFHV�`

4N��� �VLJQ�)��[N�����^�4�LV�D�YHFWRU�RI�LQWHJHU�RU�FKDU�W\SHV�`
IRU�L�� ��WR�1�GR� ^�1�QXPEHU�RI�IDFHWV�`
EHJLQ

^�L[N�PHDQV�D�N�WK�YHUWH[�RI�WKH�L�WK�WULDQJOH��`
^�,1'(;�L�N��JLYHV�WKH�LQGH[�RI�N�WK�YHUWH[�RI�WKH�L�WK�WULDQJOH�`
^�L�H��L[N�� �[,1'(;�L�N��`
LI�4,1'(;�L����� �4,1'(;�L�����WKHQ

LI�4,1'(;�L����� �4,1'(;�L�����WKHQ�JRWR���
^GR�QRWKLQJ��r��GRHV�QRW�LQWHUVHFW�WKH�L�WK�WULDQJOH`

LI�VLJQ�)��[,1'(;�L������ �VLJQ�)��[,1'(;�L������WKHQ
LI�VLJQ�)��[,1'(;�L������ �VLJQ�)��[,1'(;�L������WKHQ�JRWR���

^�ERWK�SODQHV�r���r��LQWHUVHFW�WKH�L�WK�WULDQJOH�`
^GHWDLOHG�WHVW�ILQGV�D�YDOXH�WPLQ�RU�WPD[�`
^XVLQJ�D�VLQJOH�VWHS�RI�WKH�&%�DOJRULWKP`
^�QL�PXVW�SRLQW�RXW�RI�WKH�JLYHQ�FRQYH[�SRO\KHGURQ�`
x�� �V7QL��
LI��x��!���WKHQ
EHJLQ��VL�� �[L���[$�

W�� �VL
7QL���x�

LI�x�!����WKHQ�WPD[�� �PLQ���W���WPD[�
HOVH�WPLQ�� �PD[���W���WPLQ�

HQG
HOVH�6SHFLDO�FDVH�VROXWLRQ�^�OLQH�LV�SDUDOOHO�WR�D�IDFHW�`

��� L�� �L����
HQG�
^�LI��WPLQ�!�WPD[��WKHQ�QR�LQWHUVHFWLRQ�SRLQW�H[LVWV�`
LI�WPLQ���WPD[�WKHQ�'5$:B/,1(��[�WPLQ���[�WPD[��

HQG�^�RI�&/,3B�'B02'�`�

$OJRULWKP������$Q�HIILFLHQW�DOJRULWKP�IRU�OLQH�FOLSSLQJ�E\�FRQYH[�SRO\KHGURQ�
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����� �12� �DOJRULWKP

)LQGLQJ�D�IDFHW�FDQGLGDWH� IRU� WKH� LQWHUVHFWLRQ�SRLQW� LV�D�TXLWH�FRPSOH[� WDVN�DQG

ZLWKRXW�NQRZLQJ�WKH��RUGHU��RI�IDFHWV��DQ�DOJRULWKP�ZLOO�EH�JHQHUDOO\�RI�2�1��H[SHFWHG

FRPSOH[LW\��/HW�XV�VHOHFW�DQ\�WULDQJOH��IDFHW��tN�ZLWK�WZR�IROORZLQJ�SURSHUWLHV�

�� WKH�JLYHQ�OLQH�GRHV�QRW�OLH�RQ��tN

�� WKH�JLYHQ�OLQH�GRHV�QRW�LQWHUVHFW��tN

$Q\�SRLQW�LQVLGH�RI�WKH�WULDQJOH�tN��H�J���D�FHQWUH�RI�WKH�IDFHW�[7���

DQG� WKH� JLYHQ� OLQH�XQDPELJXRXVO\�GHILQH� WKH�SODQH�r��� RQ�ZKLFK� WKH� OLQH OLHV�� VHH

)LJXUH������ ,W� FDQ� EH� VHHQ� WKDW�PRUH� HIILFLHQW� VWUDWHJ\� IRU� WHVWLQJ� WULDQJOHV� FDQ� EH

GHYHORSHG� LI� ZH� NQRZ� IDFHWV� WKDW� DUH� LQWHUVHFWHG� E\� WKLV� SODQH�� ,I� QRQ�FRQYH[

SRO\KHGURQ�LV�FRQVLGHUHG�WKHQ�WZR�RU�PRUH�VHSDUDWH�³ULQJV�RI�WULDQJOHV³�DUH�QHFHVVDU\�WR

VROYH�EXW�RQO\�RQH�ZLOO�EH�GHWHFWHG�DQG�VROYHG��7KHUHIRUH��WKLV�DOJRULWKP�LV�UHVWULFWHG�WR

FRQYH[�SRO\KHGUD�

)LJXUH����

,Q� PDQ\� DSSOLFDWLRQV�� GDWD� VWUXFWXUHV� �PRGLILHG� ZLQJHG� HGJH�� WKDW� GHILQH

D�FRQYH[�SRO\KHGURQ�FRQWDLQ�LQIRUPDWLRQ�DERXW�QHLJKERXUV�RI�WKH�JLYHQ�WULDQJXODU�IDFHW�

VHH�)LJXUH������,W�LV�REYLRXV�WKDW�ZH�FDQ�HDVLO\�GHWHFW�ZKLFK�HGJH�RI�WKH�JLYHQ�WULDQJOH�tN

LV�LQWHUVHFWHG�E\�WKH�VHOHFWHG�SODQH�r���,Q�WKH�QH[W�VWHS�ZH�FDQ�WDNH�LWV�QHLJKERXU��ZKLFK

KDV�D�FRPPRQ�HGJH�ZLWK�WKH�WULDQJOH�tN��HWF��2QO\�WKH�IDFHWV�UHDFKHG�E\�WKLV�QHLJKERXU

FRQVWUXFWLRQ�KDYH�WR�EH�WDNHQ�LQWR�FRQVLGHUDWLRQ��L�H��KDYH�WR�EH�WHVWHG�DJDLQVW�r��
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8VLQJ� �NQRZOHGJH� RI� RUGHU�� ZH� ZLOO� KDYH� WR� WHVW� VLJQLILFDQWO\� OHVV� WULDQJOHV

WKDQ�1��+RZHYHU�� LQ�WKH�ZRUVW�FDVH�ZH�ZLOO�KDYH�WR�WHVW�DOO�1� IDFHWV�� ,W�PHDQV�WKDW� WKH

DOJRULWKP�LV�RI�2�1��FRPSOH[LW\�LQ�WKH�ZRUVW�FDVH��VHH�>6ND��D@�IRU�GHWDLOV�

/HW�XV�FRQVLGHU�D�VXUIDFH�RI�D�FRQYH[�SRO\KHGURQ��H�J��D�VSKHUH�DSSUR[LPDWLRQ�

1XPEHU� RI� LQWHUVHFWHG� IDFHWV� E\� D�SODQH� r�� FDQ� EH� HVWLPDWHG� DV� RI 1 � H[SHFWHG� LQ

DYHUDJH��7KLV�DOJRULWKP�LV�EULHIO\�GHVFULEHG�LQ�$OJRULWKP������,W�LV�QHFHVVDU\�WR�SRLQW�RXW

WKDW�WKHUH�DUH�VRPH�VPDOO�REVWDFOHV�LQ�VROYLQJ�VLQJXODU�FDVHV��HVSHFLDOO\�LI�WKH�SODQH�r�

LQWHUVHFWV�WKH�WULDQJOH�LQ�YHUWH[��HWF��7KH�SUHVHQWHG�DSSURDFK�FDQ�EH�HDVLO\�PRGLILHG�IRU

QRQ�WULDQJXODU�IDFHWV�LI�JHWBQH[W�SURFHGXUH�LV�PRGLILHG�SURSHUO\��7KH�H[SHFWHG�VSHHG�XS

IRU�SRO\KHGURQ�ZLWK�����IDFHWV�LV�DERXW���������DJDLQVW�&%��'�DOJRULWKP�

SURFHGXUH�6457B&/,3���[$���[%���
EHJLQ�

V�� ��[%���[$�
WPLQ�� ��������WPD[�� ��� ^IRU�WKH�OLQH�FOLSSLQJ�WPLQ� �����WPD[�� �����`
^ILQGV�D�FRQYHQLHQW�IDFHW�tN�DQG�SODQH�r��WKURXJK�[$���[%���[7`
&20387(���[$��[%��N��r����
^FRPSXWHV�FRHIILFLHQWV�RI�WKH�RUWKRJRQDO�SODQH�WR�r�`
&20387(B257+2*21$/��[$��[%��r����
N��� �N��^VDYH�LQGH[�RI�ILUVW�IDFHW`
L�� �����^VHW�LQGH[�RI�SUHYLRXV�IDFHW`
UHSHDW

LI�7(67��tN��r���WKHQ ^WHVW�WKH�IDFHW�tN�DJDLQVW�WKH�SODQH�r�`
EHJLQ��^D�VLQJOH�VWHS�RI�WKH�&%�DOJRULWKP`
����� x�� �V7QN��^QN�PXVW�SRLQW�RXW�RI�WKH�JLYHQ�FRQYH[�SRO\KHGURQ`

LI��x��!���WKHQ
EHJLQ VN�� �[N���[$�

W�� �VN
7QN���x�

LI�x�!����WKHQ�WPD[�� �PLQ���W���WPD[�
HOVH�WPLQ�� �PD[���W���WPLQ�

HQG
HOVH�6SHFLDO�FDVH�VROXWLRQ�^OLQH�LV�SDUDOOHO�WR�D�IDFHW`

HQG�
^JHW�QH[W�IDFHW�WR�tN�LQWHUVHFWHG�E\�SODQH�r�`
^GLIIHUHQW�IURP�SUHYLRXV�IDFHW�tL��`
M�� �JHWBQH[W���N���L��
L�� �N�� N�� �M�

XQWLO�N� �N��
^LI�WPLQ�!�WPD[��WKHQ�QR�LQWHUVHFWLRQ�SRLQW�H[LVWV`
LI�WPLQ���WPD[�WKHQ�'5$:B/,1(��[�WPLQ��[�WPD[���

HQG�^�6457B&/,3�`�

$OJRULWKP������2� 1 ��DOJRULWKP�
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)LJXUH����

����� �'�2����DOJRULWKP

/HW� WKH� JLYHQ�SRO\KHGURQ� 3 (¶ � � LV� SURMHFWHG� WR� ( � �� VHH�)LJXUH� ���� �RQO\� WKH

IURQW� IDFHWV�DUH�VKRZQ��DQG� OLQH�S� LV� WKH�SURMHFWLRQ�RI�SODQH� r
�
�WKH�JLYHQ� OLQH� OLHV�RQ

SODQH�r����7KLV�OLQH�LQWHUVHFWV�PDQ\�IDFHWV��WULDQJOHV���LQ�RXU�FDVH�OLQH� S � LQWHUVHFWV�WKH

IDFHWV�������������������������������7KH�SODQH r
�
�GHVFULEHG�DV

\ N[ T= +

/HW�XV� DVVXPH� WKH� VHPLGXDO� UHSUHVHQWDWLRQ� IRU� �N�T�� YDOXHV��7KHQ� WKH� VHPLGXDO

VSDFH� FDQ� EH� VSOLW� LQWR� VPDOO� UHFWDQJOHV� XVLQJ� VSDFH� VXEGLYLVLRQ� WHFKQLTXH�� (DFK

UHFWDQJOH�LQ�VHPLGXDO�VSDFH�UHSUHVHQWV�DQ�LQILQLWH�ÄEXWWHUIO\³�]RQH�LQ� ( � �VSDFH��7KHUH

DUH�$)/�OLVWV��$FWLYH�)DFHWV�/LVW��RI�IDFHWV�DVVRFLDWHG�ZLWK�HDFK�ÄEXWWHUIO\³�]RQH��7KH

$)/�OLVW�FRQWDLQV�LQIRUPDWLRQ�RQ�DOO�IDFHWV�WKDW�LQWHUIHUH�ZLWK�WKH�]RQH��7KH�$)/�OLVW�FDQ

EH�LPSOHPHQWHG�E\�D�OLVW�RI�SRLQWHUV�EXW�VXFK� LPSOHPHQWDWLRQ�ZRXOG�EH�TXLWH�PHPRU\

GHPDQGLQJ�DV�LWV�OHQJWK�FDQ�EH�HVWLPDWHG�DV� 2 1� � ��7KHUHIRUH��LW�LV�PRUH�FRQYHQLHQW

WR�XVH�ELQDU\�PDSV�>6ND��E@��7KLV� WHFKQLTXH� LV�EDVHG�RQ�D�ELQDU\�YHFWRU� LQ�ZKLFK� WKH

L�WK�ELW�LV�VHW�WR�Ä�³�LI�WKH�L�WK�IDFHW�LV�LQ�WKH�$)/�OLVW��8VLQJ�WKLV�WHFKQLTXH��WKH�PHPRU\

UHTXLUHPHQWV� DUH� VPDOO� DQG� WKH� LQWHUVHFWLRQ� RSHUDWLRQ� LV� LPSOHPHQWHG� DV� WKH� ELWZLVH

RSHUDWLRQ�DQG�
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8VLQJ�WKLV�DSSURDFK�ZH�FDQ�H[SHFW� WKDW������� IDFHWV�ZLOO�EH�QHFHVVDU\� WR� WHVW� LQ

GHWDLO�LI�VHPLGXDO�VSDFH�LV�VXEGLYLGHG�HQRXJK��,W�LV�QHFHVVDU\�WR�SRLQW�RXW�WKDW�ZH�PXVW

SUHSDUH�ERWK��N�T���DQG��P�S��VHPLGXDO�UHSUHVHQWDWLRQV�IRU�DOO�WKUHH�SODQHV r
L
L+ =� � �� � � �

L�H�� $)/������$)/M� OLVW�� M� ���������� ,W� PHDQV� WKDW� ZH� QHHG� VL[� VHPLGXDO� UHSUHVHQWDWLRQV

DOWRJHWKHU��)RU�HDFK�FOLSSHG�OLQH�ZH�PXVW�VHOHFW�WZR�SODQHV� r
L�
�DQG� r

L�
�DQG�DSSURSULDWH

VHPLGXDO�UHSUHVHQWDWLRQV��L�H���N�T��RU��P�S����IRU�HDFK�VHOHFWHG�SODQH��7KH�DOJRULWKP�FDQ

EH�GHVFULEHG�E\�$OJRULWKP�����

)LJXUH������6HPLGXDO�UHSUHVHQWDWLRQ�RI�FRQYH[�SRO\KHGURQ�

,Q�$OJRULWKP������ IXQFWLRQ�'HWDLO�(��7HVW� LV� EDVHG�RQ� WKH�&%� DOJRULWKP� WKDW� LV

SHUIRUPHG�RQO\�IRU�WKRVH�IDFHWV�WKDW�DUH�LQFOXGHG�LQ�WKH�ILQDO�VHW�W��,W�LV�REYLRXV�WKDW�WKH

DOJRULWKP�FRPSOH[LW\�GRHV�QRW�GHSHQG�RQ� WKH�QXPEHU�RI�SRO\KHGURQ�IDFHWV�EXW�RQ� WKH

OHQJWK� RI� WKH� VHW� W�� ,I� WKH� UHFWDQJOHV� DUH� ³VPDOO� HQRXJK´� WKHQ� ������ IDFHWV� FDQ� EH

H[SHFWHG� LQ� WKH� ILQDO� VHW�W�QHDUO\� IRU� DOO� FDVHV��6LQFH� DOO� VWHSV� LQ�$OJRULWKP�����KDYH

2����FRPSOH[LW\�WKH�ZKROH�DOJRULWKP�KDV�2����H[SHFWHG�FRPSOH[LW\��WRR��,W�LV�QHFHVVDU\

WR�SRLQW�RXW�WKDW�QXPEHU�RI�PHPEHUV�LQ�$)/�OLVW�GHSHQGV�RQ�VXEGLYLVLRQ�LQ��N�T����P�S�

VSDFHV�UHVSHFWLYHO\�DQG�DOVR�RQ�JHRPHWULF�VKDSH�RI�WKH�JLYHQ�SRO\KHGURQ��VHH��6ND��E@�

([SHULPHQWDO� UHVXOWV� SURYHG� WKDW� WKH� 2���� DOJRULWKP� LV� IDVWHU� WKDQ� � &%��'

DOJRULWKP� ZKHQ� WKH� QXPEHU� RI� IDFHWV� LV� JUHDWHU� WKDQ� ��� �LI� DW� OHDVW� ����� OLQHV� DUH

SURFHVVHG���)RU�GHWDLOHG�DQDO\VLV��VHH�>6ND��F@�
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JOREDO�FRQVWDQWV�
D���VL]H�RI�ERXQGLQJ�UKRPERLG�ER[�IRU�WKH�JLYHQ�SRO\KHGURQ�3�
1T���QXPEHU�RI�VXEGLYLVLRQ�IRU�T�D[LV�LQ�VHPLGXDO�VSDFH�UHSUHVHQWDWLRQ�

���1N���QXPEHU�RI�VXEGLYLVLRQ�IRU�N�D[LV�LQ�VHPLGXDO�VSDFH�UHSUHVHQWDWLRQ�
��IRU�DOO�RWKHU�VSDFHV�DVVXPH�1T� �1S���1N� �1P��

SURFHGXUH�&/,3B�'B2���[$��[%��
EHJLQ

6HOHFW�WZR�SODQHV� r
L�
�DQG� r

L�
�� L L

� �
¡ ��IRU�WKH�JLYHQ�OLQH� S (¶ �

NN�� ���
IRU�L�� ��L���L��GR��^�SODQH�LQGH[��L�¶�^�����`�`
EHJLQ�

&20387(�OLQH�HTXDWLRQ�RI�SL��^�SURMHFWHG�SODQH� �
r � D[ E\ F+ + = �`

^�LQGH[�RI�WKH�$)/M�OLVW�`
^�$)/��LV�WKH��N�T��VHPLGXDO�VSDFH�IRU�[\�SODQH�`
^�$)/��LV�WKH��P�S��VHPLGXDO�VSDFH�IRU�[\�SODQH��HWF��`
LI�_D[_���_D\_�WKHQ�M�� ��
L�����HOVH�M�� ��
L�
^�LQGH[�]RQH�GHWHUPLQDWLRQ�`
LL�� ���T���D���
�1T������
D������� MM�� ���N������
�1N����������
WNN�� �$)/M>LL�MM@� NN�� �NN�����

HQG�
W�� �W��¯�W��
IRU�L�� ���WR�1�GR�^�1���QXPEHU�RI�SRO\KHGURQ�IDFHWV�`

LI�W>L@� ���WKHQ� 'HWDLO�(��7HVW��IDFHWL��S��
HQG

$OJRULWKP�������'�2����DOJRULWKP�

1HYHUWKHOHVV� WKH� DOJRULWKP� KDV� QRW� ³FOHDU´�2���� FRPSOH[LW\�� ,Q� VSLWH� RI� KLJK

HIIRUW� WKLV� DOJRULWKP� KDV� QRW� EHHQ� GHULYHG� LQ� WKH� &DUWHVLDQ� FR�RUGLQDWH� V\VWHP�

1HYHUWKHOHVV� WKH� 2���� UXQ�WLPH� FRPSOH[LW\� FDQ� EH� DOVR� JRW� E\� XVLQJ� WKH� VSDFH

VXEGLYLVLRQ� LQ�VSKHULFDO�FR�RUGLQDWH�V\VWHP�>6ND��E@�� ,Q�VSKHULFDO�FR�RUGLQDWH� V\VWHP�

WKH�SODQH�S�WKDW�SDVVHV�WKH�V\VWHP�RULJLQ�DQG�FRQWDLQV�WKH�JLYHQ�OLQH�S�LV�XQDPELJXRXVO\

GHWHUPLQHG�E\� WKH� WZR�DQJOHV�j�DQG�J�� VHH�)LJXUH������2Q�SODQH�S�� LI� �r��j¶�� LV�SRODU

FR�RUGLQDWH� RI� V\VWHP� RULJLQ¶V� SURMHFWLRQ� RQ� OLQH� S� WKHQ� �r�� j¶�� XQDPELJXRXVO\

GHWHUPLQHV�OLQH�S��7KHUHIRUH��DQ�DUELWUDU\�OLQH� LQ�(��FDQ�EH�UHSUHVHQWHG�E\�IRXU�YDOXHV

�r��j¶��j��J���1RZ�� LW� LV� YHU\� FOHDU� WKDW�ZH� FDQ� XVH� WKH� LQILQLWH� VSDFH� VXEGLYLVLRQ� IRU

�r��j¶��j�� J�� WR� JHW� WKH�2���� UXQ�WLPH� FRPSOH[LW\�� 1XPEHU� RI� PHPEHUV� LQ� $)/� OLVW

GHSHQGV�QRW�RQO\�RQ�VXEGLYLVLRQ�LQ��r��j¶��j��J��VSDFH�EXW�DOVR�RQ�JHRPHWULF�VKDSH�RI

WKH�JLYHQ�SRO\KHGURQ�

,W� FDQ� EH� VKRZQ� WKDW� FRPSXWDWLRQ� RI� WKH�$)/� IRU� DOO� UHJLRQV� �SUH�SURFHVVLQJ�

UXQV�LQ�2�1
�Qr
�Qj¶
�Qj
�QJ��WLPH��ZKHUH�
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�� 1�LV�WKH�QXPEHU�RI�HGJHV�RI�WKH�JLYHQ�SRO\JRQ�

�� Qj���QJ�LV�WKH�QXPEHU�RI�VXEGLYLVLRQV�LQ�WKH�GLUHFWLRQ�j�DQG�J��UHVSHFWLYHO\�

�� Qr��Qj¶�LV�WKH�QXPEHU�RI�VXEGLYLVLRQV�LQ�WKH�GLUHFWLRQ�r�DQG�j¶��UHVSHFWLYHO\�

8VLQJ�WKH�SUH�FRQVWUXFWHG�$)/�WKHQ�ZH�FDQ�FOLS�OLQHV�RU� OLQH�VHJPHQWV�LQ�2���

H[SHFWHG� WLPH�� VHH� $OJRULWKP� ����� 7KH� &20387(� IXQFWLRQ� LV� EDVHG� RQ� WKH� &%��'

DOJRULWKP� DQG� LV� SHUIRUPHG� RQO\� IRU� IDFHWV� LQFOXGHG� LQ� WKH� $)/� DVVRFLDWHG� ZLWK� WKH

VHOHFWHG�UHJLRQ��L�M�N�O��

SURFHGXUH�6SKHUB&/,3B�'B2���[$��[%��
EHJLQ

Tr�� �Qr���U����Tj¶��� ��Qj¶�����
3L�����Tj��� ��Qj���3L�����TJ��� ��QJ���3L�
W��� ����� W��� ���� ^�LQLWLDOLVDWLRQ���LQWHUYDO����W����W��!� �®�`
&RPSXWH��j��J��FR�RUGLQDWHV�RI�SODQH�S�SDVVLQJ�WKH�RULJLQ�DQG�FRQWDLQLQJ�OLQH�S�
&RPSXWH��r��j¶��SRODU�FR�RUGLQDWHV�RI�OLQH�S�LQ�SODQH�S�
L�� �J�
�TJ��������M�� �j�
�Tj�������N�� �j¶�
�Tj¶���������O�� �r�
�Tr�����
^WHVW�DOO�IDFHWV�LQ�WKH�$)/�IRU�UHJLRQ�L�M�N�O��FRPSXWH�WKH�DSSURSULDWH�YDOXH�RI�W`
&20387(��$)/>L�M�N�O@��W���W��
LI�OLQH�VHJPHQW�FOLSSLQJ�WKHQ���W��W�!�� ���W��W�!�¯�����!�
LI���W����W��!�¡�®�WKHQ�'5$:B/,1(�[�W����[�W����^DQ�LQWHUVHFWLRQ�H[LVWV`

HQG

$OJRULWKP������2����DOJRULWKP�XVLQJ�VSKHULFDO�FR�RUGLQDWH�

)LJXUH�������j�J��UHSUHVHQWDWLRQ�RI�SODQH�S�FRQWDLQLQJ�OLQH�S�
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7KHUH� DUH� WZR� UHDVRQV� WR� FOLS� LQ� KRPRJHQHRXV� FR�RUGLQDWHV�� 7KH� ILUVW� KDV� WR� GR�ZLWK

HIILFLHQF\��,W�LV�SRVVLEOH�WR�WUDQVIRUP�WKH�SHUVSHFWLYH�SURMHFWLRQ�FDQRQLFDO�YLHZ�YROXPH

LQWR� WKH� SDUDOOHO�SURMHFWLRQ� FDQRQLFDO� YLHZ� YROXPH�� VR� D� VLQJOH� FOLSSLQJ� SURFHGXUH�

RSWLPL]HG� IRU� WKH� SDUDOOHO�SURMHFWLRQ� FDQRQLFDO� YLHZ� YROXPH�� FDQ� DOZD\V� EH� XVHG�

+RZHYHU�� WKH� FOLSSLQJ� PXVW� EH� GRQH� LQ� KRPRJHQHRXV� FR�RUGLQDWHV� WR� HQVXUH� FRUUHFW

UHVXOWV��$�VLQJOH�FOLSSLQJ�SURFHGXUH�LV�W\SLFDOO\�SURYLGHG�LQ�KDUGZDUH�LPSOHPHQWDWLRQV

RI�WKH�YLHZLQJ�RSHUDWLRQ��7KH�VHFRQG�UHDVRQ�LV�WKDW�SRLQWV�WKDW�FDQ�RFFXU�DV�D�UHVXOW�RI

XQXVXDO�KRPRJHQHRXV� WUDQVIRUPDWLRQV�DQG� IURP�XVH�RI� WKH� UDWLRQDO�SDUDPHWULF� VSOLQHV

>)RO��D@�FDQ�KDYH�QHJDWLYH�:�FR�RUGLQDWH�DQG�FDQ�EH�FOLSSHG�SURSHUO\�LQ�KRPRJHQHRXV

FR�RUGLQDWH�EXW�QRW�LQ��'�

:LWK� UHJDUG� WR� FOLSSLQJ�� LW� FDQ� EH� VKRZQ� WKDW� WKH� WUDQVIRUPDWLRQ� IURP� WKH

SHUVSHFWLYH�SURMHFWLRQ�FDQRQLFDO�YLHZ�YROXPH�WR�WKH�SDUDOOHO�SURMHFWLRQ�FDQRQLFDO�YLHZ

YROXPH�LV�
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)LJXUH������VKRZV�WKH�UHVXOWV�RI�DSSO\LQJ�PDWUL[�0�WR�WKH�SHUVSHFWLYH�SURMHFWLRQ

FDQRQLFDO�YLHZ�YROXPH��%\�XVLQJ�PDWUL[�0��ZH�FDQ�FOLS�DJDLQVW�WKH�SDUDOOHO�SURMHFWLRQ

FDQRQLFDO� YLHZ� YROXPH� UDWKHU� WKDQ� DJDLQVW� WKH� SHUVSHFWLYH�SURMHFWLRQ� FDQRQLFDO� YLHZ

YROXPH�

] ]

\ \

]
PLQ

� �
S S¶

$

%

$¶

%¶

)LJXUH�������6LGH�YLHZV�RI�QRUPDOL]HG�SHUVSHFWLYH�YLHZ�YROXPH�EHIRUH�DQG�DIWHU

DSSOLFDWLRQ�RI�PDWUL[�0�
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7KHUHIRUH��WKH�FOLSSLQJ�DJDLQVW�WKH�SHUVSHFWLYH�SURMHFWLRQ�FDQRQLFDO�YLHZ�YROXPH

FDQ�EH�UHSUHVHQWHG�DV�PXOWLSOLFDWLRQ�ZLWK�PDWUL[�0�����&OLSSDU���0��&OLSSDU�UHSUHVHQWV�WKH

FOLSSLQJ�DJDLQVW�WKH�SDUDOOHO�SURMHFWLRQ�FDQRQLFDO�YLHZ�YROXPH��

7KH� �'� SDUDOOHO�SURMHFWLRQ� YLHZ� YROXPH� LV� GHILQHG� E\� ±����[������ ±����\�����

����]������ :H� ILQG� WKH� FRUUHVSRQGLQJ� LQHTXDOLWLHV� LQ� KRPRJHQHRXV� FR�RUGLQDWH� E\

UHSODFLQJ�[�E\�;�:��\�E\�<�:��DQG�]�E\�=�:��ZKLFK�UHVXOWV�LQ

±����;�:����� ±����<�:����� ����=�:����

,W�FDQ�EH�VHHQ�WKDW��ZH�PXVW�FRQVLGHU�VHSDUDWHO\�WKH�FDVHV�RI�:�!���DQG�:������,Q

WKH�ILUVW�FDVH��ZH�FDQ�PXOWLSO\�WKH�LQHTXDOLWLHV�E\�:�ZLWKRXW�FKDQJLQJ�WKH�VHQVH�RI�WKH

LQHTXDOLWLHV��,Q�WKH�VHFRQG�FDVH��WKH�PXOWLSOLFDWLRQ�FKDQJHV�WKH�VHQVH��7KLV�UHVXOW�FDQ�EH

H[SUHVVHG�DV

:�!����±:���;���:� ±:���<���:� ����=���: ������

:������±:���;���:� ±:���<���:� ����=���: ������

,Q�PDQ\�FDVHV��RQO\� WKH� UHJLRQ�JLYHQ�E\� WKH�(TXDWLRQ� �������QHHGV� WR�EH�XVHG�

EHFDXVH� SULRU� WR� DSSOLFDWLRQ� RI�0�� DOO� YLVLEOH� SRLQWV� KDYH�:�!� �� �QRUPDOO\�:� � ���

+RZHYHU�� LW� LV� VRPHWLPHV� GHVLUDEOH� WR� UHSUHVHQW� SRLQWV� GLUHFWO\� LQ� KRPRJHQHRXV

FR�RUGLQDWH�ZLWK�DUELWUDU\�:�FR�RUGLQDWH��+HQFH��ZH�PLJKW�KDYH�D�:������PHDQLQJ�WKDW

WKH� FOLSSLQJ�PXVW� EH� GRQH� DJDLQVW� WKH� UHJLRQV� JLYHQ� E\� (TXDWLRQV� ������� DQG� �������

)LJXUH������VKRZV�WKHVH�DV�UHJLRQ�5��DQG�UHJLRQ�5���DQG�DOVR�VKRZV�ZK\�ERWK�UHJLRQV

PXVW�EH�XVHG�

;� �<RU

:

5HJLRQ�5
�

: �

5HJLRQ�5
�

3
�

3
�

3URMHFWLRQ�RI�3
��

DQG� RQWR�  SODQH3 : �
��

)LJXUH�������3RLQWV�3��DQG�3��ERWK�PDS�LQWR�WKH�VDPH�SRLQW�RQ�WKH�:� ���SODQH�
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/HW�XV�DVVXPH�WZR�SRLQWV�3��DQG�3��ZKRVH�KRPRJHQHRXV�FR�RUGLQDWHV�GLIIHU�E\

D�FRQVWDQW�PXOWLSOLHU��7KHVH�KRPRJHQHRXV�SRLQWV�FRUUHVSRQG�WR�WKH�VDPH��'�SRLQW��RQ

WKH�:� ���SODQH�RI�KRPRJHQHRXV�VSDFH��DOWKRXJK�3��LV�LQ�UHJLRQ�5��DQG�3��LV�LQ�UHJLRQ

5���,I�FOLSSLQJ�ZHUH�RQO\�WR�UHJLRQ�5���WKHQ�SRLQW�3��ZRXOG�EH�GLVFDUGHG�LQFRUUHFWO\�

7KHUH�DUH�WZR�VROXWLRQV�WR�SUREOHP�RI�SRLQWV�LQ�UHJLRQ�5���7KH�ILUVW�LV�WR�FOLS�DOO

SRLQWV� WZLFH�� RQFH� DJDLQVW� HDFK� UHJLRQ�� EXW� GRLQJ� WZR� FOLSV� LV� H[SDQVLYH�� $� EHWWHU

VROXWLRQ�LV�WR�QHJDWH�SRLQWV�WKDW�KDYH�QHJDWLYH�:��DQG�WKHQ�WR�FOLS�WKHP��6LPLODUO\��ZH

FDQ� FOLS� SURSHUO\� D� OLQH� ZKRVH� HQG�SRLQWV� DUH� ERWK� LQ� UHJLRQ�5�� E\� PXOWLSO\LQJ� ERWK

HQG�SRLQWV�E\�±���WR�SODFH�WKH�SRLQWV�LQ�UHJLRQ�5��

$QRWKHU� SUREOHP� DULVHV�ZLWK� OLQHV� VXFK� DV�3�3��� VKRZQ� LQ�)LJXUH� ������ZKRVH

HQG�SRLQWV�KDYH�RSSRVLWH�YDOXHV�RI�:��7KH�SURMHFWLRQ�RI� OLQH�RQWR� WKH�:� ���SODQH� LV

WZR� VHJPHQWV�� RQH�RI�ZKLFK� JRHV� WR����� WKH�RWKHU� WR� ����7KH� VROXWLRQ�QRZ� LV� WR� FOLS

WZLFH��RQFH�DJDLQVW�HDFK�UHJLRQ��ZLWK�WKH�SRVVLELOLW\�WKDW�HDFK�FOLS�ZLOO�UHWXUQ�D�YLVLEOH

OLQH�VHJPHQW��$�VLPSOH�ZD\�WR�GR�WKLV�LV�WR�FOLS�WKH�OLQH�DJDLQVW�UHJLRQ�5���WR�QHJDWH�ERWK

HQG�SRLQWV�RI�WKH�OLQH��DQG�WR�FOLS�DJDLQVW�UHJLRQ�5���7KLV�DSSURDFK�SUHVHUYHV�RQH�RI�WKH

RULJLQDO� SXUSRVHV� RI� FOLSSLQJ� LQ� KRPRJHQHRXV� FR�RUGLQDWHV�� XVLQJ� D� VLQJOH� FOLSSLQJ

UHJLRQ��VHH�>%OL��D@�IRU�IXUWKHU�GLVFXVVLRQ�

;

:

: � �SODQH

: ��;

3
�

3
�

: ;,QYLVLEOH�
VHJPHQW�
RI�OLQH

)LJXUH�������/LQH�3�3��SURMHFWV�RQWR�WZR�OLQH�VHJPHQWV�
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,Q�WKLV�WKHVLV�ZH�KDYH�H[SORUHG�WKH�IXQGDPHQWDO�DOJRULWKPV�IRU�OLQH�FOLSSLQJ�SUREOHP�LQ

(��DQG�(���6RPH�QHZHU�DOJRULWKPV�DQG�DSSURDFKHV�WR�LPSURYH�WKH�DOJRULWKPV�KDYH�EHHQ

VKRZQ��WRR��$OJRULWKPV�&6��/%��&%�DQG�WKHLU��'�H[WHQVLRQ�DUH�PRVW�RIWHQ�XVHG�DQG�FDQ

EH�IRXQG�LQ�PRVW�WH[WERRNV��7KH�RWKHUV�KDYH�EHHQ�GHYHORSHG�LQ�WKH�&RPSXWHU�*UDSKLFV

/DERUDWRU\�RI�'HSDUWPHQW� RI�&RPSXWHU�6FLHQFH� DQG�(QJLQHHULQJ� DW� WKH�8QLYHUVLW\� RI

:HVW�%RKHPLD��7KH�DXWKRU�KDV�DVVLVWHG� LQ� WKHLU�YHULILFDWLRQ�DQG� WHVWLQJ��7KH�DXWKRU� LV

DOVR� FR�DXWKRU� RI� /66%�� /6%�� PRGLILHG� 2�ORJ�1��� 6)�� 3&� DQG� 6)��'� DOJRULWKPV�

$OJRULWKPV�/66%�DQG�/6%�DUH�DOVR�RULJLQDO�DQG�KDYH�EHHQ�SXEOLVKHG� LQ�3URFHHGLQJV

RI�WKH�LQWHUQDWLRQDO�FRQIHUHQFH�6&&*¶����6ORYDN�UHSXEOLF�>%XL��D@�DQG�LQ�7KH�9LVXDO

&RPSXWHU��6SULQJHU�9HUODJ�>%XL��D@��0RGLILHG�2�ORJ�1��DOJRULWKP�KDV�EHHQ�SXEOLVKHG

LQ�3URFHHGLQJV�RI�WKH�LQWHUQDWLRQDO�FRQIHUHQFH�6&&*¶����6ORYDN�UHSXEOLF�>%XL��D@�

7DEOH������DQG�7DEOH������JLYH�DQ�RYHUYLHZ�RI�PHQWLRQHG�DOJRULWKPV�DQG�WKHLU

FRPSOH[LW\�

�'�FOLSSLQJ�DOJRULWKPV &RPSOH[LW\

&RKHQ�6XWKHUODQG�DOJRULWKP 2�1�

/66%�DOJRULWKP 2�1�

/LDQJ�%DUVN\�DOJRULWKP 2�1�

/6%�DOJRULWKP 2�1�

6)�DOJRULWKP 2�1�

&\UXV�%HFN�DOJRULWKP 2�1�

(&%�DOJRULWKP 2�1�

2�ORJ�1��DOJRULWKP 2�ORJ�1�

0RGLILHG�2�ORJ�1��DOJRULWKP 2�ORJ�1�

2����DOJRULWKP H[SHFWHG�2���

6XWKHUODQG�+RGJPDQ�DOJRULWKP 2�0
1�

7DEOH�������&RPSOH[LW\�RI�SUHVHQWHG�FOLSSLQJ�DOJRULWKPV�LQ�(��
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�'�FOLSSLQJ�DOJRULWKPV &RPSOH[LW\

&6��'�DOJRULWKP 2�1�

3&�DOJRULWKP 2�1�

/%��'�DOJRULWKP 2�1�

6)��'�DOJRULWKP 2�1�

&%��'�DOJRULWKP 2�1�

$OJRULWKP�EDVHG�RQ�WZR�SODQHV�XVH 2�1�

2� 1 �DOJRULWKP H[SHFWHG�2� 1 �

2����DOJRULWKP H[SHFWHG�2���

7DEOH�������&RPSOH[LW\�RI�SUHVHQWHG�FOLSSLQJ�DOJRULWKPV�LQ�(��

,W� LV� QHFHVVDU\� WR� SRLQW� RXW� WKDW� VRPH� VHOHFWHG� DOJRULWKPV� KDV� EHHQ� WHVWHG� RQ

3HQWLXP�,,�� ���0+]�� ��0%�5$0�� ���.%�&$&+(� DQG� 3HQWLXP�,,,�� ���0+]�

��0%�5$0�����.%�&$&+(�MXVW�DW�WKH�ODVW�PRPHQW�DQG�WKH�H[SHULPHQWDO�YHULILFDWLRQ

SURYHG�WUHQG�RI�LQFUHDVLQJ�
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���� &RQFOXVLRQ�DQG�)XWXUH�ZRUN


,W�LV�ZHOO�NQRZQ�WKDW�WKH�IXQGDPHQWDO�SUREOHP�LQ�DOJRULWKP�GHVLJQ�LV�WR�XVH�DOO�NQRZQ

GDWD�SURSHUWLHV�DV�PXFK�DV�SRVVLEOH�LQ�RUGHU�WR�JHW�DQ�DOJRULWKP�ZLWK�EHWWHU�HIILFLHQF\��,I

WKLV� IDFWRU� LV� XVHG� LQ� DOJRULWKP� GHVLJQ� LW� LV� SRVVLEOH� QRW� RQO\� WR� LPSURYH� DOJRULWKPV

SURSHUW\� EXW� VRPHWLPHV� DOVR� WR� FKDQJH� WKH� DOJRULWKPV� FRPSOH[LW\�� 7KLV� FRQWHQWLRQ� LV

SURYHG�YHU\�FOHDUO\�LQ�WKLV� WKHVLV�E\�DQDO\]LQJ�DOJRULWKPV�IRU� OLQH�FOLSSLQJ��*HQHUDOO\�

ZH�FDQ�VD\�WKDW�LI�ZH�ZDQW�WR�LPSURYH�DQ�DOJRULWKP�IRU�WKH�JLYHQ�SUREOHP��ZH�QHHG�WR

FRQVLGHU�WKH�IROORZLQJ�LVVXHV�

�� WKH�WUDGH�RII�EHWZHHQ�PHPRU\��UXQ�WLPH�DQG�SUH�SURFHVVLQJ�FRPSOH[LWLHV�

�� ZKLFK� NLQG� RI� SUH�SURFHVVLQJ� FRPSOH[LW\� �WLPH� RU�PHPRU\�� ZH� FDQ� H[SHFW� LI� ZH

QHHG�IDVWHU�VROXWLRQ�RI�WKH�JLYHQ�SUREOHP�

�� WKH�XVH�RI�SUH�SURFHVVLQJ�RU�SDUDOOHO�DQG�GLVWULEXWHG�

7KH� SUHVHQWHG� DOJRULWKPV� SURYHG� WKDW� DSSO\LQJ� WKHVH� DSSURDFKHV� FDQ� EULQJ

D�VLJQLILFDQW�VSHHG�XS�HYHQ�ZLWK�WKH�NQRZQ�DOJRULWKPV��:H�KDYH�FRQFHQWUDWHG�LQ�GHWDLO

RQ�WKH�SUREOHP�RI�OLQH�FOLSSLQJ�LQ�(��DQG�(��� ,W�LV�FOHDU�WKDW�WKH�PHQWLRQHG�DSSURDFKHV

FDQ�EH�DSSOLHG�QRW�RQO\�LQ�WKH�FOLSSLQJ�SUREOHP�VROXWLRQ�EXW�DOVR�LQ�PDQ\�RWKHU�DUHDV�RI

FRPSXWHU� JUDSKLFV�� 7KH� SUREOHP� LV� KRZ�ZH� FDQ� DSSO\� WKHP��:H�ZRXOG� OLNH� WR� GUDZ

DWWHQWLRQ�WR�WKLV�SUREOHP�LQ�WKH�QH[W�SHULRG��:H�DOVR�LQWHQG�WR�LQWHJUDWH�RXU�DOJRULWKPV

WR�WKH�0(6$��ZKLFK�LV�D�JUDSKLFV�OLEUDU\�DQG�FDQ�EH�XVHG�LQ�PDQ\�FRPSXWHU�JUDSKLFV

DSSOLFDWLRQV�

������������������������������������������������

�6RPH�ILJXUHV�LQ�WKLV�WKHVLV�ZHUH�WDNHQ�XS�IURP�WKH�XVHG�VRXUFHV
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7UDQVDFWLRQ�RQ�*UDSKLFV��9RO�����1R����SS�������������
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>/LD��D@ /LDQJ�<�'��� %DUVN\�%�$��� $Q� $QDO\VLV� DQG� $OJRULWKPV� IRU� 3RO\JRQ

&OLSSLQJ��&$&0��9RO�����1R�����SS���������������
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>/LD��D@ /LDQJ�<�'���%DUVN\�%�$���$�1HZ�&RQFHSW� DQG�0HWKRG� IRU� /LQH�&OLSSLQJ�

$&0�7UDQVDFWLRQ�RQ�*UDSKLFV��9RO����1R����SS������������
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>0HU��D@ 0HULDX[�0��� $� 7ZR�'LPHQVLRQDO� &OLSSLQJ� 'LYLGHU�� (XURJUDSKLFV� 
��

,QWHUQDWLRQDO�&RQIHUHQFH�SURFHHGLQJV��&RSHQKDJHQ��SS���������������
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9RO�����1R����SS���������������
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>3UH��D@ 3UHSDUDWD�)�3��� 6KDPRV�0�,��� &RPSXWDWLRQDO� *HRPHWU\�� $Q� ,QWURGXFWLRQ�
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$OJRULWKPV� %DVHG� RQ� 6LPSOH� *HRPHWULF� 2EVHUYDWLRQV�

&RPSXWHUV�	�*UDSKLFV��9RO�����1R����SS�������������
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&RPSXWHUV�	�*UDSKLFV��9RO�����1R����SS���������������
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&RQIHUHQFH�SURFHHGLQJV��3DULV��SS���������������
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>6ND��D@ 6NDOD�9���$�)DVW�$OJRULWKP�IRU�/LQH�&OLSSLQJ�E\�&RQYH[�3RO\KHGURQ�LQ�(��

&RPSXWHUV�	�*UDSKLFV��9RO�����1R����SS���������������

>6ND��E@ 6NDOD�9��� $OJRULWKPV� &RPSOH[LW\� DQG� /LQH� &OLSSLQJ� 3UREOHP� 6ROXWLRQV�

LQYLWHG� WDON�� 3URFHHGLQJV� RI� ('8�&2038*5$3+,&6
���� $OJDUYH�

3RUWXJDO��SS�������������

>6ND��F@ 6NDOD�9���/LQH�&OLSSLQJ�$OJRULWKP�&RPSOH[LW\�LQ�(��DQG�(���� LQYLWHG�WDON�

6&&*¶��� ,QWHUQDWLRQDO� &RQIHUHQFH� � SURFHHGLQJV�� %UDWLVODYD�%XGPHULFH�

�����

>6ND��D@ 6NDOD�9��� 1RQ�2UWKRJRQDO� &R�RUGLQDWHV� LQ� &RPSXWHU� *UDSKLFV�

*5$3+,&21¶���,QWHUQDWLRQDO�&RQIHUHQFH� �SURFHHGLQJV��0RVFRZ��5XVVLD�

SS�������������

>6ND��E@ 6NDOD�9��� 1RQ�OLQHDU� &R�RUGLQDWH� 6\VWHPV�� 6\OODEXVHV� RI� WKH� 7DON� DW� WKH

8QLYHUVLW\�RI�/RDQQLQD��*UHHFH��0D\������

>6ND��F@ 6NDOD�9��� $OJRULWKP� &RPSOH[LW\� LQ� &RPSXWHU� *UDSKLFV�� 7DON� DW� WKH

8QLYHUVLW\�RI�*LURQD��6SDLQ��-XQH������

>6OD��D@ 6ODWHU�0�� %DUVN\�%�$���� �'� /LQH� DQG� 3RO\JRQ� &OLSSLQJ� %DVHG� RQ� 6SDFH

6XEGLYLVLRQ��7KH�9LVXDO�&RPSXWHU��9RO�����1R����SS���������������

>6RE��D@ 6RENRZ�0�6��� 3RVSLVLO�3��� <DQJ�<��+��� $� )DVW� 7ZR�GLPHQVLRQDO� /LQH

&OLSSLQJ� $OJRULWKP� YLD� /LQH� (QFRGLQJ�� &RPSXWHUV� 	� *UDSKLFV�� 9RO����

1R����SS���������������

>6RM��D@ 6RMND�(��� 7ZR� 6LPSOH� DQG� (IILFLHQW� $OJRULWKPV� IRU� -RUGDQ� 6RUWLQJ� DQG

3RO\JRQ� &XWWLQJ� DQG� &OLSSLQJ�� &2038*5$3+,&6
��� ,QWHUQDWLRQDO

&RQIHUHQFH�SURFHHGLQJV��3DULV��SS���������������

>6WR��D@ 6WROIL�-��� 3ULPLWLYHV� IRU� &RPSXWDWLRQDO� *HRPHWU\�� 5HSRUW� ���� 65&� '(&

6\VWHP�5HVHDUFK�&HQWHU�������

>6XW��D@ 6XWKHUODQG�,�(��� +RGJPDQ�*�:��� 5HHQWUDQW� 3RO\JRQ� &OLSSLQJ�

&RPPXQLFDWLRQV�RI�WKH�$&0�������

>7RX��D@ 7RXVVDLQW��*�7��� $� 6LPSOH� /LQHDU� $OJRULWKP� IRU� ,QWHUVHFWLQJ� &RQYH[

3RO\JRQV��7KH�9LVXDO�&RPSXWHU��9RO����SS���������������

>7KH��D@ 7KHRKDULV�7��� 3DJH�,��� 7ZR� 3DUDOOHO� 0HWKRGV� IRU� 3RO\JRQ� &OLSSLQJ�

&RPSXWHU�*UDSKLFV�)RUXP��9RO����1R����SS���������������

>9DW��D@ 9DWWL�� %�5��� $�*HQHULF� 6ROXWLRQ� WR� 3RO\JRQ� &OLSSLQJ��&RPPXQLFDWLRQV� RI

WKH�$&0��9RO�����1R����SS�������������
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>=DO��D@ =DOLN�%���*RPERVL�0���3RGJRUHOHF�'����$�4XLFN� ,QWHUVHFWLRQ�$OJRUWLKP�IRU

$UELWUDU\�3RO\JRQV��6&&*¶���,QWHUQDWLRQDO�&RQIHUHQFH�SURFHHGLQJV��$SULO

�������%UDWLVODYD�%XGPHULFH��SS���������������

>=DF��D@ =DFKDULiã�6���'XDOLW\� DQG�&RPSOH[LW\� �LQ�&]HFK���75��������8QLYHUVLW\� RI

:HVW�%RKHPLD��3O]H �������

>=DF��D@ =DFKDULiã�6���3URMHFWLRQ�LQ�%DU\FHQWULF�&RRUGLQDWHV��:6&*¶���,QWHUQDWLRQDO

&RQIHUHQFH�SURFHHGLQJV��3O]H ��SS���������������

>=DF��D@ =DFKULVHQ�0��� <HW� DQRWKHU� 5HPDUN� RQ� WKH� 0RGHOOLQJ� &OLS� 3UREOHP�

&RPSXWHU�*UDSKLFV�)RUXP��9RO����1R����SS���������������

>=ZD��D@ =ZDDQ�0��� 5HLQKDUG�(��� -DQVHQ�)��� 3\UDPLG� &OLSSLQJ� IRU� (IILFLHQW� 5D\

7UDYHUVDO��(XURJUDSKLFV�5HQGHULQJ�:RUNVKRS�������
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���� $XWKRU¶V�SXEOLFDWLRQV�	�UHVHDUFK�ZRUN

������ 5HODWHG�SXEOLFDWLRQV�WR�WKLV�WKHVLV

>%XL��D@ %XL�'�+��� 6NDOD�9��� )DVW�0RGLILFDWLRQV� RI�&RKHQ�6XWKHUODQG� DOJRULWKP� IRU

/LQH�6HJPHQW�DQG�/LQH�&OLSSLQJ�LQ�(���6&&*¶���,QWHUQDWLRQDO�&RQIHUHQFH

SURFHHGLQJV��%UDWLVODYD�%XGPHULFH��SS���������������

>%XL��D@ %XL�'�+���6NDOD�9���)DVW�$OJRULWKPV�IRU�&OLSSLQJ�/LQHV�DQG�/LQH�6HJPHQWV

LQ�(���7KH�9LVXDO�&RPSXWHU��9RO�����1R����SS�������������

>%XL��E@ %XL�'�+���6NDOD�9���/LQH�&OLSSLQJ�$OJRULWKPV�LQ�(���6&*
���3URFHHGLQJV�RI

6HPLQDUV�RQ�&RPSXWDWLRQDO�*HRPHWU\��.RþRYFH��SS�������������

>%XL��D@ %XL�'�+���6NDOD�9���1HZ�)DVW�/LQH�&OLSSLQJ�$OJRULWKP� LQ�(��ZLWK�2�OJ1�

&RPSOH[LW\�� 6&&*¶��� ,QWHUQDWLRQDO� &RQIHUHQFH� SURFHHGLQJV�

%UDWLVODYD�%XGPHULFH��SS���������������

>%XL��E@ %XL�'�+���6NDOD�9���7ZR�1HZ�$OJRULWKPV�IRU�/LQH�&OLSSLQJ�LQ�(��DQG�7KHLU

&RPSDULVRQ�� 75��������� 8QLYHUVLW\� RI� :HVW� %RKHPLD�� 3O]H �� �����

VXEPLWWHG� WR� *3.2¶������ ,QWHUQDWLRQDO� &RQIHUHQFH�� .URF]\FH�� 3RODQG�
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>%XL��F@ %XL�'�+��� 6NDOD�9��� $� 1HZ� $OJRULWKP� IRU� 3\UDPLGDO� &OLSSLQJ� RI� /LQH

6HJPHQWV� LQ� (��� 75��������� 8QLYHUVLW\� RI� :HVW� %RKHPLD�� 3O]H �� �����

VXEPLWWHG�WR�7KH�9LVXDO�&RPSXWHU��6SULQJHU�9HUODJ�

>%XL��G@ %XL�'�+���6NDOD�9���1HZ�$OJRULWKP�IRU�/LQH�&OLSSLQJ�DJDLQVW�D�3\UDPLG�LQ

(��� 75��������� 8QLYHUVLW\� RI� :HVW� %RKHPLD�� 3O]H �� ������ VXEPLWWHG� WR

&RPSXWHUV�	�*UDSKLFV��3HUJDPRQ�3UHVV�

>%XL��H@ %XL�'�+��� 6NDOD�9��� $OJRULWKPV� IRU� /LQH� &OLSSLQJ� DQG� 7KHLU� &RPSOH[LW\�

,	,7¶���,QWHUQDWLRQDO�&RQIHUHQFH�SURFHHGLQJV��%DQVND�%\VWULFD��6ORYDNLD�

�����

>%XL��I@ %XL�'�+��� 6NDOD�9��� $OJRULWKPV� &RPSOH[LW\� DQG� ,WV� 'HFUHPHQW��&(	,¶��

,QWHUQDWLRQDO�&RQIHUHQFH�SURFHHGLQJV��.RVLFH��6ORYDNLD�������

,Q�DOO�SXEOLFDWLRQV�OLVWHG�DERYH�WKH�DXWKRU¶V�FRQWULEXWLRQ�LV�DERXW�����
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������ 5HVHDUFK�ZRUN���9RO9LV�YHUVLRQ�IRU�:LQGRZV�17

9RO9LV�LV�D�9ROXPH�9LVXDOL]DWLRQ�6\VWHP�WKDW�XQLWHV�QXPHURXV�YLVXDOL]DWLRQ�PHWKRGV

ZLWKLQ�D�FRPSUHKHQVLYH�YLVXDOL]DWLRQ�V\VWHP��SURYLGLQJ�D�IOH[LEOH�WRRO�IRU�WKH�VFLHQWLVW

DQG�HQJLQHHU�DV�ZHOO�DV�WKH�YLVXDOL]DWLRQ�GHYHORSHU�DQG�UHVHDUFKHU�

7KH� XQGHUO\LQJ� SULQFLSOH� EHKLQG� 9RO9LV� LV� WR� SURYLGH� DV� GLYHUVH� DQ� DUUD\� RI

DOJRULWKPV�DQG�FDSDELOLWLHV�DV�SRVVLEOH��7KLV�PDNHV�WKH�9RO9LV�V\VWHP�XVHIXO�ZLWKLQ�DQ\

ILHOG��ZKLFK�KDV�WKH�QHHG�WR�PDQLSXODWH��UHQGHU�DQG�PHDVXUH�YROXPHWULF�GDWD�LQFOXGLQJ

PHGLFLQH��ELRORJ\��JHRORJ\��DQG�SK\VLFV�

9RO9LV� LV� GHYHORSHG� SULPDU\� E\� WKH� UHVHDUFK� JURXS� KHDGHG� E\� 3URI�� $ULH

.DXIPDQ�DW�WKH�6WDWH�8QLYHUVLW\�RI�1HZ�<RUN�DW�6WRQ\�%URRN�IRU�WKH�81,;�V\VWHP�

0RUH�LQIRUPDWLRQ�DERXW�9RO9LV�FDQ�EH�IRXQG�DW�WKH�9RO9LV�KRPHSDJH�WKDW�LV�DW

WKH�85/��KWWS���ZZZ�FV�VXQ\VE�HGX�aYLVODE�VWDUWBYROYLV�KWPO�

,Q� WKLV� SURMHFW� WKH� NHUQHO� RI� V\VWHP� LV� DQDO\]HG� DQG� SDUWO\� FRQYHUWHG� WR� WKH

06�:LQGRZV�17�E\�RXU�UHVHDUFK�JURXS�KHDGHG�E\�3URI��9DFODY�6NDOD��7KH�DLP�RI�WKLV

SURMHFW� LV� WR� REWDLQ� WKH� LQIRUPDWLRQ� KRZ� WKLV� W\SH� RI� SURJUDPPLQJ� SDFNDJHV� FDQ� EH

LPSOHPHQWHG�DQG�YHULI\�WKH�IXQFWLRQ�RI�NHUQHO�RI�WKH�V\VWHP��7KH�ILUVW�YHUVLRQ�RI�V\VWHP

KDV�EHHQ�GHYROYHG�WR�3URI��$ULH�.DXIPDQ��3URI��$ULH�.DXIPDQ�DQG�KLV�UHVHDUFK�JURXS

ZLOO�LPSURYH�WKLV�YHUVLRQ�IXUWKHU�DQG�WKH�ZKROH�V\VWHP�FDQ�EH�UHFHLYHG�IURP�KLP�


