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Path planning for virtual reality

Path planning in general is a well known problem that has been extensively studied in many
scientific disciplines. It defines a task of finding a path between two given spots in an abstract
environment representation so that the path satisfies certain criterion of optimality, e.g. the
shortest path, the fastest path or the path with maximal clearance among all obstacles.
Although there are many methods solving this task, they usually assume the examined space
does not change and is completely known in advance. Today’s applications, however, do not
have to meet these requirements, especially in case of virtual reality or computer games.
Therefore, this thesis proposes a general model for the real-time path planning in a dynamic
environment. It uses a regular triangulation for dynamic space subdivision and a heuristic
algorithm providing fast way to find a path among all obstacles registered in the triangulation.
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2.1 Definice problému . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
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2.3 Reprezentace prostřed́ı . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
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2.5 Dynamický path-planning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Původńı řešeńı 14
3.1 Návrh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.2 Implementace . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
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5.3 Testovaćı aplikace Measuring . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

v



6 Experimenty a výsledky 37
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Kapitola 1

Úvod

Hledáńı cest je jednou ze základńıch a také nejznáměǰśıch problematik v oblasti teorie graf̊u.
Většina algoritmů řeš́ıćıch tento problém nacháźı uplatněńı v širokém spektru vědeckých
discipĺın a oblast́ı, např. v poč́ıtačových śıt́ıch, teorii optimalizace nebo při návrhu datových
struktur. S rostoućı náročnost́ı moderńıch aplikaćı se však objevuj́ı problémy, které často velmi
omezuj́ı a v některých př́ıpadech dokonce znemožňuj́ı použit́ı konvenčńıch algoritmů. Tyto
algoritmy obvykle předpokládaj́ı, že prostřed́ı, ve kterém pracuj́ı, je statické a předem známé,
ale v př́ıpadě virtuálńı reality nebo moderńıch poč́ıtačových her jsou tyto vlastnosti sṕı̌se
výjimkou. Pro takové typy aplikaćı je potom nutné modifikovat konvenčńı metody, př́ıpadně
definovat zcela nové př́ıstupy.

1.1 Ćıl projektu

Projekt řešený v rámci této diplomové práce navazuje na autorovu bakalářskou práci [Bro06a],
která se zabývá obecným hledáńım cest v dynamickém, př́ıpadně předem neznámém prostřed́ı.
Nab́ıdka moderńıch aplikaćı vyžaduj́ıćıch nalezeńı cesty v takových podmı́nkách je ale velmi
rozmanitá a pro źıskáńı efektivńıho řešeńı je nutné tuto obecnou definici upřesnit. Tento pro-
jekt se zaměřuje na hledáńı cest v poč́ıtačových hrách, konkrétně na navigaci umělé inteligence
(protivńıci, pomocńıci, autopiloti apod.), z čehož plynou následuj́ıćı požadavky a doporučeńı:

• Prostřed́ı v poč́ıtačových hrách může být statické (terén, budovy) i dynamické (herńı
postavy, vozidla). Systém pro hledáńı cest by měl tyto skupiny oddělovat pro źıskáńı
větš́ı efektivity (statické prostřed́ı může být předzpracováno), ale zároveň umožnit
změnu statických překážek na dynamické a opačně.

• Kromě děleńı překážek na statické a dynamické muśı systém předpokládat také možnost
objeveńı nové překážky nebo zrušeńı některé existuj́ıćı.

• Pohyb dynamických překážek může být deterministický (např. let́ıćı asteroidy), ale také
nedeterministický (např. protivńıci v śıt’ové hře). Také zde by měl systém předpokládat
a oddělovat obě varianty.

• V př́ıpadě poč́ıtačových her je často zbytečné vyžadovat optimálńı řešeńı. V umělé
inteligenci je naopak doporučováno použit́ı tzv. tolerate imperfection [AI Depot], tedy
”simulace nedokonalosti”, např. u poč́ıtačových protivńık̊u. Navrhovaný systém by tedy
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měl (opět z hlediska efektivity) dát přednost rychlosti před optimalitou výsledku. Nav́ıc
si lze představit př́ıpady, kdy použit́ı non-optimal př́ıstupu nijak neovlivňuje dojem
ze źıskaného řešeńı, např. ve hrách při hledáńı cest pro avatary, které hráč v danou
chv́ıli nevid́ı.

Ćılem projektu je tedy vývoj systému1 pro hledáńı cest (tzv. path planning engine), který
bude sloužit k pseudooptimálńı navigaci v prostoru s dynamickými i statickými překážkami,
přičemž překážky v prostoru mohou přibývat nebo ubývat a u dynamických překážek se
předpokládá deterministický i nedeterministický pohyb. Systém samotný bude zajǐst’ovat
vytvořeńı a správu určité vnitřńı reprezentace prostřed́ı pro hledáńı cest, samotné nalezeńı
cesty a navigaci po této cestě s př́ıpadnou zpětnou vazbou.

1.2 Předchoźı výzkum

Původńı systém vyv́ıjený v rámci bakalářské práce [Bro06a] navazoval na projekt pro pláno-
váńı cest v dynamickém, předem neznámém 2D prostřed́ı ([AG05], viz obrázek 1.1), který byl
založen na dvou základńıch strukturách:

• 2D matice uchovávaj́ıćı hodnoty tzv. potenciálového pole překážek, tedy matice, ve které
hodnota každé buňky odpov́ıdá vzdálenosti této buňky od nejbližš́ı překážky. Tyto hod-
noty jsou źıskány pomoćı techniky image distance transform (IDT) popsané v [AG05].

• Graf podobný struktuře quadtree, který se dynamicky adaptuje nad matićı potenciálo-
vého pole podle jej́ıch hodnot. Konkrétně se zjemňuje v mı́stech s vyšš́ım potenciálem
a naopak zjednodušuje v mı́stech s nižš́ım potenciálem. Hrany tohoto grafu pak slouž́ı
k nalezeńı samotné cesty.

Ve spolupráci s autory projektu (Dr. Marina Gavrilova2 , Ing. Russel Ahmed Apu3 )
z University of Calgary v Kanadě bylo implementováno rozš́ı̌reńı do 3D s využit́ım adaptivńı
3D struktury (viz obr. 1.2), kterou připravil Ing. Přemysl Źıtka [Zit06] v rámci diplomové
práce na ZČU. Prvńı výsledky této spolupráce pak byly prezentovány na Central European
Conference on Computer Graphics [Bro06b] (viz př́ıloha D). Jak se ale ukázalo při daľśım
výzkumu, mapováńı překážek do 3D matice potenciálového pole je př́ılǐs časově náročné na to,
aby mohla být tato operace prováděna za běhu při každém pohybu překážky. Bližš́ı informace
o návrhu, implementaci a výsledćıch tohoto př́ıstupu jsou uvedeny v kapitole 3.

1V následuj́ıćıch kapitolách se pod pojmem systém (hledáńı cest) vždy rozumı́ skupina metod a datových
struktur pro hledáńı cest.

2marina@cpsc.ucalgary.ca
3raapu@ucalgary.ca
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Obrázek 1.1: Ukázka p̊uvodńıho projektu [AG05] pro hledáńı cest ve 2D
(vlevo mapa překážek, uprostřed mapa hrozeb, vpravo výsledný adaptivńı graf)

Obrázek 1.2: Ukázka projektu bakalářské práce [Bro06a]
(vlevo ukázková scéna, uprostřed potenciálové pole, vpravo výsledný adaptivńı graf)
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1.3 Zvolené řešeńı

Kv̊uli zmı́něným nedostatk̊um p̊uvodńıho řešeńı bylo nutné zvolit pro náš systém jiný zp̊usob
děleńı prostoru pro měńıćı se data. Vzhledem k požadavk̊um uvedeným v podkapitole 1.1
byla jako nejvhodněǰśı řešeńı zvolena regulárńı triangulace, kterou ve své diplomové práci
[Zem07] implementoval a analyzoval Ing. Michal Zemek4 . Triangulace v poč́ıtačové geometrii
slouž́ı, velmi zjednodušeně řečeno, k nalezeńı nejbližš́ıch dvojic ve vstupńı množině bod̊u
(v rovině, v prostoru). Regulárńı triangulace, zobecněńı tzv. Delaunayovy triangulace, nav́ıc
uvažuje váhu vstupńıch bod̊u. Tato vlastnost je v projektu této diplomové práce využita pro
reprezentaci velikosti, př́ıpadně mı́ry nebezpeč́ı překážek, mezi kterými se hledá bezkolizńı a
”bezpečná” cesta. Adaptace na změny ve scéně je pak zajǐstěna přidáváńım/ub́ıráńım bod̊u
triangulace a vlastńım algoritmem pro přeplánováńı již nalezené cesty při změně ve vstupńım
grafu [Bro07]. Detailńı popis návrhu, implementace a výsledk̊u analýzy tohoto řešeńı lze naj́ıt
v kapitolách 4, 5 a 6.

1.4 Organizace textu

Text je rozdělen do 7 kapitol včetně této úvodńı. Kapitola 2 je věnována teorii hledáńı cest,
definuje základńı pojmy, poskytuje přehled konvenčńıch algoritmů pro řešeńı tohoto problému
a představuje některé moderńı př́ıstupy k hledáńı cest v dynamickém prostřed́ı. V kapitole
3 je stručně popsán p̊uvodńı systém pro hledáńı cest spolu s d̊uvody, pro které byl tento
př́ıstup shledán jako neefektivńı. Kapitola 4 potom představuje nové řešeńı a definuje použité
datové struktury a algoritmy, jejichž implementace je následně popsána v kapitole 5. Kapitola
6 je věnována analýze zvoleného řešeńı a jeho implementace, představuje metody testováńı
a źıskané výsledky. Kapitola 7 nakonec shrnuje tyto výsledky, splněńı vytčených ćıl̊u a naz-
načuje daľśı možné směry vývoje v této problematice. Závěr dokumentu pak nab́ıźı přehled
použitých zkratek, použitou literaturu a rejstř́ıky. V př́ıloze jsou nakonec k dispozici ukázky
testovaćı aplikace, uživatelská a programátorská dokumentace a autorovy články z konfe-
renćı Central European Conference on Computer Graphics, Spring Conference of Computer
Graphics a ze soutěže ACM Students Research Competition5.

4mzemek@kiv.zcu.cz
5Práce źıskala v roce 2006 3. mı́sto v česko-slovenském finále soutěže.
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Kapitola 2

Teorie

2.1 Definice problému

Plánováńı cest (path planning) v našem kontextu definuje problém nalezeńı optimálńı cesty
mezi dvěma konkrétńımi mı́sty v určité abstraktńı reprezentaci prostřed́ı. Pojem hledáńı cest
(path finding) pak bývá v literatuře s touto problematikou někdy interpretován jako provedeńı
pohybu po naplánované cestě se zpětnou vazbou pro plánovaćı modul, tzv. path planner.
V našem př́ıpadě označuje plánováńı i hledáńı cest obecně celou problematiku a význam
těchto pojmů se tedy nerozlǐsuje. Pod pojmem avatar pak rozumı́me konkrétńı entitu, která
provád́ı naplánovaný pohyb (např. protivńık v poč́ıtačové hře).

Každý z algoritmů pro hledáńı cest je založen na určité abstraktńı reprezentaci prostřed́ı,
ve kterém pracuje. Typ̊u reprezentace je několik a my si je poṕı̌seme v sekci 2.3 této kapitoly.
Na každou takovou reprezentaci lze ale obecně nahĺıžet jako na určitý graf G(V,E) , kde V je
konečná množina uzl̊u odpov́ıdaj́ıćıch určitým stav̊um a E je množina hran spojuj́ıćıch uzly
grafu. Hodnoty n = |V |, resp. m = |E| pak představuj́ı počet uzl̊u, resp. hran. Hrany grafu
nav́ıc mohou být orientované nebo neorientované a potom plat́ı

E ⊂
(
V
2

)
pro neorientované grafy

E ⊂ V 2 pro orientované grafy

Kromě takto definované struktury se dále často popisuj́ı vlastnosti jednotlivých element̊u
grafu, nejčastěji reálnou funkćı w tak, že

w : V → R pro uzlově ohodnocené grafy

w : E → R pro hranově ohodnocené grafy

V problematice plánováńı cest se obvykle uvažuj́ı pouze hranově ohodnocené grafy. Ty
lze nav́ıc převést na uzlově ohodnocené grafy a naopak. Mezi daľśı d̊uležité vlastnosti graf̊u
(podle [AI Depot]) pak patř́ı:

Hustota propojeńı reprezentuje množstv́ı hran v grafu. Jde o velice d̊uležitou vlastnost
předevš́ım z hlediska složitosti algoritmů, která může být O(m) nebo např. O(m2).
Grafy s vysokým počtem hran bývaj́ı označovány jako husté (dense graphs), zat́ımco
grafy s ńızkým počtem hran jako ř́ıdké (sparse graphs).

5



Homogenita ohodnoceńı určuje, zda maj́ı hrany přibližně stejnou váhu. Rovnoměrné rozdě-
leńı vah je v cizojazyčné literatuře označováno jako homogeneous edge costs, naopak
nerovnoměrné rozděleńı vah je označováno jako irregular edge costs.

Logická/náhodná propojeńı označuj́ı, zda jsou uzly grafu propojeny v určité logické struk-
tuře nebo čistě náhodně. Také tato vlastnost je d̊uležitým faktorem výsledného chováńı
algoritmu a je dobré vźıt ji v úvahu při testováńı.

2.2 Klasifikace algoritmů

Problém hledáńı cest je zkoumán od samotného počátku teorie graf̊u a pro jeho řešeńı dnes
existuje nepřeberné množstv́ı algoritmů a technik, které je potřeba určitým zp̊usobem klasi-
fikovat. Následuj́ıćı seznam představuje nejvýznamněǰśı charakteristiky a požadavky, podle
kterých lze algoritmy pro plánováńı cest rozlǐsovat.

• Nejd̊uležitěǰśım faktorem pro klasifikaci je rozsah hledaných řešeńı, jinými slovy to,
zda má konkrétńı algoritmus sloužit k nalezeńı jediné cesty mezi dvěma danými uzly
(single-pair algoritmy), k nalezeńı všech cest z konkrétńıho uzlu (single-source algoritmy)
nebo k nalezeńı cest mezi všemi uzly grafu (all-pairs shortest path).

• Druhým nejd̊uležitěǰśım prvkem pro klasifikaci algoritmů hledáńı cest jsou vlastnosti
prostřed́ı, ve kterém tyto algoritmy pracuj́ı. Mezi tyto vlastnosti patř́ı reprezentace
prostřed́ı, jeho předběžná znalost nebo zda jde o statické, resp. dynamické prostřed́ı.
Jelikož je prostřed́ı nejčastěji reprezentováno grafem, rozlǐsuj́ı se dále vlastnosti graf̊u,
např. možnost záporného ohodnoceńı, hustota apod.

• Z hlediska avatara, který bude navigován konkrétńım systémem, je nutné zvážit, zda
jde o avatara zanedbatelné velikosti nebo zda je nutné uvažovat jeho rozměry.

• Předevš́ım v př́ıpadě aplikaćı, jejichž prostřed́ı se může pr̊uběžně měnit, je d̊uležité
rozhodnout, zda je úkolem algoritmu nalezeńı kompletńı cesty nebo jen jej́ı části.

• Je dobré zvážit, zda bude připravovaný systém sloužit k nalezeńı cesty pro jediného
avatara nebo k současné navigaci v́ıce avatar̊u, např. u strategických her. Takové
typy systémů jsou obvykle označovány pojmem multi-agent path planning.

• Z hlediska aplikaćı, které dávaj́ı přednost rychlosti před kvalitou výsledného řešeńı,
mohou být použité algoritmy rozděleny podle toho, zda slouž́ı k nalezeńı optimálńı
nebo suboptimálńı cesty (t-optimal path planning).

Jak již bylo zmı́něno v úvodńı kapitole, základńım problémem při použit́ı konvenčńıch
př́ıstup̊u pro hledáńı cest v moderńıch aplikaćıch je fakt, že jsou tyto metody navrženy pro sta-
tické, neměnné prostřed́ı. Algoritmy popisované ve zbytku této kapitoly jsou proto rozděleny
na algoritmy pracuj́ıćı ve statickém (sekce 2.4) a dynamickém prostřed́ı (sekce 2.5).

2.3 Reprezentace prostřed́ı

Abstraktńı reprezentace prostřed́ı, nad kterou pracuj́ı algoritmy hledáńı cest, je nejčastěji
klasifikována do následuj́ıćıch tř́ıd:
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Grafová reprezentace popisuje dané prostřed́ı konečnou množinou stav̊u, mezi kterými se
lze pohybovat po definovaných hranách (viz obr. 2.1). V tomto př́ıpadě odpov́ıdaj́ı stavy
diskrétńım bod̊um v n-rozměrném prostoru (v našem př́ıpadě jsou to nejčastěji polohové
souřadnice ve 3D).

Rastrová reprezentace definuje prostřed́ı konečnou množinou hodnot v matici, která svou
dimenźı odpov́ıdá dimenzi reprezentovaného prostoru. V takovéto diskrétńı reprezentaci
pak algoritmy hledáńı cest postupuj́ı po jednotlivých buňkách matice (viz obr. 2.2).

Virtuálńı realita ani poč́ıtačové hry obvykle neposkytuj́ı reprezentaci prostřed́ı, která by
okamžitě umožnila použit́ı některého z algoritmů hledáńı cest. Obecně lze předpokládat, že
k dispozici je pouze seznam překážek, př́ıpadně definice jejich tvaru. Strukturu pro hledáńı
cest je pak nutné určitým zp̊usobem źıskat právě z těchto informaćı.

V př́ıpadě grafové reprezentace jsou často použ́ıvány tzv. grafy viditelnosti (visibility
graphs). Množina uzl̊u grafu viditelnosti odpov́ıdá vrchol̊um jednotlivých překážek a hranami
jsou pak spojeny ty uzly, které bud’ lež́ı na jedné hraně překážky nebo se vzájemně ”vid́ı”, tedy
pokud př́ımka spojuj́ıćı tyto uzly neprocháźı žádnou z překážek. Př́ıklad grafu viditelnosti lze
naj́ıt na obr. 2.1. Pro upřesněńı dodejme, že mezi vrcholy překážek jsou obvykle zařazeny
také body, mezi kterými má být nalezena cesta (na obr. 2.1 označeny jako s a t). Kromě
graf̊u viditelnosti se dále použ́ıvaj́ı r̊uzné struktury pro děleńı prostoru [Sam90], např́ıklad
tzv. quadtrees, octrees, kD-trees, BSP trees nebo r̊uzné triangulace1.

U rastrových reprezentaćı existuje několik zp̊usob̊u, podle kterých lze interpretovat hod-
noty v dané matici. Nejjednoduš́ı variantou je použit́ı logických hodnot určuj́ıćıch, zda se
v oblasti odpov́ıdaj́ıćı dané buňce v matici vyskytuje některá překážka. V takové matici
pak lze jednoduše naj́ıt bezkolizńı cestu mezi danými body procházeńım buněk s hodnotou
false. Mnohem častěji se však využ́ıvá tzv. IDT2 technika, která v buňkách matice uchovává
vzdálenost středu této buňky od nejbližš́ı překážky. Vytvář́ı tak určité potenciálové pole,
ve kterém lze procházeńım buňek s největš́ımi hodnotami hledat ”nejbezpečněǰśı” cestu mezi
překážkami.

2.4 Statický path-planning

2.4.1 Single source algoritmy

Single source algoritmy slouž́ı k nalezeńı optimálńıch cest z daného výchoźıho uzlu do všech
ostatńıch uzl̊u grafu. Takové řešeńı je nejčastěji reprezentováno tzv. minimálńı kostrou (mini-
mum spanning tree nebo MST) grafu, která obsahuje veškeré uzly grafu a podmnožinu hran
potřebných pro všechny cesty (viz obrázek 2.3). Optimálńı cestu do konkrétńıho uzlu grafu
lze určit pr̊uchodem této stromové struktury směrem ke kořeni. Základńım př́ıstupem3 pro
nalezeńı MST je tzv. relaxace [AI Depot], která procháźı hrany grafu a testuje vzdálenost
jejich koncových uzl̊u od určitého výchoźıho uzlu. Pokud do koncového uzlu vede kratš́ı cesta
právě přes tuto hranu, je hrana označena jako součást kostry. Algoritmus konč́ı ve chv́ıli,
kdy nelze naj́ıt kratš́ı cestu do žádného z vrchol̊u grafu. Postup konstrukce je představen
v pseudokódu 2.1.

1O triangulaćıch budeme bĺıže hovořit v sekci 4.2.
2Bližš́ı informace o této technice jsou uvedeny v sekci 3.1.
3Z daľśıch metod konstrukce MST uved’me pro zaj́ımavost tzv. Primův algoritmus [Ski97].

7



s

t

Obrázek 2.1: Graf viditelnosti
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Obrázek 2.2: Hledáńı cest v rastru
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Algoritmus 2.1 Konstrukce minimálńı kostry
Vstup: graph obsahuj́ıćı konečnou množinu uzl̊u a hran
Vstup: root je jedńım z uzl̊u grafu graph
root.parent← NULL
root.distance← 0
for all node in graph.nodes do
node.parent← NULL
node.distance← inf

end for
while graph neńı kostra do

for all edge in graph.edges do
dist← edge.start.distance+ edge.weight
if edge.end.distance > dist then
edge.end.parent← edge.start
edge.end.distance← dist

end if
end for

end while

B B
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8 8
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1
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8 8
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A A

D D
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Obrázek 2.3: Ukázka minimálńı kostry v orientovaném, hranově ohodnoceném grafu
(vlevo p̊uvodńı graf, vpravo minimálńı kostra pro kořenový uzel A)
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Ačkoliv je časová složitost této metody O(2m), algoritmy s nižš́ı složitost́ı jsou založeny
právě na konstrukci MST. Profesor Edsger W. Dijkstra v roce 1956 formalizoval problém
nalezeńı optimálńı cesty v grafu a představil jeho řešeńı (pro grafy s kladným hranovým
ohodnoceńım), které bylo v roce 1986 zobecněno v tzv. prototypu algoritmu hledáńı cest. Ten
využ́ıvá tzv. seznam otevřených uzl̊u, tedy uzl̊u určených k daľśımu zpracováńı. Na začátku
výpočtu je do seznamu vložen počátečńı uzel hledané cesty. Dokud jsou v seznamu uzly, algo-
ritmus vyb́ırá jeden z nich (odeb́ırá jej ze seznamu) a pro všechny jeho sousedńı uzly testuje,
zda do nich nevede kratš́ı cesta právě přes něj. Pseudokód výpočtu je uveden v algoritmu 2.2,
realizace metod Insert a Select je prostorem pro úpravy v konkrétńıch algoritmech.

Algoritmus 2.2 Prototyp algoritmu hledáńı cest
Vstup: graph obsahuje kon. množinu uzl̊u a hran
Vstup: root je jedńım z uzl̊u grafu graph
Vstup: list je prázdný seznam uzl̊u
list.Insert(root)
while list neńı prázdný do
node← list.Select() {Vybraný uzel je ze seznamu odstraněn}
for all edge in graph.edges do

if edge.end.distance > dist then
edge.end.parent← edge.start
edge.end.distance← dist
list.Insert(edge.end)

end if
end for

end while

Dijkstr̊uv algoritmus metodu Insert v̊ubec nevyžaduje a k výběru následuj́ıćıho uzlu
ke zpracováńı využ́ıvá tzv. greedy př́ıstup - vždy je vybrán uzel, který je nejbĺıže počátečńımu
uzlu. Pokud je metoda pro výběr nejbližš́ıho uzlu realizována lineárńım prohledáváńım, je
jej́ı složitost O(n) a složitost celého algoritmu potom O(n2), proto byly dále představeny
datové struktury pro sńıžeńı složitosti metody Select, např. d-Heaps [Epp94]. V př́ıpadě
graf̊u, kde může být ohodnoceńı hran také záporné, lze použ́ıt Bellman-Ford̊uv algoritmus
[Ski97] s časovou složitost́ı O(m.n), která se však u graf̊u s vysokou hustotou propojeńı uzl̊u
bĺıž́ı O(n3).

2.4.2 All-pairs shortest path algoritmy

Jak je patrné z názvu, all-pairs shortest path algoritmy hledaj́ı optimálńı cesty mezi všemi
uzly grafu. Narozd́ıl od předchoźı skupiny algoritmů by však byla tvorba n minimálńıch
koster velmi pamět’ově náročná, proto se v tomto př́ıpadě často hovoř́ı o tzv. all-pairs shortest
distance algoritmech, které poskytuj́ı pouze vzdálenosti optimálńıch cest mezi jednotlivými
uzly. Tyto hodnoty jsou uchovávány v matici řádu n, u neorientovaných graf̊u je pak možné
využ́ıt symetrie a uchovávat pouze polovinu hodnot.

Naivńı implementaci pro tento typ algoritmů je možné źıskat aplikaćı Dijkstrova algo-
ritmu, resp. Bellman-Fordova algoritmu na každý uzel grafu s výslednou časovou složitost́ı
O(n3), resp. O(n4). Nejznáměǰśım algoritmem v této tř́ıdě je pak Floyd-Warshall̊uv algoritmus
[Ski97], který postupně upravuje hodnoty tzv. distančńı matice (řádky/sloupce představuj́ı
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jednotlivé uzly a hodnoty v matici pak vzdálenost mezi nimi; vzdálenost mezi uzly u a v
označme D(u, v)) tak, aby platilo

D(u, v) = min(D(u, v), D(u,w) +D(w, v)),∀w ∈ V

V pseudokódu 2.3 lze vidět, že Floyd-Warshall̊uv algoritmus pracuje se složitost́ı O(n3).
Tento postup lze nav́ıc použ́ıt také u graf̊u se záporným ohodnoceńım hran (ovšem bez zá-
porných cykl̊u).

Algoritmus 2.3 Floyd-Warshall̊uv all-pairs shortest path algoritmus
Vstup: d distančńı matice grafu
Vstup: graph obsahuj́ıćı konečnou množinu uzl̊u a hran

for i = 0 to graph.nodes.count do
d[i][i]← 0

end for
for all edge in graph.edges do
d[edge.start][edge.end]← edge.weight

end for
for k = 0 to graph.nodes.count do

for i = 0 to graph.nodes.count do
for j = 0 to graph.nodes.count do
d[i][j]← min(d[i][j], d[i][k] + d[k][j])

end for
end for

end for

Prolomeńı kubické složitosti u algoritmů pro nalezeńı cest mezi všemi uzly grafu se ukázalo
být velkým problémem. V roce 1977 byl představen algoritmus, který kombinuje Dijkstr̊uv a
Bellman-Ford̊uv algoritmus a za předpokladu ř́ıdkého orientovaného grafu bez cykl̊u pracuje
se složitost́ı O(n2 log n + m.n). Bez těchto předpoklad̊u ale může být kubická složitost pro-
lomena pouze aproximaćı nejkratš́ı cesty. Aproximace nejkratš́ı cesty je označována pojmem
t-optimálńı cesta, který byl definován v sekci 2.2. Taková cesta může být nanejvýš t-krát horš́ı
než cesta optimálńı, např. t-krát deľśı. V roce 1997 např. představili Dor, Halperin a Zwick
efektivńı algoritmus pro nalezeńı 3-optimálńı cesty [DHZ00].

2.4.3 Single pair shortest path algoritmy

Základńı variantou path planningu jsou single pair algoritmy, jejichž úkolem je nalezeńı op-
timálńı cesty mezi dvěma danými uzly. Výsledné řešeńı pak může být reprezentováno bud’
posloupnost́ı hran nebo uzl̊u. Nejznáměǰśımi algoritmy v této tř́ıdě [Ski97] jsou prohledáváńı
do hloubky (depth first search nebo jen DFS) a prohledáváńı do š́ı̌rky (breadth first search,
BFS), které má velmi bĺızko k single source algoritmům. Z teoretického hlediska jsou single
source algoritmy a single pair algoritmy stejně časově náročné, avšak v praxi jsou hledané
cesty často př́ımé nebo alespoň částečně př́ımé a single pair algoritmy jsou proto efektivněǰśı.
Pseudokód 2.4 naznačuje algoritmus prohledáváńı do š́ı̌rky. Při použit́ı zásobńıku namı́sto
fronty by pak stejný algoritmus realizoval prohledáváńı do hloubky.
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Algoritmus A* [AI Depot] je založen právě na předpokladu, že je hledaná cesta alespoň
částečně př́ımá, a využ́ıvá heuristiku pro ”podhodnocováńı” uzl̊u vyb́ıraných k daľśımi zpra-
cováńı. Heuristickou funkćı je v tomto př́ıpadě euklidovská vzdálenost od ćılového uzlu. Uzel,
který je bĺıže ćıli, má proto větš́ı šanci být vybrán k daľśımu zpracováńı. Zobecněńım algo-
ritmu A* je potom tzv. best-first search algoritmus, avšak pro obecnou aplikaci je těžké naj́ıt
lepš́ı heuristickou funkci.

Algoritmus 2.4 Algoritmus prohledáváńı do š́ı̌rky
Vstup: source je počátečńı uzel
Vstup: target je koncový uzel
Vstup: queue je prázdná fronta uzl̊u
queue.Enqueue(target)
while queue neńı prázdná do
node← queue.Dequeue()
for all neighbour in node.neighbours do

if neighbour is source then
return Cesta nalezena

else if neighbour.visited == false then
queue.Enqueue(neighbour)
neighbour.visited← true

end if
end for

end while
return Cesta neexistuje

2.5 Dynamický path-planning

Algoritmus D* [Ste94], modifikace algoritmu A*, je navržen pro grafy, u kterých může doj́ıt
ke změně ohodnoceńı hran grafu v době jeho procházeńı. Je tedy určen pro neznámá, částečně
známá nebo měńıćı se prostřed́ı. Podobně jako u popisovaných single-source algoritmů si
D* také uchovává seznam právě zpracovávaných uzl̊u a v tomto seznamu dále distribuuje
informace o změnách ohodnoceńı jednotlivých hran. Každý ze zpracovávaných uzl̊u uchovává
informaci o nejmenš́ı odhadované vzdálenosti do ćılového uzlu, tzv. key function, podle které
jsou uzly řazeny. Při změně ohodnoceńı některé z hran je pak tato změna propagována do všech
př́ıslušných ”kĺıčových funkćı”, následkem je přeuspořádáńı uzl̊u, které maj́ı být dále zpraco-
vány. Algoritmus poskytuje optimálńı řešeńı, funkčně je shodný s brute-force př́ıstupem, který
při každé změně prostřed́ı hledá celou cestu znovu, je však efektivněǰśı.

Systém [ACF01] je dobrým př́ıkladem př́ıstupu pro strategické hry, kde je obvykle nutné
plánováńı cest pro velké počty avatar̊u. Odděluje statické překážky, stoj́ıćı avatary a pohy-
buj́ıćı se avatary. V rámci preprocessingu je pro statické překážky připraven graf viditelnosti
(viz obr. 2.1), který nab́ıźı pevný základ pro hledáńı cest. Pozastavené entity jsou sloučeny
do shluk̊u a cesta nalezená v grafu viditelnosti je pak upravena tak, aby s těmito entitami
nebo shluky nekolidovala. V každém kroku prováděńı cesty jsou pak vzájemně sledovány po-
hybuj́ıćı se entity a v př́ıpadě, kdy by mezi nimi mělo doj́ıt ke kolizi, je náhodně zvolená entita
dočasně pozastavena, dokud j́ı opět neńı uvolněna cesta.
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Technika popsaná v [BT98] použ́ıvá metodu rasterizace, která byla popsána v sekci 2.3.
Scéna je diskretizována do matice buněk jednotné velikosti (tzv. uniform cells) a v nich je
následně hledána optimálńı cesta s použit́ım již známého A* algoritmu. Jelikož jde o cestu
pro ”lidské” avatary, základńım kritériem výsledné cesty je, aby vedla po povrchu překážek
dosažitelných člověkem a ne ”vzduchem”. Ukázka takové cesty je znázorněna na obrázku 2.4.

Obrázek 2.4: Cesta pro ”lidské” avatary (převzato z [BT98])
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Kapitola 3

Původńı řešeńı

Jak již bylo uvedeno v podkapitole 2.1, existuje mnoho zp̊usob̊u, jak klasifikovat algoritmy pro
hledáńı cest. Jednou z nejvýznamněǰśıch vlastnost́ı je druh reprezentace prostřed́ı, nad kterým
tyto algoritmy pracuj́ı. Z tohoto hlediska nejčastěji rozlǐsujeme algoritmy pracuj́ıćı s grafovou
a rastrovou reprezentaćı. Grafové metody jsou velice rychlé při hledáńı cesty, avšak samotné
generováńı grafu může být v př́ıpadě moderńıch aplikaćı velmi komplikované, v některých
př́ıpadech dokonce nemožné. Jako př́ıklad uvažme aplikaci, kde je úkolem nalezeńı nejkratš́ı
cesty mezi dvěma mı́sty v prostřed́ı, které neńı předem známé. Naopak rastrové algoritmy
se s dynamickým nebo předem neznámým prostřed́ım vypořádaj́ı mnohem lépe, ale hledáńı
cesty je kv̊uli obvykle velkému počtu prvk̊u rastru (2D nebo 3D matice) velmi časově náročné.

Původńı řešeńı předcházej́ıćı této práci navazuje na práci R. A. Apu a M. Gavrilové [AG05]
a navrhuje suboptimálńı řešeńı kombinaci grafové a rastrové reprezentace prostřed́ı. Přesněji
řečeno, použit́ım 3D matice pro reprezentaci překážek a hrozeb spolu s grafem podobným
struktuře pro děleńı prostoru známé jako octree, který ”obaluje” 3D matici a přizp̊usobuje
se v ńı uloženým hodnotám - zjemňuje se v mı́stech s vyšš́ım nebezpeč́ım a zjednodušuje
v mı́stech s menš́ım nebezpeč́ım. Výsledná kombinace pak může být d́ıky 3D matici použita
v dynamickém, předem neznámém prostřed́ı a použitý graf nav́ıc zajǐst’uje rychlou odezvu
při samotném hledáńı cesty.

3.1 Návrh

Navrhovaný systém pro hledáńı cest sestává z následuj́ıćıch prvk̊u:

Map trojrozměrná matice reálných hodnot reprezentuj́ıćıch prostřed́ı. Reprezentace je zajǐs-
těna technikou zvanou image distance transform (dále jen IDT), kdy je do každé buňky
matice uložena vzdálenost středu této buňky od nejbližš́ı překážky. Matice pak obsahuje
hodnoty ”potenciálového pole” tvořeného překážkami (viz obrázek 3.1).

Mesh graf podobný struktuře octree složený z disjunktńıch kvádrových oblast́ı, tzv. cluster̊u.
Každý cluster může být rekurzivně rozdělen na 8 cluster̊u pokrývaj́ıćıch ten samý pros-
tor. V článku [AG05] je tato stromová struktura označena jako adaptive spatial memory
nebo ASM.
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Obrázek 3.1: Ukázka použit́ı image distance transform
(Vlevo vstupńı obraz s překážkami, vpravo jejich potenciálové pole)

Navrhovaný př́ıstup použ́ıvá dvě mapy stejné velikosti. Prvńı z nich, tzv. mapa překážek,
slouž́ı k reprezentaci statických překážek a druhá, tzv. mapa hrozeb, představuje pohyblivé
překážky, které jsou v tomto kontextu označovány jako hrozby. Nad stejným prostorem je
potom ”rozprostřena” uvedená grafová struktura, která se v každé iteraci rekurzivně adap-
tuje podle hodnot uložených v obou mapách, přesněji řečeno děĺı se na clustery v mı́stech
s větš́ım nebezpeč́ım (viz tmavé oblasti potenciálového pole na obrázku 3.1). Na vrcholy a
hrany těchto cluster̊u lze nakonec nahĺıžet jako na uzly a hrany grafu, ve kterém lze hledat
cestu do konkrétńıho mı́sta v tomto mapovaném prostoru. Ohodnoceńı vrchol̊u a hran grafu
je definováno hodnotami map v př́ıslušných buňkách.

3.2 Implementace

Projekt byl pod označeńım Dispatcher (Discrete space path searcher) implementován jako
dynamická knihovna v jazyce C# 2.0, kterou využ́ıvá testovaćı aplikace založená na grafické
knihovně DirectX. Adaptivńı grafovou strukturu připravil v rámci své diplomové práce [Zit06]
Ing. Přemysl Źıtka. Tř́ıdy a rozhrańı popisovaného systému jsou znázorněny na obrázku A.1.
Rozhrańı IMap představuje obecnou definici mapy a slouž́ı k tomu, aby uživatel mohl v navrho-
vaném systému použ́ıvat vlastńı tř́ıdy pro mapy implementuj́ıćı toto rozhrańı. IMap vyžaduje
pouze implementaci metod float Weight(Point p) (hodnota mapy v konkrétńım mı́stě) a
float Weight(Block b) (hodnota mapy v konkrétńı oblasti). Toto rozhrańı implementuj́ı
tř́ıdy ObstaclesMap a ThreatsMap odpov́ıdaj́ıćı již zmı́něným mapám pro překážky a hrozby.
Ve druhé skupině jsou zařazeny tř́ıdy souvisej́ıćı s adaptivńım grafem. Rozhrańı IGraph opět
definuje základńı vlastnosti použ́ıvaného grafu pro př́ıpadné použit́ı jiné než připravené tř́ıdy
Mesh. IGraph vyžaduje jedinou metodu IEnumerable Vertices(), která vraćı posloupnost
všech vrchol̊u implementovaného grafu. Tyto vrcholy muśı implementovat rozhrańı IEngram,
jinými slovy muśı implementovat metodu IEnumerable Descendants() pro źıskáńı všech
soused̊u daného vrcholu a metodu (lépe řečeno property) Point Position, která vraćı pozici
vrcholu. V připravené aplikaci toto rozhrańı implementuje tř́ıda Engram.
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Všechny základńı tř́ıdy jsou uživateli zpř́ıstupněny prostřednictv́ım tř́ıdy Dispatcher,
která nab́ıźı veškeré potřebné operace - vložeńı/odebráńı překážek nebo hrozeb, adaptaci
na provedené změny, seznam všech hran grafu a nalezeńı cesty mezi danými mı́sty v mapo-
vaném prostoru. Adaptace na provedené změny je provedena za běhu testovaćı aplikace při
každé změně některé z překážek. Během této operace je v př́ıpadě potřeby přepoč́ıtána mapa
hrozeb/překážek a podle nových hodnot v mapách docháźı k adaptaci grafové struktury -
strom cluster̊u je nejprve prohledán od list̊u ke kořeni (od nejmenš́ıch cluster̊u) a veškeré clus-
tery, v jejichž prostoru neńı ”př́ılǐs velké nebezpeč́ı”, jsou sloučeny do p̊uvodńıho superclusteru.
Následně je strom cluster̊u prohledán od kořene k list̊um přes neprouzkoumané uzly a každý
cluster, v jehož prostoru je ”dostatečně velké nebezpeč́ı”, je pak rozdělen na 8 cluster̊u.

3.3 Analýza a výsledky

Pro účely analýzy a testováńı navrženého systému hledáńı cest byla připravena jednoduchá
aplikace v jazyce C# 2.0 s použit́ım knihoven DirectX. V této aplikaci je k dispozici scéna
složená z určitého počtu překážek tvořených koulemi r̊uzných pr̊uměr̊u a náhodně se pohybu-
j́ıćıch bod̊u představuj́ıćıch hrozby. Za běhu aplikace jsou hrozby navigovány na r̊uzná mı́sta
scény a v každé iteraci programu je pak vyžádána adaptace systému, tedy přepoč́ıtáńı hodnot
v mapě hrozeb a přizp̊usobeńı grafu. Mapa překážek je připravena v rámci preprocessingu,
složitost statických překážek tedy př́ımo neovlivňuje efektivitu systému za běhu programu.

V rámci analýzy systému byly sledovány následuj́ıćı vlastnosti:

Počet cluster̊u představuje celkový počet všech cluster̊u, jinými slovy počet všech uzl̊u
stromu popisované adaptivńı struktury.

Čas adaptace reprezentuje celkový čas potřebný k přepoč́ıtáńı mapy hrozeb a adaptaci grafu
v jedné iteraci.

Nebezpeč́ı cesty představuje nejmenš́ı vzdálenost k některé z překážek vzhledem k jedno-
tlivým uzl̊um naplánované cesty. Jinak řečeno, mezi všemi uzly cesty je vybrána jejich
nejmenš́ı vzdálenost od některé z překážek.

3.3.1 Standardńı konfigurace

Pro představeńı některých vlastnost́ı systému bylo nejprve provedeno testováńı na jednoduché
konfiguraci s 16 překážkami, kvalitou map 64 (tedy matice pro každou mapu obsahuje 64x64x64
hodnot) a adaptivńım grafem, který může být rozložen až na 8x8x8 cluster̊u, resp. na 16x16x16
cluster̊u. Ve všech následuj́ıćıch grafech této kapitoly jsou hodnoty popisovány zkratkami O

¯(obstacles) pro počet překážek, G
¯

(grid) pro řád matice a D
¯

(division) pro maximálńı zjem-
něńı adaptivńıho grafu. Označeńı O:16, G:64, D:8x8x8 pak definuje testovaćı scénu uvedenou
na začátku tohoto odstavce.

Na obrázku 3.2 jsou znázorněny počty cluster̊u během prvńıch 1000 iteraćı programu.
V prvńıch iteraćıch lze pozorovat prudký nár̊ust počtu cluster̊u zp̊usobený počátečńı adaptaćı
grafu na statické objekty definované v mapě překážek. Následný koĺısavý pr̊uběh u obou
testovaćıch př́ıpad̊u lze vysvětlit následuj́ıćım zp̊usobem: pokud se některá z dynamických
překážek (hrozeb) dostane do prostoru bez překážek, zvýš́ı t́ım nebezpeč́ı v p̊uvodně bezbečné
oblasti a evokuje tak zjemněńı adaptivńıho grafu v této oblasti. Tyto př́ıpady lze v grafu
pozorovat kolem iteraćı č. 100, 350 nebo 750. Obrázek 3.3 reprezentuje časy adaptace, opět
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během prvńıch 1000 iteraćı testovaćıho programu. Je zřejmé, že časová náročnost adaptace
je závislá na maximálńı úrovni zjemněńı grafu a také koĺısá v závislosti na pozici náhodně
se pohybuj́ıćıch překážek. Posledńı charakteristikou měřenou ve standartńı konfiguraci je již
zmı́něné nebezpeč́ı cesty znázorněné na obr. 3.4.
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Obrázek 3.2: Původńı řešeńı - počet cluster̊u u standardńı konfigurace

3.3.2 Vysoký počet překážek

Daľśı naměřené hodnoty a grafy ukazuj́ı, že efektivita navrženého systému neńı př́ımo závislá
na počtu statických překážek. Pro měřeńı byly použity dvě testovaćı konfigurace s 256,
resp. 2048 náhodně rozmı́stěnými překážkami. Obě konfigurace pak použ́ıvaj́ı mapy řádu
64 a graf s maximálně 16x16x16 clustery.

Grafy 3.5 a 3.6 naznačuj́ı vývoj počtu cluster̊u a časy adaptace v pr̊uběhu prvńıch 1000
iteraćı programu. Lze vidět, že ani jedna z těchto vlastnost́ı př́ımo nezáviśı na počtu statických
překážek, jelikož ty jsou v rámci předzpracováńı zaznamenány do mapy překážek, která má
pevný počet hodnot, v našem př́ıpadě 64x64x64.

17



0

50

100

150

200

250

0 100 200 300 400 500 600 700 800 900

D
o

b
a

 a
d

a
p

ta
ce

 [
m

s]

Iterace programu [-]

Doba adaptace

O:16, G:64, D:8x8x8 O:16, G:64, D:16x16x16
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0

50

100

150

200

250

300

350

0 100 200 300 400 500 600 700 800 900 1000

Č
a

s 
a

d
a

p
ta

ce
 [

m
s]

Iterace programu [-]

Čas adaptace

O:256, G:64, D:16x16x16 O:2048, G:64, D:16x16x16
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3.4 Komplexńı překážky

V počátečńı fázi vývoje systému byly pro jednoduchost uvažovány pouze statické překážky
kulového tvaru o r̊uzných pr̊uměrech (tzv. bounding spheres). Výpočet hodnot potenciálového
pole těchto překážek tak bylo velmi jednoduché. Mapováńı překážek komplexńıch tvar̊u je však
mnohem komplikovaněǰśı, jelikož pro výpočet hodnoty potenciálového pole v konkrétńım mı́stě
je nutné pracovat s překážkami na úrovni trojúhelńık̊u. Naivńı algoritmus pro mapováńı, který
do každé buňky matice ukládá nejmenš́ı ze vzdálenost́ı od jednotlivých trojúhelńık̊u, zřejmě
pracuje se složitost́ı O(g3t), kde g je řád matice a t je počet trojúhelńık̊u všech překážek.
Přestože existuj́ı efektivńı postupy pro výpočet vzdálenosti bodu od trojúhelńıka v prostoru
[Ebe99], je zřejmé, že takové mapováńı překážky po každém jej́ım pohybu by bylo př́ılǐs časově
náročné.

Bylo tedy nutné naj́ıt zp̊usob, který by odstranil potřebu opakovaného mapováńı. Jako
možné řešeńı bylo představeno tzv. dynamické rastrové pole, jehož hlavńı myšlenkou je sle-
dováńı dynamických překážek (změny pozice, orientace a velikosti) a aplikace př́ıslušných geo-
metrických transformaćı na jim odpov́ıdaj́ıćı hodnoty v matici potenciálového pole. Takový
př́ıstup by samozřejmě vyžadoval, aby matice potenciálového pole obsahovala kromě hodnot
také referenci na překážku, které tato hodnota patř́ı a která je tedy danému mı́stu nejbĺıže.
Zp̊usob aplikace geometrické transformace v rastrovém poli vysvětluje následuj́ıćı př́ıklad:
pokud se některá z překážek posune o známý vektor, jsou v tomto směru posunuty také
hodnoty potenciálového pole v matici, jinými slovy jsou tyto hodnoty přesunuty do jiných
buněk. Nové buňky jsou přepsány jen v př́ıpadě, kdy se v nich nevyskytuje vyšš́ı hodnota
potenciálového pole některé jiné překážky. I nadále ale z̊ustávaj́ı problémy s ”d́ırami”, které
vznikaj́ı při většině geometrických transformaćı. Tyto buňky matice je samozřejmě nutné
naplnit novými hodnotami. Ani implementace takového př́ıstupu se tedy neprojevila jako
dostatečně efektivńı a bylo nutné opustit variantu použit́ı 3D matice hodnot potenciálového
pole.
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Kapitola 4

Nové řešeńı

Protože se použit́ı 3D matice pro reprezentaci potenciálového pole překážek ukázalo jako
neefektivńı (viz sekce 3.4), bylo nutné zvolit jinou strukturu pro děleńı prostoru, která by
umožnila vkládáńı, odeb́ıráńı a úpravu bod̊u ”za běhu”. Vzhledem k požadavk̊um kladeným
na navrhovaný systém (sekce 1.1) byla pro daľśı výzkum zvolena tzv. regulárńı triangulace
v kombinaci s pseudooptimálńım algoritmem pro hledáńı cest v dynamickém grafu, tedy grafu,
jehož uzlové/hranové ohodnoceńı a stejně tak topologie se může v čase měnit. V následuj́ıćıch
podkapitolách je představen obecný návrh takového systému a dále je podán teoretický základ
stavebńıch kamen̊u, které tento systém využ́ıvá a kombinuje.

4.1 Obecný návrh

Podobně jako v př́ıpadě předchoźıho řešeńı označovaného jako Dispatcher dostal také nově
navrhovaný systém pracovńı označeńı TrippSys nebo TrippSystem (Triangulation based
path planning system). Jak je patrné z názvu, tento systém využ́ıvá k hledáńı cest triangulaci
nad množinou překážek, které se mohou pohybovat, přibývat nebo ubývat. Triangulace budou
bĺıže popsány a vysvětleny v následuj́ıćı sekci 4.2, prozat́ım je zjednodušeně definujme jako
struktury spojuj́ıćı ”nejbližš́ı sousedy” v dané množině vstupńıch bod̊u. TrippSys použ́ıvá
tzv. regulárńı triangulaci - ta oproti jiným typ̊um triangulaćı uvažuje také váhu vstupńıch
bod̊u a této vlastnosti systém využ́ıvá pro definici r̊uzné mı́ry nebezpeč́ı jednotlivých překážek.
Pro každou překážku je vypoč́ıtána tzv. obalová koule (bounding sphere), tedy nejmenš́ı koule,
která obsahuje všechny vrcholy překážky. Souřadnice a váhy vstupńıch bod̊u regulárńı trian-
gulace jsou pak dány středy a poloměry obalových kouĺı př́ıslušných překážek. Výstupem
triangulace v E3 je množina čtyřstěn̊u (označovaných také jako tetrahedrony nebo tetraedry)
a z těch lze jednoduše źıskat duálńı strukturu regulárńı triangulace, která bude taktéž popsána
v sekci 4.2, tzv. power diagram. TrippSys na tento diagram nahĺıž́ı jako na neorientovaný,
uzlově ohodnocený graf a použ́ıvá jej k hledáńı cest mezi mı́sty definovanými uživatelem. Při
odebráńı, vložeńı nebo změně některé z překážek je př́ıslušná změna promı́tnuta do množiny
vstupńıch bod̊u triangulace. Úpravou regulárńı triangulace samozřejmě docháźı ke změně je-
j́ıho power diagramu a jelikož je tento diagram využ́ıván jako graf pro hledáńı cest, je d̊uležité
si uvědomit, že vrcholy takového grafu mohou pr̊uběžně přibývat nebo mizet. Pokud taková
událost zp̊usob́ı přerušeńı cesty nalezené v některé předchoźı iteraci, TrippSys použ́ıvá pseu-
dooptimálńı algoritmus, který opravuje naposledy nalezenou cestu v mı́stech, kde došlo k je-
j́ımu přerušeńı nebo ke zhoršeńı ohodnoceńı uzl̊u. Algoritmus je detailně popsán v sekci 4.3.
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4.2 Regulárńı triangulace1

Triangulace (v obecném slova smyslu) představuje výstup tzv. triangularizace, typické úlohy
z oblasti výpočetńı geometrie, jej́ımž úkolem je pro danou množinu vstupńıch bod̊u rozdělit
prostor (přesněji řečeno konvexńı obálku těchto bod̊u) na oblasti, jejichž vrcholy koresponduj́ı
s některými ze vstupńıch bod̊u, tak, aby tyto oblasti splňovaly určitá kritéria.

Před popisem regulárńı triangulace uved’me několik základńıch pojmů a vysvětleńı:

Triangulace Mějme konečnou množinu vstupńıch bod̊u P ⊂ R
3, |P | = n. Triangulaćı

množiny P (znač́ıme T (P ) ) rozumı́me rozděleńı konvexńı obálky množiny P (dále jen
CH(P )) na maximálńı množinu tetrahedron̊u (čtyřstěn̊u), jejichž vrcholy koresponduj́ı
s body množiny P a které se vzájemně nepřekrývaj́ı.

Vrchol, hrana, trojúhelńık triangulace Čtyřstěny triangulace se mohou dotýkat v jed-
nom bodě (vrchol triangulace), svými hranami (hrana triangulace) nebo celou stěnou
(trojúhelńık triangulace).

Delaunayova triangulace Jak již bylo zmı́něno v úvodu této kapitoly, při tvorbě trian-
gulaćı jsou obvykle definována kritéria, která muśı triangulace splňovat. Delaunayova
triangulace množiny P (dále jen DT (P )) je taková triangulace T (P ), kde koule opsaná
každému jej́ımu čtyřstěnu neobstahuje žádný daľśı bod z množiny P (tzv. minimum
containment sphere optimalizace). Časová složitost Delaunayovy triangulace v E3 je
v nejhorš́ım př́ıpadě O(n2).

Daľśı typy triangulaćı Mezi daľśı známé triangulace patř́ı např. datově závislá triangulace
(data dependent triangulation) DDT (P ), tzv. ”hltavá” triangulace (greedy triangulation)
GT (P ) nebo triangulace s omezeńım CDT (P ), CGT (P ), kterých se ale ve 3D už́ıvá jen
zř́ıdka.

Regulárńı triangulace (dále jen RT (P )), zobecněńı Delaunayovy triangulace, na vstupu
očekává tzv. vážené body, tedy body definované nejen souřadnicemi, ale také určitou reálnou
vahou wp ∈ R, která pak ovlivňuje výsledný tvar triangulace. Pamět’ová i časová složitost
je stejně jako v př́ıpadě Delaunayovy triangulace v nejhorš́ım př́ıpadě O(n2). Vážené body
obvykle bývaj́ı reprezentovány jako koule s poloměrem √wp. Triangulace T (P ) je regulárńı,
jestliže každý jej́ı čtyřstěn splňuje kritérium globálńı regularity. Tento pojem a daľśı s ńım
souvisej́ıćı jsou definovány následovně (dle [Zem07]):

Power vzdálenost Power vzdálenost mezi váženým bodem p s vahou wp a obyčejným bo-
dem x ∈ R3 je definována jako πp(x) = |xp|2 − wp a může být interpretována jako
druhá mocnina délky tečny z bodu x na kouli se středem v bodě p a poloměrem √wp

(viz obr. 4.1 vlevo). V př́ıpadě, že se bod x nacháźı uvnitř uvedené koule, je power
vzdálenost záporná.

Ortogonalita Vážené body p, q jsou ortogonálńı, jestliže plat́ı |pq|2 = wp +wq (viz obr. 4.1
vpravo).

1Pro detailńı informace o této oblasti výpočetńı geometrie odkazujeme čtenáře na diplomovou práci
Ing. Michala Zemka [Zem07], který pro tento projekt poskytl teoretický základ regulárńıch a Delaunayových
triangulaćı spolu s implementaćı jejich inkrementálńı konstrukce. Stručný teoretický přehled v této kapitole
čerpá právě z jeho práce.
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Ortogonálńı střed Vážený bod z je ortogonálńım středem tetrahedronu abcd, jestliže z je
ortogonálńı na všechny vrcholy tohoto čtyřstěnu.

Globálńı regularita Necht’ z je ortogonálńım středem tetrahedronu abcd. Tetrahedron abcd
je globálně regulárńı, jestliže pro všechny body p ∈ P − {a, b, c, d} plat́ı πz(p) > wp.

Lokálńı regularita Mějme dva tetrahedrony abcd a abce sd́ılej́ıćı jednu stěnu a bod z, který
je ortogonálńım středem tetrahedronu abcd. Sd́ılenou stěnu abc pak nazveme lokálně
regulárńı právě tehdy, když plat́ı πz(e) > we.

p p | q|p

wp wq

q

x

wp

Obrázek 4.1: Power vzdálenost, ortogonalita dvojice vážených bod̊u
(převzato z [Zem07])

4.2.1 Metody konstrukce

Existuje několik př́ıstup̊u k źıskáńı regulárńı triangulace pro vstupńı množinu vážených bod̊u.
Následuje stručný popis nejznáměǰśıch metod:

Inkrementálńı vkládáńı Metoda tvorby triangulace postupným přidáváńım vstupńıch bod̊u.
Po připojeńı každého bodu do triangulace je provedena série lokálńıch úprav, které za-
jist́ı, že je výsledná triangulace opět regulárńı.

Inkrementálńı konstrukce Algoritmus nejprve nalezne globálně regulárńı tetrahedron a
k jeho stěnám pak připojuje daľśı vstupńı body, č́ımž přidává nové tetrahedrony. Zá-
kladńı časová složitost této metody je O(n3). Podle [BS*05] je však s použit́ım vhodných
úprav možné źıskat skoro lineárńı složitost.

Převod do vyšš́ı dimenze Výpočet triangulace je možné řešit také převodem na úlohu
nalezeńı konvexńı obálky ve vyšš́ı dimenzi. Pokud pro vstupńı množinu vážených bod̊u
P definujeme množinu P+ = {(xp, yp, zp, x

2
p + y2

p + z2
p − wp)|p ∈ P}, pak lze zpětnou

projekćı P+ do R3 źıskat právě RT (P ).

Pro popisovaný systém hledáńı cest je použita prvńı z těchto metod, tedy metoda inkre-
mentálńıho vkládáńı. Samotný postup vkládáńı a odeb́ıráńı bod̊u je naznačen v následuj́ıćı
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podkapitole. Algoritmus potřebuje určitý výchoźı čtyřstěn, do kterého jsou pak vkládány
body vstupńı množiny. Pro tyto účely jsou obvykle uvažovány 4 zvláštńı body s takovým
umı́stěńım, aby jimi definovaný čtyřstěn obsahoval všechny vstupńı body z P . Pro přesnost
dodejme, že existuje také daľśı varianta tohoto algoritmu, která obalový čtyřstěn nevyžaduje
a pracuje s konvexńı obálkou množiny vstupńıch bod̊u.

4.2.2 Vkládáńı bod̊u

Prvńım krokem při vkládáńı bodu do triangulace je nalezeńı čtyřstěnu, ve kterém se tento
bod nacháźı. To lze zajistit některou metodou ze tř́ıdy tzv. ”procházek v triangulaci”. Jako
př́ıklad uved’me stochastickou procházku, která zač́ıná v libovolném čtyřstěnu abcd a z něj pak
přecháźı do sousedńıho čtyřstěnu abce právě tehdy, když rovina daná body a, b, c odděluje bod
d a bod, který hledáme. T́ımto zp̊usobem algoritmus postupuje až do doby, kdy toto pravidlo
nesplňuje ani jedna stěna aktuálńıho čtyřstěnu a hledaný bod se tedy nacháźı v něm. Pro test
orientace je použita ńıže definovaná funkce orient(a, b, c, p). Očekávaná složitost algoritmů
procházek v triangulaci je O( 4

√
n) pro jeden bod, přičemž nejsou zapotřeb́ı žádné daľśı datové

struktury.

orient(a, b, c, p) =

∣∣∣∣∣∣∣∣∣
xa ya za 1
xb yb zb 1
xc yc zc 1
xp yp zp 1

∣∣∣∣∣∣∣∣∣ =


< 0, p lež́ı nad rovinou abc
> 0, p lež́ı pod rovinou abc
= 0, p lež́ı v rovině abc

Jakmile jsme úspěšně lokalizovali čtyřstěn inciduj́ıćı s vkládaným bodem, můžeme trian-
gulaci upravit podle následuj́ıćıch př́ıpad̊u, které mohou nastat2:

• Jestliže vkládaný bod p lež́ı uvnitř tetrahedronu abcd, jde o nejjednodušš́ı př́ıpad, kdy
je tento čtyřstěn rozdělen na 4 nové (abcp, bcdp, cdap a dabp).

• V př́ıpadě, že bod p lež́ı na stěně (např. abc) tetrahedronu abcd a existuje sousedńı
tetrahedron sd́ılej́ıćı tuto stěnu, jsou oba tetrahedrony nahrazeny 6 novými.

• Nejsložitěǰśım př́ıpadem je situace, kdy vstupńı bod p lež́ı na hraně (např. ab) tetra-
hedronu abcd. Všechny sousedńı tetrahedrony sd́ılej́ıćı tuto hranu je pak nutné rozdělit
na dva nové a p̊uvodńıch N čtyřstěn̊u je tedy nahrazeno 2N novými.

• Jestliže bod p splývá s některým z vrchol̊u tetrahedronu, nemuśı být do triangulace
v̊ubec zařazen.

Po změně některých čtyřstěn̊u je nutné aplikovat na triangulaci sérii lokálńıch úprav tak,
aby byla výsledná triangulace opět regulárńı. Jestliže stěna některého čtyřstěnu nesplňuje
kritérium lokálńı regularity (viz sekce 4.2), je na tento čtyřstěn (a př́ıpadně na jeho sousedy)
aplikována lokálńı úprava podobná té při vkládáńı bodu a u vněǰśıch stěn nových čtyřstěn̊u
je opět testováno kritérium lokálńı regularity. Tento test je řešen podobně jako test orientace
funkćı regular(a, b, c, d, e). Stěna abc čtyřstěnu abcd je lokálně regulárńı právě tehdy, když
regular(a, b, c, d, e) < 0.

2Neuvažujeme obecnou polohu bod̊u, tedy žádné 4 body nelež́ı v rovině a žádných 5 bod̊u nelež́ı na kouli.
Postup v takových př́ıpadech popisuje např. [Joe91].
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regular(a, b, c, d, e) = orient(a, b, c, d)

∣∣∣∣∣∣∣∣∣∣∣

xa ya za (x2
a + y2

a + z2
a − wa) 1

xb yb zb (x2
b + y2

b + z2
b − wb) 1

xc yc zc (x2
c + y2

c + z2
c − wc) 1

xd yd zd (x2
d + y2

d + z2
d − wd) 1

xe ye ze (x2
e + y2

e + z2
e − we) 1

∣∣∣∣∣∣∣∣∣∣∣
Časová složitost inkrementálńıho vkládáńı je v nejhorš́ım př́ıpadě O(n2). Urychleńı je

pak možné źıskat předevš́ım ve fázi hledáńı čtyřstěnu obsahuj́ıćıho vkládaný bod. Při použit́ı
algoritmu procházky je očekávaná složitost O(n 4

√
n).

4.2.3 Odeb́ıráńı bod̊u

Odebráńı bodu v trojrozměrné regulárńı triangulaci lze realizovat obráceńım postupu vklá-
dáńı nového bodu do triangulace v metodě inkrementálńıho vkládáńı [VPC02]. Tento postup
použ́ıvá prioritńı frontu, do které jsou zpočátku vloženy všechny čtyřstěny inciduj́ıćı s odeb́ıra-
ným bodem. Stěna s největš́ı prioritou je pak z fronty odebrána a aplikuj́ı se na ni již popsané
lokálńı úpravy, přičemž nové stěny obsahuj́ıćı odeb́ıraný bod jsou opět zařazeny do fronty.
Tento postup se opakuje, dokud neńı ve frontě právě 6 stěn. Ty pak představuj́ı 4 čtyřstěny,
které spolu soused́ı a sd́ılej́ı odeb́ıraný bod. Nakonec stač́ı tyto tetrahedrony nahradit jediným.
Daľśı možnost́ı realizace odebráńı bodu z 3D triangulace je rozš́ı̌reńı Devillersova algoritmu
p̊uvodně navrženého pro 2D Delaunayovy triangulace, které detailně popisuje [Zem07].

4.3 Gaps filling algoritmus3

Algoritmus pracovně označovaný jako gaps filling představuje variantu pro rychlé nalezeńı
suboptimálńı cesty v grafech, jejichž ohodnoceńı nebo topologie se v čase měńı. Tento př́ıstup
nehledá celou cestu znovu po každé změně v grafu, ale upravuje naposledy nalezenou cestu
v uzlech, které byly odstraněny nebo u kterých došlo ke zhoršeńı ohodnoceńı. Př́ıklad takové
úpravy je znázorněn na obr. 4.2 - v levém grafu je zvýrazněna nalezená cesta mezi uzly s
a t, v pravém grafu je pak naznačeno přeplánováńı této cesty po zhoršeńı ohodnoceńı uzl̊u
a, b. Původńı cesta je zpracována po jednotlivých uzlech následuj́ıćım zp̊usobem: pokud je
daný uzel n cesty stále platným uzlem grafu a pokud nedošlo ke zhoršeńı jeho ohodnoceńı,
je zařazen do nové cesty, v opačném př́ıpadě je vynechán. Zařazeńı uzlu n do nové cesty má
potom dva možné postupy. Pokud uzel n př́ımo soused́ı s posledńım uzlem u nové cesty, je k ńı
jednoduše přidán, jinak je tato cesta doplněna o uzly cesty mezi u a n nalezené Dijkstrovým
algoritmem. Postup algoritmu gaps filling je naznačen v pseudokódu 4.1.

Za cenu pseudooptimálńıho řešeńı poskytuje tento algoritmus velmi dobré urychleńı co se
týče počtu uzl̊u, které je nutné zpracovat k nalezeńı cesty. Grafy 4.3-4.6 naznačuj́ı urychleńı
pro planárńı graf o 32x32 uzlech, které jsou spojeny s náhodně vybranými sousedńımi uzly.

3 Algoritmus byl autorem tohoto dokumentu detailně popsán a analyzován v článku [Bro07], který je
součást́ı této práce jako př́ıloha E.
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Algoritmus 4.1 Gaps filling algoritmus (úprava nalezené cesty)
Vstup: graf G(V,E), cesta P ⊂ V , poč. a konc. uzly s, t ∈ P
Výstup: nová cesta P ′

P ′ ⇐ {s}
u⇐ NULL {pomocný uzel}
for all n ∈ P − {s} do

if n byl odstraněn ∨ n má horš́ı ohodnoceńı then
if u == NULL then
u⇐ předch̊udce uzlu n na cestě P

end if
else

if u == NULL then
P ′ ⇐ P ′ ∪ {n}

else
P ′ ⇐ P ′ ∪ path(u, n) {Nalezeńı cesty z uzlu (u) do n Dijkstrovým alg.}
u⇐ NULL

end if
end if

end for

s
a

b b

a

t t

s

Obrázek 4.2: Chováńı gaps filling algoritmu
(převzato z [Bro07])
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Graf 4.3 představuje váhu cest4 nalezených oběma algoritmy (Dijkstr̊uv algoritmus a gaps
filling) pro graf, kde se ohodnoceńı uzl̊u měńı náhodně v čase. Snadno z něj lze vypozorovat
již zmı́něnou skutečnost, že algoritmus gaps filling nab́ıźı suboptimálńı řešeńı, v pr̊uměru
přibližně 1,1-optimálńı výsledky (pro informace o t-optimalitě viz sekce 2.4.2). Výjimkou jsou
oblasti kolem iteraćı č́ıslo 120 a 220, kdy tento algoritmus nacháźı cestu, jej́ıž váha je shodná
s váhou optimálńı cesty nalezené Dijkstrovým algoritmem. Tato skutečnost zřejmě může mı́t
dvě r̊uzné př́ıčiny: v těchto iteraćıch bud’ došlo ke zhoršeńı ohodnoceńı všech uzl̊u cesty a
algoritmus gaps filling tak přeplánoval celou cestu s použit́ım Dijkstrova algoritmu anebo se
lokálně upravená cesta stala shodnou s optimálńı cestou.

V grafu 4.4 je naznačen počet uzl̊u, které algoritmy zpracovaly pro nalezeńı cesty mezi
stejnými dvěma uzly. Přestože pseudooptimálńı př́ıstup poskytuje již zmı́něné 1,1-optimálńı
výsledky , k nalezeńı takového řešeńı potřebuje v pr̊uměru pouze 36% z uzl̊u zpracovaných
Dijkstrovým algoritmem. V tabulce 4.1 lze naj́ıt urychleńı oproti Dijkstrovu algoritmu pro
r̊uzné počty uzl̊u, u kterých došlo od posledńıho hledáńı cesty ke změně ohodnoceńı. Graf 4.4
nav́ıc dokazuje d̊uležitou věc popisovanou v předchoźım odstavci: přestože algoritmus gaps
filling poskytl v iteraćıch č́ıslo 120 a 220 optimálńı řešeńı, k jeho nalezeńı zpracoval jen část
uzl̊u zpracovávaných Dijkstrovým algoritmem.

Grafy 4.5 a 4.6 pak představuj́ı celkovou váhu cesty a počet zpracovaných uzl̊u pro stejnou
množinu algoritmů, ale v grafu, jehož změny jsou lokalizované v jedné rozšǐruj́ıćı se oblasti.
Za cenu nalezeńı 1,3-optimálńıho řešeńı zpracuje gaps filling metoda oproti Dijkstrovu algo-
ritmu 26% uzl̊u.

Počet změněných uzl̊u [%] Počet zprac. uzl̊u [%] Váha cesty [%]
25 13,70 126,26
50 37,75 115,76
75 85,67 108,67

Tabulka 4.1: Urychleńı gaps filling algoritmu pro r̊uzné změny ohodnoceńı

4Váhou cesty se v našem kontextu rozumı́ součet vah jednotlivých uzl̊u cesty. Nalezená cesta je t́ım výhod-
něǰśı, č́ım je menš́ı jej́ı váha.
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Obrázek 4.3: Algoritmus gaps filling - váhy cest při náhodných změnách grafu
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Obrázek 4.4: Algoritmus gaps filling - počet zprac. uzl̊u při náhodných změnách grafu
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Kapitola 5

Implementace

Pro implementaci systému hledáńı cest a testovaćıch aplikaćı byl hned z několika d̊uvod̊u zvo-
len jazyk C# 2.0. Jde o moderńı programovaćı jazyk nab́ızej́ıćı mnoho prvk̊u, d́ıky kterým je
kód intuitivńı a dobře pochopitelný, např. bezpečné prototypy funkćı (tzv. delegáti), události,
generické datové struktury apod. Nav́ıc použitá knihovna1 Ing. Michala Zemka zajǐst’uj́ıćı
práci s triangulacemi je stejně jako p̊uvodńı autor̊uv systém (viz kapitola 3) realizována právě
v tomto jazyce. Autor tohoto dokumentu použ́ıvá uvedenou knihovnu regulárńıch triangulaćı
ve vlastńım systému hledáńı cest a dále implementoval ukázkovou herńı aplikaci pro jeho
prezentaci a konzolovou aplikaci pro analýzu.

5.1 Systém hledáńı cest

Na obrázku 5.1 je naznačen návrh systému TrippSys a zp̊usob jeho komunikace s klientskou
aplikaćı (pro účely porovnáńı je do návrhu zahrnut také p̊uvodńı systém Dispatcher). Před
samotným popisem návrhu uved’me základńı množinu operaćı, které figuruj́ı v komunikaci
mezi klientskou aplikaćı a systémem hledáńı cest:

reg Registrace překážky do systému. Překážka klientské aplikace může měnit sv̊uj tvar,
pozici nebo orientaci a systém muśı být schopen reagovat na změnu každé registrované
překážky.

unreg Odhlášeńı překážky ze systému. Taková překážka nadále nebude ovlivňovat výstup
systému.

cesta Nalezeńı cesty podle daného kritéria mezi definovanými mı́sty. Při hledáńı se samozřej-
mě přihĺıž́ı k překážkám registrovaným v systému.

1Knihovna zajǐst’uje tvorbu regulárńı triangulace metodou inkrementálńıho vkládáńı. Implementace tohoto
algoritmu poskytovala možnost vkládáńı daľśıch bod̊u, avšak odeb́ıráńı bod̊u z triangulace bylo v době vzniku
tohoto dokumentu ve fázi testováńı a v dokumentaci tak neńı uvažováno.
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Obrázek 5.1: Základńı struktura navrhovaného systému hledáńı cest TrippSys

Obrázek A.2 představuje nejd̊uležitěǰśı tř́ıdy tvoř́ıćı rozhrańı mezi systémem hledáńı cest
a klientskou aplikaćı. Hlavńı tř́ıdou celého projektu je TrippSystem, která zprostředkovává
veškeré potřebné operace pro klientskou aplikaci, tedy přihlášeńı/odhlášeńı překážek, nalezeńı
cesty mezi definovanými mı́sty a přeplánováńı p̊uvodńı cesty. Systém je schopný zaregistrovat
instanci libovolné tř́ıdy, která děd́ı od abstraktńı tř́ıdy Obstacle. Tato abstraktńı tř́ıda
vyžaduje implementaci několika metod:

• IEnumerable<Vector> Vertices() pro výčet veškerých vrchol̊u překážky (relativńı
souřadnice vzhledem ke středu překážky).

• void GetPosition(out float x, out float y, out float z) pro zjǐstěńı pozice pře-
kážky.

• void GetRotation(out float x, out float y, out float z) pro zjǐstěńı orientace
překážky.

• void GetScale(out float x, out float y, out float z) pro zjǐstěńı měř́ıtka pře-
kážky.

Systém hledáńı cest je pak d́ıky těmto metodám schopný zjistit veškeré potřebné informace
o překážce a v rodičovské tř́ıdě Obstacle si nav́ıc pro každou z nich uchovává vlastńı d̊uležité
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informace, konkrétně index do interńıho pole obalových kouĺı registrovaných překážek (viz
Registrované překážky v obrázku 5.1). Při registraci překážky do systému je prostřednictv́ım
uvedených metod určena pozice a poloměr obalové koule, která je následně uložena v lineárńım
poli pevné velikosti. Toto pole následně slouž́ı jako vstup algoritmu pro výpočet regulárńı
triangulace. Abstraktńı tř́ıda Obstacle proto nab́ıźı události, které muśı od ńı odvozené tř́ıdy
vyvolat vždy, když dojde ke změně překážky:

• event ObstacleChangeHandler VerticesChange při změně modelu překážky.

• event ObstacleChangeHandler PositionChange při změně pozice překážky.

• event ObstacleChangeHandler RotationChange při změně orientace překážky.

• event ObstacleChangeHandler ScaleChange při změně měř́ıtka překážky.

Vyvoláńım některé z těchto událost́ı na straně klientské aplikace dojde automaticky k od-
pov́ıdaj́ıćı změně v poli obalových kouĺı a následně také v triangulaci na straně systému hledáńı
cest. Na obrázku A.3 je k dispozici class diagram daľśı d̊uležité skupiny tř́ıd projektu Tripp-
System, tř́ıd souvisej́ıćıch s hledáńım cest mezi registrovanými překážkami. Tř́ıda Vertex
představuje vrchol grafu tvořeného duálńı strukturou k regulárńı triangulaci, již zmiňovaným
power diagramem, a udržuje veškerá data potřebná pro samotné hledáńı cest:

• Vector Position pozice vrcholu, konkrétně ortogonálńı střed čtyřstěnu, ke kterému
tento vrchol patř́ı.

• List<Vertex> Neighbours seznam vrchol̊u, se kterými tento vrchol soused́ı.

• float Distance vážená vzdálenost od výchoźıho vrcholu (při použit́ı Dijkstrova algo-
ritmu).

• int LastVisited č́ıslo iterace, kdy byl tento vrchol naposledy navšt́ıven (obdoba obar-
vováńı navšt́ıvených uzl̊u v BFS).

• int TetraId index tetrahedronu, ke kterému vrchol patř́ı. Umožňuje zjǐstěńı nekonzis-
tence, kdy tetrahedron, ke kterému nálež́ı daný vrchol, již v triangulaci neexistuje.

Tř́ıda Paths poskytuje statické metody pro nalezeńı cesty mezi konkrétńımi vrcholy po-
moćı několika algoritmů. Připraven byl klasický breadth-first search algoritmus, Dijkstr̊uv
algoritmus a algoritmus A*, který je možné použ́ıt také s vlastńı funkćı definuj́ıćı váhu vr-
cholu grafu. Metoda List<Vertex> Path_AStar(Vertex src,Vertex dest,VertexWeight
w) hledá cestu v grafu mezi uzly src a dest, přičemž jako heuristiku pro ohodnoceńı jed-
notlivých uzl̊u použ́ıvá metodu určenou parametrem w, tedy libovolnou metodu splňuj́ıćı
definici delegáta delegate float VertexWeight(Vertex v, Vertex src, Vertex dest).

Hlavńı tř́ıda systému, TrippSystem, nakonec nab́ıźı metody List<Vertex> Path(Vector
src, Vector dest) (resp. List<Vertex> Path(Vector src, Vector dest, List<Vertex>
oldPath)) pro nalezeńı nové (resp. přepracováńı p̊uvodńı) cesty mezi danými body v pros-
toru. Obě tyto metody nejprve lokalizuj́ı čtyřstěny obsahuj́ıćı počátečńı a ćılový bod a poté
využ́ıvaj́ı právě statické metody tř́ıdy Paths.
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Systém hledáńı cest TrippSystem je realizován jako dynamická knihovna v jazyce C#2.0,
která využ́ıvá daľśı knihovnu s implementaćı metod pro tvorbu a práci s regulárńı triangu-
laćı [Zem07], Regular3D.dll. Při tvorbě triangulace jsou nav́ıc využ́ıvány daľśı knihovny,
TrippSystem tak muśı být distribuován společně s těmito součástmi:

• TrippSystem.dll - knihovna s implementaćı metod hledáńı cest a definićı všech da-
tových struktur použ́ıvaných v klientské aplikaci.

• Regular3D.dll - tvorba a úprava regulárńı triangulace, kterou použ́ıvá projekt Tripp-
System pro dynamické děleńı prostoru.

• MathNet.Iridium.dll - open-source knihovna pro platformu .NET umožňuj́ıćı symbo-
lické a numerické výpočty2.

Projekt samotný je přiložen na CD v adresáři Source/GalaxyWars/TrippSystem a po-
drobná dokumentace3 je připravena v adresáři Documentation/TrippSystem v několika r̊uzných
formátech.

5.2 Testovaćı aplikace GalaxyWars

Pro účely vizualizace výsledk̊u systému TrippSys byla připravena jednoduchá aplikace4

umožňuj́ıćı pr̊ulet trojrozměrným polem asteroid̊u. Aplikace využ́ıvá knihovny XNA Game
Studio 2.05, které zastřešuj́ı knihovny Microsoft DirectX6 a přidávaj́ı daľśı prvky užitečné
při vývoji her. Na začátku aplikace je připraveno pole pevné velikosti s asteroidy, kterým je
náhodně přǐrazena konkrétńı velikost a pozice tak, aby pokrývaly určitý pevně stanovený
prostor. Všechny tyto asteroidy pak implementuj́ı abstraktńı tř́ıdu Obstacle systému Tripp-
Sys a po spuštěńı aplikace jsou do něj zaregistrovány. Ještě před samotným vstupem do hry
je nakonec TrippSys použit k nalezeńı cesty. Pro jednoduchost jde vždy o cestu mezi dvěma
protilehlými rohy zmı́něné oblasti, kterou pokrývaj́ı náhodně generované asteroidy. Na násle-
duj́ıćıch obrázćıch je představeno několik sńımk̊u z pr̊uletu po nalezené cestě a v př́ılohách
A.5-A.9 jsou pak k dispozici daľśı ukázky ze stejné aplikace.

2http://mathnet.opensourcedotnet.info
3Dokumentace byla vygenerována programem Doxygen (http://www.doxygen.org).
4Př́ıloha B.1 poskytuje jej́ı uživatelskou dokumentaci.
5http://creators.xna.com
6http://msdn.microsoft.com/directX
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Obrázek 5.2: Ukázky aplikace GalaxyWars (sńımky 1 až 8)
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Obrázek 5.3: Ukázky aplikace GalaxyWars (sńımky 9 až 16)
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5.3 Testovaćı aplikace Measuring

Pro snazš́ı analýzu systémů popisovaných v kapitolách 3 a 4 byla dále připravena jednoduchá
konzolová aplikace, která použ́ıvá oba tyto systémy ve stejném prostřed́ı. V tomto prostřed́ı je
podle parametr̊u, se kterými je aplikace spuštěna, připravena konkrétńı konfigurace překážek
a vlastnosti obou systémů jsou následně zaznamenávány do soubor̊u pro daľśı zpracováńı.

Na obrázku A.4 je k dispozici diagram tř́ıd této aplikace: Program, hlavńı tř́ıda aplikace,
zpracovává ve vstupńı metodě void Main(string[] args) parametry předané aplikaci a
podle nich poté spoušt́ı testy systémů pro jednotlivé konfigurace překážek ve scéně. Využ́ıvá
k tomu několik dodatečných tř́ıd:

• MyMesh - definice tvaru překážek použ́ıvaných v aplikaci. Data pro tuto tř́ıdu jsou
nač́ıtána z exterńıch soubor̊u, kde je na prvńım řádku uložen počet vrchol̊u a na daľśıch
řádćıch pak souřadnice jednotlivých vrchol̊u s komponentami oddělenými středńıkem.

• MyObstacle reprezentuje konkrétńı překážku jej́ı pozićı, velikost́ı, orientaćı a geomet-
rickým tvarem (instance tř́ıdy MyMesh). Zároveň implementuje abstraktńı tř́ıdu Obsta-
cle systému TrippSys a rozhrańı IThreat systému Dispatcher, aby do nich následně
mohla být registrována.

• MyOutput - vlastńı výstup do souboru umožňuj́ıćı zápis v několika formátech (viz výčet
OutputType v diagramu tř́ıd): hodnoty oddělené středńıkem (comma separated values
nebo CSV), hodnoty oddělené tabulátorem (tabulator separated values nebo TSV) a
formát pro tvorbu ohraničené/neohraničené tabulky v jazyce LATEX.

• MySettings definuje jednotlivá nastaveńı aplikace. Instance této tř́ıdy je vytvořena a
inicializována na základě parametr̊u předaných aplikaci.

36



Kapitola 6

Experimenty a výsledky

Před analýzou připraveného systému hledáńı cest je d̊uležité definovat vlastnosti, které je
u něj nutné nebo vhodné zkoumat. Podle oblasti aplikace a požadavk̊u uvedených v sekci 1.1
má smysl sledovat následuj́ıćı charakteristiky:

• Doba předzpracováńı (tzv. preprocessing), tedy doba inicializace systému ještě před
hlavńı smyčkou programu, ve které je následně systém využ́ıván. Přestože doba předzpra-
cováńı nemuśı hrát v př́ıpadě virtuálńı reality zásadńı roli, stále jde o d̊uležitou vlastnost.

• Doba odezvy na změnu ve scéně, tedy čas potřebný k tomu, aby se systém přizp̊uso-
bil určité změně v prostřed́ı. Doba takové odezvy je pravděpodobně jedńım z nejd̊u-
ležitěǰśıch faktor̊u, nebot’ v kontextu herńıch aplikaćı a virtuálńı reality mohou tyto
změny nastávat takřka v každé iteraci.

• Doba nalezeńı cesty je zřejmě nejd̊uležitěǰśı charakteristikou systému, protože tuto ope-
raci může klientská aplikace využ́ıvat v každé iteraci programu několikrát, např. pro
nalezeńı v́ıce cest pro několik poč́ıtačem ovládaných avatar̊u.

• Kvalita cesty, lépe řečeno odchylka nalezené cesty od cesty optimálńı. Opět jde o vlast-
nost, která neńı pro hledáńı cest v herńıch aplikaćıch zásadńı. Je však dobré poukázat
na souvislost mezi pseudooptimalitou nalezené cesty a dobou jej́ıho nalezeńı.

Výše uvedené vlastnosti byly testovány v závislosti na počtu překážek ve scéně, na jejich
velikosti a rozložeńı. V konzolové aplikaci Measuring popsané v sekci 5.3 byla vždy náhodně
vygenerována množina konkrétńıho počtu překážek a aplikace následně měřila inicializaci
systému a čas potřebný k registraci nové překážky. Stejným zp̊usobem byl současně testován
také p̊uvodńı př́ıstup popisovaný v kapitole 3. Po inicializaci byla vždy nalezena optimálńı
cesta s použit́ım Dijkstrova algoritmu a pseudooptimálńı cesta pomoćı algoritmu gaps filling,
přičemž výsledkem tohoto měřeńı byl čas nalezeńı cesty a jej́ı váha, resp. součet vah jej́ıch
uzl̊u, který je v optimálńım př́ıpadě minimálńı. Jednotlivá pozorováńı a výsledky měřeńı jsou
podrobně popsány v následuj́ıćıch podkapitolách. Pro úplnost ještě dodejme, že veškerá data
byla naměřena na poč́ıtači s procesorem AMD Turion64 X2 (1,6GHz, 1MB L2 cache) a pamět́ı
1GB DDR2.
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6.1 Doba předzpracováńı

Graf na obrázku 6.1 představuje dobu předzpracováńı nově implementovaného řešeńı v porov-
náńı s p̊uvodńım systémem Dispatcher využ́ıvaj́ıćım 3D matici a adaptivńı graf. Doby inicia-
lizace jsou naměřeny pro 27 až 216 překážek, přičemž v systému Dispatcher jsou všechny tyto
překážky interpretovány jako statické1. Původńı řešeńı vyžaduje v př́ıpadě statických překážek
vyšš́ı čas pro inicializaci kv̊uli nutnosti mapovat každou z nich do 3D matice potenciálového
pole (viz sekce 3.1), v př́ıpadě 216 statických překážek je to téměř 82 sekund. Závislost času
inicializace nového systému využ́ıvaj́ıćıho regulárńı triangulaci je lineárńı a ve stejném př́ıpadě
216 překážek vyžaduje přibližně 16 sekund. Pokud jde o dynamické překážky, nově navrhované
řešeńı je pomaleǰśı, protože projekt Dispatcher dynamické překážky nijak nepředzpracovává,
zat́ımco TrippSys muśı vždy odpov́ıdaj́ıćım zp̊usobem upravit triangulaci.
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Obrázek 6.1: TrippSystem - předzpracováńı pro r̊uzné počty překážek
(v systému Dispatcher jsou všechny překážky interpretovány jako statické)

1Jak bylo popsáno v kapitole 3, Dispatcher striktně odděluje statické a dynamické překážky a s každou
tř́ıdou zacháźı jiným zp̊usobem.
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6.2 Doba registrace překážky

V grafu 6.2 a tabulce 6.1 jsou (opět pro oba systémy) znázorněny doby potřebné k registraci2

nové překážky v závislosti na počtu již zaznamenaných objekt̊u. Přestože regulárńı triangu-
lace potřebuje k adaptaci na nově přidanou překážku časy v milisekundách i pro vysoké počty
již obsažených překážek, lze vidět, že registrace dynamické překážky u p̊uvodńıho řešeńı (Dis-
patcher) je mnohem rychleǰśı. Jak již bylo zmı́něno v předchoźım odstavci, p̊uvodńı řešeńı
odděluje statické překážky od dynamických, statické překážky mapuje do 3D matice v rámci
předzpracováńı a dále už umožňuje manipulaci pouze s dynamickými překážkami. V tomto
př́ıpadě je vkládaná překážka jako jediná interpretována jako dynamická. Pro lepš́ı pochopeńı
této vlastnosti jsou v grafech 6.3, 6.4 a v tabulce 6.2 znázorněny doby inicializace a registrace
pro 27 - 210 překážek v př́ıpadě, kdy je polovina z nich interpretována jako statická a polo-
vina jako dynamická. Po vložeńı nové překážky upravuje projekt Dispatcher adaptivńı graf
podle hodnot nebezpeč́ı v jednotlivých mı́stech scény. Nebezpeč́ı je však definováno nejen hod-
notami potenciálového pole statických překážek, ale také vzdálenost́ı okolńıch dynamických
překážek. Č́ım v́ıce jich tedy systém obsahuje, t́ım deľśı je čas adaptace datových struktur
tohoto systému. Z grafu 6.4 je pak zřejmé, že registrace nové překážky v systému Dispatcher
je časově mnohem náročněǰśı.
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Obrázek 6.2: TrippSystem - doba registrace pro r̊uzné počty překážek
(v systému Dispatcher jsou všechny překážky interpretovány jako statické)

2Pod pojmem registrace v tomto př́ıpadě rozumı́me operaci přihlášeńı nové překážky do systému a následné
přizp̊usobeńı jeho vnitřńıch datových struktur.
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TrippSys Dispatcher
# překážek Předzprac. [ms] Registrace [ms] Předzprac. [ms] Registrace [ms]

27 172 0 1484 0
28 172 0 2562 15
29 234 0 4750 15
210 407 0 11453 16
211 437 16 20906 0
212 985 16 32203 15
213 1765 31 53469 16
214 4469 78 67828 15
215 6203 110 75532 15
216 15547 265 81813 63

Tabulka 6.1: TrippSystem a Dispatcher - předzpracováńı a registrace
(v systému Dispatcher jsou všechny překážky interpretovány jako statické)

TrippSys Dispatcher
# překážek Předzprac. [ms] Registrace [ms] Předzprac. [ms] Registrace [ms]

27 172 0 1609 31
28 188 0 2703 109
29 266 0 5187 391
210 437 16 10172 1546

Tabulka 6.2: TrippSystem a Dispatcher - předzpracováńı a registrace
(polovina překážek statická a polovina dynamická)
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6.3 Hledáńı cesty a jej́ı kvalita

Pro r̊uzné počty překážek byla v inicializovaném systému nalezena cesta mezi dvěma pevně
danými body pomoćı optimálńıho Dijkstrova algoritmu a po registraci nové překážky pak
byla tato cesta opravena pomoćı algoritmu gaps filling (viz sekce 4.3). Tabulka 6.3 a grafy 6.5,
6.6 ukazuj́ı srovnáńı těchto algoritmů. Podobně jako u výsledk̊u představených v sekci 4.3,
i zde přináš́ı použit́ı pseudooptimálńıho řešeńı značné urychleńı. Z grafu 6.5 je zřejmé, že
čas potřebný k nalezeńı cesty roste spolu s počtem překážek. To je samozřejmě zp̊usobeno
rostoućım počtem čtyřstěn̊u triangulace, tedy rostoućım počtem vrchol̊u power diagramu,
ve kterém se cesta hledá. Jak je vidět, algoritmus gaps filling nacháźı v pr̊uměru 1,1-optimálńı
řešeńı3 (v nejhorš́ım př́ıpadě pak 1,16-optimálńı řešeńı) v mnohem menš́ım čase.

Dijkstr̊uv algoritmus Gaps filling
# překážek Nalezeńı [ms] Váha [-] Nalezeńı [ms] Váha [-]

212 0 0.616861 0 0.6614693
213 0 0.6066013 0 0.664586
214 31 0.6860374 0 0.7374998
215 63 0.7271375 0 0.7808142
216 78 0.8220786 15 0.879591

Tabulka 6.3: Algoritmus gaps filling - urychleńı a kvalita nalezené cesty

Důležitou část́ı této kapitoly jsou pak grafy 6.7 a 6.8, které představuj́ı srovnáńı sys-
témů TrippSys a Dispatcher z hlediska rychlosti nalezeńı cesty a jej́ı kvality reprezento-
vané pr̊uměrnou vahou nebezpeč́ı4 všech uzl̊u cesty. Z grafu 6.7 je viditelná zásadńı infor-
mace popsaná již v kapitole 3. V př́ıpadě systému Dispatcher je doba nalezeńı cesty závislá
na maximálńı povolené úrovni zjemněńı popisované adaptivńı struktury. V grafu jsou proto
pro názornost zobrazeny dvě varianty tohoto systému: s maximálńım povoleným rozděleńım
adaptivńı struktury na 16x16x16 cluster̊u a na 32x32x32 cluster̊u. U projektu TrippSys je
doba nalezeńı cesty zřejmě závislá na počtu překážek - s rostoućım počtem překážek ve scéně
roste také počet uzl̊u duálńı struktury, mezi kterými se cesta hledá. Jak je nav́ıc zřejmé
z grafu 6.8, TrippSys dokáže naj́ıt v kratš́ım čase cestu, jej́ıž pr̊uměrná váha nebezpeč́ı je
mnohem menš́ı5. Tato vlastnost je zp̊usobena t́ım, že zat́ımco Dispatcher hledá cestu ”pouze”
po hranách a diagonálách cluster̊u, při použit́ı regulárńı triangulace definuj́ı uzly jej́ı duálńı
reprezentace nejbezpečněǰśı mı́sta vzhledem ke vzdálenosti od okolńıch překážek. Z grafu lze
vyč́ıst ještě daľśı d̊uležitou vlastnost p̊uvodńıho řešeńı: pokud je systému Dispatcher povo-
lena vyšš́ı úroveň zjemněńı adaptivńı struktury, hledáńı cesty ve větš́ım počtu cluster̊u pak
trvá deľśı dobu, ale výsledná cesta je kvalitněǰśı právě d́ıky větš́ımu počtu hran.

3Celková váha cesty je opět definována součtem vah jednotlivých uzl̊u, kterými tato cesta procháźı.
4V tomto př́ıpadě je váha nebezpeč́ı definována vzdálenost́ı od nejbližš́ı překážky. Jej́ı hodnota je rovna

jedné, pokud uzel lež́ı na obalové kouli překážky. Menš́ı hodnoty představuj́ı větš́ı vzdálenost, vyšš́ı hodnoty
pak signalizuj́ı, že uzel lež́ı uvnitř obalové koule.

5V grafu 6.8 je pro všechny varianty použit Dijkstr̊uv algoritmus. Váhy cest jsou tedy vždy optimálńı
vzhledem ke grafu, který je danému systému k dispozici.
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Obrázek 6.5: TrippSystem - doba nalezeńı cesty
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44



6.4 Různé velikosti překážek

Daľśı testovanou vlastnost́ı popisovaných systémů je jejich závislost na velikosti překážek,
mezi kterými má být hledána cesta. Grafy 6.9 a 6.10 vizualizuj́ı naměřené hodnoty systémů
TrippSys a Dispatcher ve scénách s pevným počtem překážek (konkrétně 5000 náhodně
rozmı́stěných překážek), jejichž velikost se postupně zvyšuje. Z grafu 6.9 lze vypozorovat, že
ani u jednoho z popisovaných systémů nezáviśı doba předzpracováńı na velikosti překážek.
Systém TrippSys totiž v rámci předzpracováńı generuje regulárńı triangulaci, kde počet
čtyřstěn̊u př́ımo nezáviśı na velikosti překážek, zat́ımco Dispatcher mapuje překážky do troj-
rozměrné matice pevné velikosti, takže ani zde nemá velikost mapované překážky zásadńı
vliv. Ani v tabulce 6.4 a grafu 6.10 nelze pozorovat žádnou závislost na velikosti překážek.
Pr̊uměrná váha cest nalezených systémem TrippSys byla oproti systému Dispatcher stejně
jako v předchoźı sekci o 1-2 řády nižš́ı.

6.5 Rozmı́stěńı překážek

V posledńı fázi analýzy byly oba představené systémy testovány ve speciálńıch př́ıpadech roz-
ložeńı překážek v prostoru. Do scény (přesněji řečeno do jej́ı mapované oblasti o rozměrech
1024x1024x1024 umı́stěné v počátku) byly nejprve vkládány shluky překážek tak, že tyto
shluky o pr̊uměru 256 vždy sestávaly z konstantńıho počtu 1024 náhodně rozmı́stěných
překážek. Prvńı shluk překážek byl vložen do počátku souřadného systému a daľśı shluky
pak byly vkládány do jednotlivých roh̊u mapované oblasti roh̊u se souřadnicemi (-512; -512;
-512) a (512; 512; 512), mezi kterými se hledala cesta. V grafu 6.11 jsou znázorněny pr̊uměrné
váhy cest nalezených v systémech TrippSys a Dispatcher (s použit́ım standardńıho Dijk-
strova algoritmu). Jak je vidět, p̊uvodńı systém našel ve všech př́ıpadech vždy stejnou cestu
(cestu stejné váhy). Ihned po vložeńı prvńıho shluku na souřadnice (0; 0; 0) totiž došlo v sys-
tému Dispatcher ke zjemněńı adaptivńı śıtě právě kolem počátku souřadného systému a byla
nalezena cesta, kterou už daľśı vkládáńı shluk̊u a zjemňováńı adaptivńı struktury v roźıch ni-
jak neovlivnilo. U systému TrippSys je naopak zřejmý velký skok mezi momentem, kdy byl
uprostřed scény jediný shluk překážek, a následuj́ıćım krokem, kdy byl do scény vložen daľśı
shluk do jednoho z roh̊u mapované oblasti. V př́ıpadě jednoho shluku jsou v duálńı struktuře
regulárńı triangulace k dispozici pouze hrany mezi překážkami tohoto shluku, ale přidáńım
daľśıho shluku překážek do scény docháźı v duálńı struktuře ke vzniku nových hran, d́ıky
kterým je pak možné nalezeńı výhodněǰśı cesty.

Daľśım zp̊usobem rozložeńı překážek v prostoru, pro který byly sledovány vlastnosti
popisovaných systémů hledáńı cest, byl jediný shluk překážek, jehož pr̊uměr se postupně
měnil. Do počátku již zmı́něné mapované oblasti byl vždy umı́stěn shluk o určitém pr̊uměru
s pevným počtem překážek. Graf 6.12 představuje pr̊uměrnou váhu cesty mezi body (-512;
-512; -512) a (512; 512; 512), kterou našly systémy ve scéně s jediným shlukem 1024 překážek.
Systém Dispatcher v tomto př́ıpadě vykazuje zhoršováńı kvality cesty s rostoućım pr̊uměrem
shluku. To je zp̊usobeno t́ım, že pro malé pr̊uměry shluku překážek nacháźı p̊uvodńı řešeńı
cestu, která tento shluk obcháźı. Jak je ale zvyšován pr̊uměr shluku, taková cesta postupně
ztráćı na své kvalitě. U systému TrippSys lze naopak pozorovat rostoućı kvalitu cesty, res-
pektive klesaj́ıćı pr̊uměrnou hodnotu nebezpeč́ı v jej́ıch uzlech. S rostoućım pr̊uměrem shluku
náhodně generovaných překážek docháźı ke zvyšováńı rozestupu mezi nimi a u cest vedoućıch
skrze shluk tak klesá nebezpeč́ı definované právě nejmenš́ı vzdálenost́ı od nejbližš́ı překážky.

45



Vlastnosti obou systémů pozorované v této sekci lze shrnout do několika pozorováńı.
Obecně lze ř́ıci, že u nového řešeńı TrippSys je výsledná cesta narozd́ıl od systému Dis-
patcher do určité mı́ry závislá na topologii překážek. Předevš́ım proto, že v systému Tripp-
Sys jsou to právě překážky, které definuj́ı množinu všech hran, nad kterými může být následně
hledána cesta. Pokud překážky nejsou rozloženy rovnoměrně v rámci mapovaného prostoru,
systém nemuśı mı́t k dispozici hrany, které by vedly bezpečněǰśımi oblastmi. Naopak Dis-
patcher má k dispozici hrany v celém mapovaném prostoru, ale jen v oblastech s menš́ım
nebezpeč́ım je jich méně. Přesto však nové řešeńı poskytuje kvalitněǰśı cesty než p̊uvodńı sys-
tém Dispatcher. Jak již bylo uvedeno v sekci 6.3, u p̊uvodńıho řešeńı se cesta hledá v rámci
adaptivńı struktury po hranách a diagonálách cluster̊u. Vzhledem k tomuto ”nedostatku vol-
nosti”pak výsledná cesta neńı tak kvalitńı (bezpečná) jako v systému TrippSys, kde se hrany
triangulace nacháźı v maximálńı vzdálenosti od nejbližš́ıch překážek.

TrippSys (Dijkstr̊uv alg.) Dispatcher (Dijkstr̊uv alg.)
Vel. překážek [-] Doba [ms] Pr̊um. váha [-] Doba [ms] Pr̊um. váha [-]

100 0 0.001805208 31 0.974307883
200 0 0.001669333 47 0.773603992
300 16 0.001678923 47 0.87408289
400 0 0.001738532 0 0.794711668
500 0 0.001613457 15 0.833338829
600 0 0.001499755 0 0.905964757
700 0 0.001577041 16 0.943980884
800 31 0.001576423 47 0.752994169
900 0 0.00168283 0 0.765281741
1000 0 0.001571933 16 1.001918449

Tabulka 6.4: TrippSys a Dispatcher - charakteristiky cest pro překážky r̊uzných velikost́ı
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Kapitola 7

Závěr

7.1 Splněńı ćıl̊u

Podle požadavk̊u uvedených v sekci 1.1 byl navržen, implementován a otestován systém s pra-
covńım označeńım TrippSys pro hledáńı cest v herńıch aplikaćıch a prostřed́ı virtuálńı rea-
lity. Ten použ́ıvá regulárńı triangulaci [Zem07] pro děleńı prostoru mezi překážkami, přes-
něji řečeno k jej́ımu generováńı použ́ıvá pozice a pr̊uměry obalových kouĺı překážek. Jelikož
je ke konstrukci triangulace použit algoritmus inkrementálńıho vkládáńı, umožňuje systém
velmi rychlou registraci nových překážek. Duálńı struktura triangulace je následně použita
pro hledáńı cest v prostoru překážek, přičemž k dispozici je Dijkstr̊uv algoritmus, vlastńı
suboptimálńı algoritmus (gaps filling) a A* algoritmus s možnost́ı definice vlastńı heuristické
funkce pro ohodnoceńı vrchol̊u grafu.

Pro představeńı a otestováńı navrženého př́ıstupu byla připravena herńı aplikace simuluj́ıćı
pr̊ulet polem asteroid̊u a konzolová testovaćı aplikace. Oba programy využ́ıvaj́ı dynamickou
knihovnu projektu TrippSys a pro účely testováńı také knihovnu p̊uvodńıho řešeńı Dis-
patcher.

7.2 Výsledky

U implementace představovaného řešeńı byly testovány charakteristiky, které jsou d̊uležité
nebo zaj́ımavé vzhledem ke kontextu použit́ı tohoto systému, a v relevantńıch př́ıpadech byly
jeho vlastnosti porovnány s p̊uvodńım řešeńım, které popisuje kapitola 3. Konstrukce regulárńı
triangulace pro počátečńı množinu 210 překážek vyžaduje čas přibližně 437ms a přidáńı nové
překážky do této množiny pak trvá méně než 16ms. Pro srovnáńı uved’me, že p̊uvodńı sys-
tém Dispatcher vyžaduje pro stejný počet překážek, kde je polovina z nich interpretována
jako statická a druhá polovina jako dynamická, přibližně 10s pro svou inicializaci a 1,5s pro
adaptaci na nově přidanou překážku.

Pro r̊uzné počty překážek byl sledován také čas nalezeńı cesty v již zmı́něné duálńı grafové
struktuře. Navrhovaný pseudooptimálńı algoritmus gaps filling dokázal v př́ıpadě 216 překážek
nalézt 1,1-optimálńı řešeńı v až 5-krát kratš́ım čase oproti optimálńımu Dijkstrovu algo-
ritmu, kterému v tomto př́ıpadě trvalo nalezeńı cesty přibližně 78ms. Tento čas by zřejmě byl
dostatečně krátký pro použit́ı v jednotlivých iteraćıch programu, ale přesto je velmi d̊uležité
hledat možnosti urychleńı, protože v jedné iteraci programu může být požadováno nalezeńı
v́ıce cest, např. pro r̊uzné poč́ıtačem ovládané avatary.
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7.3 Daľśı postup

Schopnost regulárńı triangulace odeb́ırat body byla v době vzniku tohoto dokumentu ve fázi
testováńı. Hlavńım úkolem v nadcházej́ıćım výzkumu je tedy odladěńı této operace a jej́ı plné
využit́ı v projektu TrippSystem, který prozat́ım nab́ıźı pouze možnost registrace nových
překážek. Do daľśı analýzy a experiment̊u bude začleněno také srovnáńı s Delaunayovo tri-
angulaćı. Momentálńı řešeńı neuvažuje překážky jako takové, ale pouze jejich obalové koule.
Daľśı z možných cest při budoućım vývoji tohoto systému by tak mohlo být rozš́ı̌reńı, které
by (pseudo)optimálńı cestu mezi obalovými koulemi překážek dále zpracovávalo a upravovalo
podle jejich konkrétńıho tvaru. TrippSystem nav́ıc v době vzniku tohoto dokumentu pracuje
s bodovým avatarem a jeho rozměry prozat́ım zanedbává. Budoućı vývoj bude mı́sto hledáńı
samotných cest orientován sṕı̌se na hledáńı určitých ”tunel̊u”, ve kterých se následně může
pohybovat avatar o konkrétńıch rozměrech.
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Přehled zkratek a značeńı

Následuj́ıćı tabulka popisuje veškeré zkratky a značeńı použitá v této práci.

A* Heuristický algoritmus hledáńı cest
ASM Adaptive spatial memory (adaptivńı struktura použitá

v [AG05])
BFS Breadth first search (algoritmus prohledáváńı do š́ı̌rky)
CDT(P) Delaunay triangulace s omezeńım nad množinou bod̊u P

CGT(P) ”Žravá” triangulace s omezeńım nad množinou bod̊u P

CH(P) Konvexńı obálka množiny bod̊u P

D* Úprava algoritmu A* pro dynamické prostřed́ı
DDT(P) Datově závislá triangulace nad množinou bod̊u P

DFS Depth first search (algoritmus prohledáváńı do hloubky)
DT(P) Delaunayova triangulace nad množinou bod̊u P

G(V,E) Graf s množinou uzl̊u V a množinou hran E

GT(P) ”Žravá” triangulace nad množinou bod̊u P

IDT Image distance transform (výpočet potenciálového pole
překážek)

MST Minimum spanning tree (minimálńı kostra grafu)
RT(P) Regulárńı triangulace nad množinou bod̊u P

T(P) Obecná triangulace nad množinou bod̊u P
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Obrázek A.1: Projekt Dispatcher - diagram tř́ıd



Obrázek A.2: Projekt TrippSystem - diagram tř́ıd



Obrázek A.3: Projekt TrippSystem - diagram grafových tř́ıd



Obrázek A.4: Aplikace Measuring - diagram tř́ıd



Obrázek A.5: Testovaćı aplikace GalaxyWars - hlavńı menu



Obrázek A.6: Testovaćı aplikace GalaxyWars - nastaveńı



Obrázek A.7: Testovaćı aplikace GalaxyWars - ovládáńı



Obrázek A.8: Testovaćı aplikace GalaxyWars - power diagram 1



Obrázek A.9: Testovaćı aplikace GalaxyWars - power diagram 2



Dodatek B

Uživatelská dokumentace

Následuj́ıćı sekce popisuj́ı instalaci a ovládáńı ukázkových, resp. testovaćıch aplikaćı, které
jsou přiloženy k tomuto dokumentu na CD.

B.1 Aplikace GalaxyWars

Ukázková herńı aplikace GalaxyWars byla připravena v jazyce C# 2.0 s použit́ım knihoven
XNA Game Studio 2.01, které zastřešuj́ı knihovny Microsoft DirectX2 a přidávaj́ı daľśı
prvky užitečné při vývoji her. K jej́ımu spuštěńı je tedy vyžadována instalace základńı skupiny
knihoven pro .NET Framework 2.03, DirectX4 a XNA Game Studio 2.05. Zdrojové
kódy aplikace je možné nalézt v adresáři Source/GalaxyWars a zkompilovaná release verze
pro architektury x86 je připravena v adresáři Binaries/GalaxyWars. XML soubor Galaxy-
Wars.settings uložený společně se zkompilovanou aplikaćı definuje jej́ı nastaveńı, uved’me
ty nejd̊uležitěǰśı (veškerá nastaveńı pak lze měnit př́ımo v aplikaci, viz obr. A.6):

ResolutionWidth, ResolutionHeight určuje rozlǐseńı obrazovky pro běh aplikace. V př́ı-
padě, že jsou tyto hodnoty nastaveny na nulu, je při spuštěńı aplikace použita automa-
tická detekce rozlǐseńı.

Fullscreen nabývá logické hodnoty true nebo false. Nastaveńım na true je aplikace spuš-
těna v celoobrazovkovém režimu a naopak.

PostScreenEffects opět nabývá logických hodnot true nebo false a lze pomoćı ńı zapnout
nebo vypnout grafické efekty, které maj́ı velký vliv na rychlost a plynulost aplikace.

Ovládáńı samotné aplikace je možné několika zp̊usoby. Základńı ovládáńı lze vyč́ıst z obr. A.7
a kompletńı přehled pak představuje tabulka B.1.

1http://creators.xna.com
2http://msdn.microsoft.com/directX
3K dispozici na CD: Source/dotnetfx.exe
4K dispozici na CD: Source/directx_9c_redist.exe
5K dispozici na CD: Source/xnafx20_redist.msi
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Akce Ovládáńı
Orientace lodi Pohyb myši, kurzorové klávesy

Zrychleńı Levé tl. myši, klávesa A
Zpomaleńı Pravé tl. myši, klávesa Z

Zap./vyp. zobrazeńı pozad́ı klávesa S
Zap./vyp. zobrazeńı cesty klávesa P
Zap./vyp. zobrazeńı grafu klávesa D

Zap./vyp. zobrazeńı vrchol̊u klávesa V
Zap./vyp. automatické navigace klávesa F

Přesunut́ı na začátek cesty klávesa R

Tabulka B.1: Ovládáńı aplikace GalaxyWars

B.2 Aplikace Measuring

Measuring je čistě konzolová aplikace, která slouž́ı k analýze a testováńı představeného sys-
tému bez grafického výstupu (výsledky analýzy jsou vždy zaznamenány do soubor̊u). Ovládat
ji lze předáńım parametr̊u při spouštěńı. Výčet akceptovaných parametr̊u je uveden v tabulce
B.2, přičemž vektor může být zadán jako <x;y;z>, (x;y;z) nebo [x;y;z]. Následuj́ıćı př́ıklad
provede test systémů Dispatcher a TrippSys pro r̊uzné počty překážek (1000 - 5000 překážek
s krokem 100) a dále pro r̊uzné velikosti překážek (ponechané p̊uvodńı hodnoty) v mapované
oblasti se středem v počátku a s rozměry 256x256x256:

Measuring.exe amount size minObstacles=1000 maxObstacles=5000
obstaclesStep=100 bBoxMin=(-128;-128;-128) bBoxMax=(128;128;128)

Zdrojové kódy aplikace je možné nalézt v adresáři Source/Measuring a zkompilovanou
verzi pro architektury x86 lze naj́ıt v adresáři Binaries/Measuring.



Parametr Význam
amount Test závislosti vlastnost́ı systémů na počtu překážek

(výsledky jsou uloženy do souboru obstacles-count.csv)
size Test závislosti vlastnost́ı systémů na velikosti překážek

(výsledky jsou uloženy do souboru obstacles-size.csv)
clusters Test závislosti vlastnost́ı systémů na shlukové topologii

překážek (výsledky jsou uloženy do souboru cluster-
obstacles.csv)

growingcluster Test závislosti vlastnost́ı systémů na topologii překážek
s jedńım rostoućım shlukem překážek (výsledky jsou uloženy
do souboru growing-cluster.csv)

bBoxMin=vektor Minimálńı hodnoty pro náhodné rozmı́stěńı překážek (bez
jeho zadáńı je použit vektor (-512, -512, -512))

bBoxMax=vektor Maximálńı hodnoty pro náhodné rozmı́stěńı překážek (bez
jeho zadáńı je použit vektor (+512, +512, +512))

minSize=celé č́ıslo Minimálńı hodnota pro náhodné rozměry překážek (bez je-
j́ıho zadáńı je použita hodnota 100)

maxSize=celé č́ıslo Maximálńı hodnota pro náhodné rozměry překážek (bez je-
j́ıho zadáńı je použita hodnota 1000)

sizeStep=celé č́ıslo Kroková změna rozměr̊u překážek (bez jej́ıho zadáńı je
použita hodnota 100)

minObstacles=celé č́ıslo Minimálńı počet generovaných překážek (bez jeho zadáńı je
použita hodnota 1000)

maxObstacles=celé č́ıslo Maximálńı počet generovaných překážek (bez jeho zadáńı je
použita hodnota 10000)

obstaclesStep=celé č́ıslo Kroková změna počtu překážek (bez jeho zadáńı je použita
hodnota 1000)

Tabulka B.2: Ovládáńı aplikace Measuring
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Abstract. Solutions for the common problem of path planning in an abstract 
environment have been extensively developed in many scientific disciplines. 
However, almost all explored techniques assume the environment is static and 
completely known. In our proposal, we introduce a model for the real-time path 
planning in a known, unknown and dynamic environment. Our hybrid 
technique combines a graph and grid representation of the examined space 
while preserving the advantages from both ways of the representation. As the 
result, the method offers faster path retrieval then the classical raster approaches 
in a dynamic environment where it is impossible to apply the conventional 
graph based techniques. 

Keywords: path planning, adaptivity, virtual reality, computer graphics. 

1 Introduction 
The first methods for finding an optimal path in an abstract environment were 
developed even before the computer science appeared. Therefore, there are many fast 
and efficient techniques for solving this general task. They are often subdivided 
according to the representation of the environment they are able to work with. Some 
algorithms demand a graph-like definition (e.g., geometrical definition of all 
obstacles) and other algorithms assume the discrete representation is available. 

The conventional algorithms have considerable disadvantages when they are to be 
used in the real applications. The graph representation of the real environment is 
rarely available and its construction is very difficult. The discrete representation of the 
examined space is much easier accessible but the algorithm itself is in most cases very 
time-consuming. In addition, almost all methods for the path finding and planning 
need well-known or static environment which is not often available, either. 

In this paper, we combine an adaptive mesh to define all available transitions for 
searched paths and a simple 3D matrix to store all raster based values. As the result, 
we provide a technique that is faster than the raster based approaches and suitable for 
the dynamic environment (preliminary version of our method, without the adaptivity, 
has been published in [1]). 
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2 State of the art 
Path planning in general denotes a basic problem of finding an optimal path between 
two specified spots in an abstract environment representation. In this context, the 
optimal path means the path satisfying one or more given objectives (the shortest, the 
cheapest or the fastest path, etc.). The abstract environment can be represented in a 
variety of ways but the algorithms are focusing mainly on evaluated graphs and grids. 
There are many ways these environments can be distinguished (dynamic/static, 
known/unknown environments, etc.) which implies a similar distinction of the path 
planning techniques. 

2.1 Graph based methods 

The Visibility graph [3] technique extends the provided definition of the environment 
with the edges connecting the points that can “see” each other. The new edges (and 
the edges defining the sides of each obstacle) then represent the possible transitions 
for the optimal path retrieval. An example of such a preprocessing can be seen in 
Figure 1 on the left. 

The Minkowski sum [4] technique is a similar approach that considers the shape 
of the passing object and „inflates“ the borders of obstacles so that the collision-free 
path can be solved. An example of this approach is presented in Figure 1 on the right. 
 
 

 

2.2 Raster based methods 

A grid representation can be precomputed or modified at the beginning of the 
algorithm. In reference to the modification of the explored grid, the potential field 
model [5] can be used for filling the grid with the discrete values of a specific 
potential field generated by all obstacles. Passing through the grid elements with the 
lowest potential values then ensures finding the path with the maximal clearance 
among all obstacles. The most known techniques for searching itself are for example 
the A* and the D* (for the changing environment) algorithms. 

Figure 1: Examples of a scene processed with the Visibility graph technique 
(on the left) and Minkowski sum technique (on the right) 
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3 The proposed model 
In the proposed solution, we come out of a general idea of a fictive terrain exploration 
with the help of autonomous robots. These robots (also called scouts or agents) survey 
certain locations of the examined terrain according to the orders from certain 
headquarters (HQ). Headquarters then keep specific “paper maps” to sketch in the 
discovered obstacles and other threats which are then periodically complemented and 
updated with the actual values measured by the scouts. After certain time, the static 
obstacles are fully mapped throughout the explored space, the safest paths (in terms of 
the maximal clearance among all obstacles) are known and the scouts are then guided 
only to the locations with a suspicion of the possible threats. 

Following the mentioned idea of the sensor based terrain, we advance in the 
development of a general model for the real-time and adaptive path planning that was 
pioneered by R. A. Apu in [2]. The proposed model can be used for both 2D and 3D 
applications and works in a complex and dynamic environment which is assumed to 
be provided in the raster representation and can be well known, partially known or 
even unknown. The described path planning system is based on the following main 
headstones: 
 

• A graph-like spatial structure (hereafter referred to as a mesh) that adapts itself 
to the examined environment and defines all reachable positions and 
transitions with its vertices and edges. 

• A grid structure for the discrete representation of certain environment hazards 
(hereafter referred to as a map), e.g., the proximity to an obstacle or the 
dynamic threats. 

 
The main approach uses two separate maps of the same size for the environment 

description. The first one, called obstacles map, represents the danger weights as the 
proximities to the nearest obstacle in the mapped space and the second one, called 
threats map, represents the potential field generated by all located and observed 
threats in the examined terrain. In the following, the proposed model keeps a mesh 
that is „widespread“ over the examined space covered also by the mentioned mapping 
structures. This mesh defines all available waypoints and transitions for the path 
retrieval and continuously copes with the changes in the mapping structures. Such an 
adaptation is achieved by refinement of the mesh in the places with higher error 
values (calculated from the obstacles map and threats map) and by merging of the 
mesh in the unimportant areas. 

The algorithm itself is based on the real-time development of the adaptive mesh 
during the particular iterations. According to the presently recorded values in the 
maps, the mesh structure is to be refined in the areas with the higher importance and 
merged in the areas with the lower importance. In the proposed solution, the adaptive 
mesh is used only to define the available waypoints and transitions for the path 
retrieval, not for the visualization. Therefore, T-vertices in the mesh do not bring any 
problems typical for them in the visualisation of the meshes (they may cause creases 
in the model). Foldovers in the mesh are not possible in our case as the vertices are 
not moved, just refined. 
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In our current solution and demonstrating application, we assume the obstacles in 
the environment are already completely explored – the obstacles map is filled with the 
IDT (Image Distance Transform) technique based on the Voronoi diagrams [6]. 
Concretely, the elements of the obstacles map are evaluated according to their 
proximity to the nearest obstacle with the real value from 0 (minimal proximity) to 1 
(maximal proximity to the nearest obstacle or the obstacle itself). The elements of the 
threats map are then evaluated in a similar manner during the mesh adaptation. 
 
 

 

4 Experiments & results 
We have implemented a simple application (in the C# language with the Direct3D 
libraries) to provide the results and comparisons of our algorithm. In this 
demonstrating application, we generate a certain number of obstacles formed by the 
solid spheres with different radii and we also add some abstract threats represented by 
the small red cubes. During the program run, the threats are directed to the random 
locations of the examined space and the adaptive mesh is refined in each iteration. 
The obstacles map is precomputed and filled with the corresponding values before the 
main loop of the program. To demonstrate the adaptivity of the algorithm, the optimal 
path is recomputed after each refinement of the mesh. 

4.1 Survey of the tests 

For our survey, we have selected and measured the following variables as the most 
characteristic and important parameters of the proposed method: 
 

• Clusters amount defines the count of the atomic elements in the adaptive 
structure (in Figure 2, these are the smallest squares with all corners connected 
to each other). 

• Adaptation time determines the time needed for a single iteration of the 
adaptive structure progression. 

Figure 2: An example of the 2D sensor-based terrain exploration and 
corresponding mesh adaptation 
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• Path finding time denotes the time needed for finding the optimal path 
between two constant spots in the opposite corners of the explored space. 

 

The parameters have been measured with a number of testing datasets to present 
the qualities and possible weak points of our implementation. These datasets are 
desrcibed in the legend of each plot. The letter ‘O’ marks the obstacles count, letter 
‘G’ indicates rank of the grid and the letter ‘D’ stands for the maximum level of the 
mesh division. 

First of all, we present the functional dependence of the clusters amount on the 
particular iterations of the program in Figure 3. At the very beginning of the main 
loop, we can see a rapid growth of the clusters amount as the adaptive mesh refines 
itself around the obstacles. The remaining behaviour highly varies due to the 
movement of the threats in the scene. When the threat shifts off from the near 
obstacles, it raises the weight value of the previously unimportant locations and so 
evokes a new refinement of the mesh around these locations. 
 
 

 
The environment of the testing application changes itself in an absolutely random 

way as the threats are directed to the random locations in it. It is still possible to 
discover some events in the application from the presented dependencies. We can take 
a look for example at the graph for the dataset 4 in Figure 3: the growth in the graph 
(during the iterations 0-50, 250-300, 450-500, 650-750 and 800-900) are due to the 
threats that move away from the nearest obstacles and so invoke the mesh refinement 
in the previously unimportant locations. In Figure 3, we can also see the dataset 4 is 
much more varying than the dataset 3 but there is a clear explanation for it. With the 
higher level of maximum mesh division, there are more clusters reacting on the 
threats movement. 
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Figure 3: A clusters count dependent on the program iterations 
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4.2 Obstacles count independence 

We have measured the properties of our solution for 256, 512, 1024 and 2048 
obstacles randomly dislocated throughout the space. Figure 4 shows the clusters 
amount and Figure 5 shows the path finding times for these new configurations. The 
graphs indicate that the qualities of our method are not directly dependent upon the 
obstacles amount. The differences in these graphs are caused by the obstacles 
topology in the scene that is randomly generated for each dataset. 

 

 
 

 

Path finding time during the iterations
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Figure 5: Path finding times dependent on the particular iterations of the 
program 
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4.3 Non-adaptive mesh comparison 

Figure 6 compares the results to the two equivalent adjustments of our old algorithm 
with the regular mesh (in this case, ‘G:64’ means the regular mesh consisting of 
64x64x64 clusters). The times for the regular mesh stay around the value 400ms 
whereas the times for finding the path in the adaptive mesh strongly vary but they 
never achieve the time needed by the old algorithm. Figure 7 then presents the values 
measured simultaneously with the path planning times for Figure 6 (values are 
interpolated by the polynomial regression of the third degree) and demonstrates the 
identical results in the path optimality for these techniques. In this context, the path 
optimality is evaluated according to the highest danger weight in the waypoints on the 
found path where this optimality grows with the descending maximal weight (Figure 
7 shows this maximal weight during the program run). 

 

 

 

Figure 7: Proximities to the nearest obstacles on found 
paths during the program iteration 
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Figure 6: Path planning times dependent on the particular 
iterations of the program 



Combined environment representation in a new path planning approach  

The measurements show the proposed path planning method is a suitable 
alternative for the path planning in dynamic environments: it is faster than the raster 
based approach and it is usable in the applications where the graph based techniques 
fail. On the other hand, there are still high memory requirements due to the 3D matrix 
for the grid used in our solution. 

5 Conclusion 
We have outlined the possible model for the path planning system that eliminates the 
described disadvantages of the conventional approaches applied in the virtual reality. 
We have measured the most important properties of our implementation and provided 
the gained dependencies, some of them compared to the results of the conventional 
approach. The provided method can be used in 2D and 3D applications and works in 
the known, partially known or unknown and dynamic environment. In comparison 
with the regular mesh, the method with the adaptive mesh needs only about 10-50% 
of the original time for finding the optimal path (while the optimality results are 
equal). The more detailed description of this method can be found in a scientific paper 
“Path planning in dynamic environment using an adaptive mesh” submitted to the 
VRST conference in Limassol, Cyprus, 2006. The proposed solution is still under 
development and there are many possible ways to improve this path planning model. 
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Abstract 
In research literature and many scientific disciplines, 
solution to the common problem in path planning for an 
autonomous robot has been extensively developed. 
Almost all explored techniques assume the robot has 
complete and detailed overview of the environment he is 
moving in. In addition to, many methods work over the 
graph representation of this environment which can be 
very difficult to construct or obtain in the real 
applications. This paper introduces a hybrid technique 
combining graph and grid representations of an examined 
space and capable of planning paths in known, partially 
known, unknown and dynamic environment at the price 
of the pseudo optimality of results. 
 

1 Introduction 
General problem of finding and planning of an optimal 
path is a highly explored topic in several scientific areas. 
There are many approaches and techniques for solving 
this task. They are in most cases based either on graph or 
grid representation of the examined environment. In 
other words, some algorithms for path planning demand 
graph-like geometric definition of the processed scene 
(e.g., definition of all obstacles and forbidden areas) and 
other algorithms assume the discrete representation of the 
surrounding environment is provided. Most of these 
techniques generally do not distinguish the dimension of 
examined scene - they can be used either in 2D or 3D 
applications without any difficult modifications. Graph 
based approaches usually derive special structures from 
the provided environment description and work with 
them whereas the raster based approaches usually do not 
need such pre-processing and search the path directly in 
the provided grid. 
 

Both ways of environment representation have crucial 
and radical disadvantages. Graph representation of a real 
environment is rarely available and its construction is - if 
possible at all - very complicated and difficult. 
 

 

1pebro@students.zcu.cz 

On the other hand, discrete representation of the 
examined space is much easier accessible and 
measurable but the algorithm itself is in most cases (due 
to the amount of raster elements to inspect) very time-
consuming. In addition, almost all methods for path 
finding and planning need either well-known or static 
environment which is not always available, either.  
 

A great improvement for this type of applications can 
be achieved with the combination of discrete and graph 
environment approaches. Such a technique could use 
adaptive spatial structure as a graph with vertices and 
edges evaluated according to the values from the 
provided grid. Then it would be able to discover pseudo 
optimal path (optimal among all available transitions in 
the graph) and, for example, continuously adapt this 
spatial structure to the actual state of environment and 
other dynamic influences. 
 

In this paper, we propose a possibility for path 
planning over the combined environment representation 
which eliminates (or at least reduces) the disadvantages 
of mentioned conventional approaches at the price of the 
pseudo optimality of results. The content of the paper is 
as follows. Section 2 explains state of the art together 
with the best known techniques. Section 3 describes the 
proposed path planning model and in the section 4, our 
actual solution and implementation is outlined. Section 5 
shows the results gained by our solution and in section 6, 
the future work of the proposed path planning approach 
is presented. 
 

2 State of the art 
Path planning denotes a basic problem of finding an 
optimal path between two specified spots in an abstract 
environment representation. In this context, optimal path 
means a path satisfying one or more given objectives (the 
shortest, the cheapest or the fastest path, etc.). 
Environment can be represented in a variety of ways but 
the path planning algorithms are focusing mainly on 
evaluated graphs and grids. There are many ways these 
environments can be differentiated (dynamic/static or 
known/unknown environments, etc.) which implies a 
similar distinction of path planning techniques according 
to the types of environment they are able to work with. 



First, let us introduce the approaches based on the 
graph representation of the surrounding environment. 
Visibility graph technique [Her87] extends the basic 
provided graph with edges connecting vertices that can 
“see” each other whereas the source and destination 
position is treated as an obstacle, too. New edges 
(together with edges defining sides of each obstacle) then 
represent possible transitions and through them, the 
optimal path can be found. Example of such pre-
processing in 2D application can be seen in Figure 1: 
edges of all obstacles (bricks pattern filling), starting and 
ending position (points labelled S and E) are connected 
according to their mutual visibility and over possible 
transitions (thin lines and obstacles sides), the optimal 
path (dashed lines) is selected. 
 

 
Figure 1: An example of scene processing with the 

“Visibility graph” technique 
 
 

Minkowski sum [Ram96] is a similar approach that 
(unlike the previous method) considers the shape of 
passing object and “inflates” borders of obstacles so that 
the collision-free path can be solved. Example of such 
pre-processing is presented in Figure 2: the same 
obstacles as in Figure 1 are inflated with the radius of 
obstacle (gray areas) and the collision-free path (dashed 
lines) between starting and ending position (spheres 
labelled S and E) is selected. With the special structure 
prepared, both approaches can use Dijkstra’s algorithm 
[DPV04] or similar to find the appropriate path. 
 
 
 
 
 
 
 
 
 
 
 

 

 
Figure 2: An example of path planning with the 

“Minkowski sum” method 
 
 

Second, we are providing insight into the techniques 
based on the grid representation. Such a grid can be 
precomputed (if not provided) or modified at the 
beginning of the algorithm. In reference to the 
modification of the explored grid, a potential field 
model [War90] can be used for filling the grid with 
discrete values of a specific potential field created by all 
obstacles – passing through the grid elements with the 
lowest potential values then ensures finding the path with 
the maximal clearance among all obstacles. Most known 
techniques for searching itself are for example A* (for 
well-known environment; [Bat04]) and D* (for 
unknown, partially known or changing environment; 
[Ste94]) algorithms. Figure 3 documents the manner of 
such path finding in the grid: obstacles from Figures 1 
and 2 are now splitted into the grid and in this grid, 
optimal path between starting and ending position (cells 
labelled S and E) over the grid cells is illustrated. 
 
 

 
Figure 3: An example of the raster based path planning 

 
 



3 The proposed solution 
To provide a suitable method for the applications where 
the mentioned techniques fail, we are focussing on a 
general path planning technique that works in the known, 
partially known or unknown discrete environment and is 
designed for the virtual reality with the support of the 
exploring avatars. 
 

In the proposed solution, we come out of a general 
idea of a fictive terrain exploration with the help of 
autonomous robots that are controlled from a specific 
kind of headquarters (HQ). These robots (also called 
scouts or agents) are equipped with specific sensors 
(dependent on the type of the application) and explore 
certain locations of the examined terrain according to the 
orders from HQ. Such headquarters keep specific „paper 
maps“ to sketch in the discovered obstacles and other 
threats which are then periodically complemented and 
updated with actual values measured by the scouts. 
Agents are then guided to the unexplored locations or to 
the important locations according to the actual state of 
these maps. After certain time, the static obstacles are 
fully mapped throughout the explored space, the safest 
paths (in term of the maximal clearance among all 
obstacles) are known and the scouts are then guided only 
to locations with a suspicion of possible threats. Figure 4 
represents an example of such environment exploration 
in 2D application: 4 agents in the terrain collect and send 
the information about the obstacles (bricks pattern 
filling) and specific kinds of threats (angry face) to the 
headquarters and there, the measured values are logged 
into the obstacles map (impassable areas) and into the 
threats map (a potential field of discovered threat). 
 
 

 
Figure 4: Preview of 2D terrain sensor-based exploration 

with the autonomous robots 
 
 

 
 
 

Following the mentioned idea of the sensor based 
terrain exploration with the autonomous agents, we 
advance in the development of a general model for the 
real-time and adaptive path planning that was pioneered 
by R. A. Apu in [AG05]. The proposed model can be 
used for both 2D and 3D applications (the only 
difference lies in the undermentioned adaptive graph-like 
structures) and works in a complex and dynamic 
environment which is assumed to be provided in the 
raster representation and can be well known, partially 
known or even unknown. The described path planning 
system is based on three main headstones: 
 

• A graph-like spatial structure (hereafter referred 
to as a mesh) that adapts itself to the examined 
environment and defines all available positions 
and crossings with its vertices and edges. 

 
• A grid structure for discrete representation of 

certain environment hazards (hereafter referred to 
as a map), e.g., proximity to an obstacle or 
dynamic threats. 

 
• An autonomous AI entity (hereafter referred to as 

an agent) for the real-time space exploration and 
influencing the mesh adaptation with its 
behaviour. 

 
The main approach uses two separate maps of the 

same size for the environment description. The first one, 
called obstacles map, represents danger weights as 
proximities to the nearest obstacle in the mapped space 
and the second one, called threats map, represents 
potential fields of all located and observed threats in the 
space. In the following, the algorithm keeps a mesh that 
is „widespread over each map“ and defines all available 
paths the agents can travel during their exploration. This 
mesh continuously copes with the changes in both maps 
and with behaviour of all agents. Such an adaptation is 
achieved by refinement of the mesh in the places with 
higher error values (calculated from the obstacles map 
and threats map) and by merging of the mesh in the least 
visited and unimportant places. 
 

The whole algorithm is based on real-time 
development of the adaptive mesh in particular iterations. 
According to the recorded values in the maps, mesh 
structure is refined in the locations with a higher 
importance (the darker locations in the obstacles map and 
the threats map in the Figure 4) and it is merged in the 
places with a lower importance (in the least visited graph 
vertices). In the proposed path planning system, the 
adaptive mesh is used only to define the available 
waypoints and transitions for the movement and 
navigation of the agents, not for visualization. Therefore, 
T-vertices in the mesh do not bring any problems typical 
for them in the visualisation of meshes (they may cause 
creases in the model). Foldovers in the mesh are not 



possible in our case as vertices are not moved, just 
refined. 

 
In the mentioned fictive application, continuous 

prospecting of the environment was a task of the robots 
but in our approach and demonstrating application, we 
assume the obstacles in the environment are completely 
explored - the obstacles map is filled with weights at the 
beginning of the algorithm with an IDT (Image Distance 
Transform) technique based on the Voronoi diagrams 
[Rou98]. Concretely, the elements of the obstacles map 
are evaluated according to their proximity to the nearest 
obstacle with the real value from 0 (maximal proximity) 
to 1 (minimal proximity or the obstacle itself). The 
elements of the threats map are then evaluated in a 
similar manner during the mesh adaptation. 
 

One iteration of the mesh adaptation in the fictive 
application consists of the following general steps 
(similar as in [AG05]): 
 

1. Maps completion and updating 
The current sensor readings are evaluated in the 
close neighbourhood of each agent and the 
corresponding map elements are updated or 
eventually complemented with the measured values. 

 
2. Influence depletion and replenishment 

An importance of the recorded values (so called 
influence) of each vertex in the adaptive mesh is 
partially depleted and then again partially 
replenished according to the count and distance of 
the agents near this vertex. The more agents are in 
the proximity of the vertex, the bigger is the amount 
of the influence replenishment. 

 
3. Error function evaluation and refinement 

The specific error function with the values from the 
obstacles map, threats map and influences is 
evaluated for each block (in [AG05], the blocks are 
called engrams in a specific spatial structure ASM 
– Adaptive spatial mesh) of the adaptive mesh and 
according to the result, the blocks are merged, 
splitted or left. Figure 5 shows a single stage of the 
adaptive mesh for the 2D scene presented in the 
Figure 4: the mesh is refined in important regions 
(above the obstacles and nearby the threat) and 
coarsened in less important or unexplored regions. 

 
4. Orders execution 

Each agent executes its orders – he finds an optimal 
path to the goal position with the provided cost 
function or follows already computed waypoints (if 
the path cannot be travelled due to the refinements 
of the mesh, the path is recomputed to the last 
waypoint). 

 
 
 

5. Exploration 
If all goals are reached, agents ensure an 
exploration of unvisited locations in the examined 
space – they automatically plan the path to the 
vertices with no values recorded. 

 
 

 
Figure 5: Example of the stage of the adaptive mesh for 

the same type of the explored terrain 
 
 

With this approach, after a certain time, the mesh is 
fully adapted to the static obstacles and copes only with 
the dynamic influences – threats. A pseudo optimal path 
for the user can then be computed using Dijkstra’s 
algorithm with the cost function similar to the function 
used by robots during their exploration in [AG05]. 
 

4 Our solution & implementation 
This section provides an overview of our implementation 
of the path planning model and closely describes the 
implementation details. Therefore, the readers interested 
in the algorithm only can skip it. At this moment, our 
solution does not fulfil the first mentioned requirement – 
use of an adaptive spatial structure for the graph part – 
and so it is degraded to the basic type of raster-based 
path planning methods. Implementation fundamentals for 
this structure have been prepared and we will mske this 
generalization in the near future. 
 

The main implementation of path planner is realized 
in C# language and the whole proposal is designed for 
providing high-level modularity – for each structure 
required by the proposed algorithm an interface is 
prepared. Each interface defines basic operations the 
concrete implemented structure must provide. Figure 6 
shows basic elements of scene mapping part: 
IRasterMap interface must be implemented by every 
mapping structure used in the path planning algorithm.  
In compliance with the interface definition, such 
mapping structure must be able to provide weight of 



mapped space in a certain area or position. Classes 
ThreatsMap and ObstaclesMap implement this 
interface while work in different way. ThreatsMap 
keeps only a list of threats (instances of class that 
implements IThreat interface) and ObstaclesMap class 
keeps 3D array for whole mapped space. 

 
Basic elements of adaptive mesh part are shown in 

Figure 7: Generic class Mesh implements IGraph 
interface (presented in Figure 8) and so provides basic 
operations for passing the graph such as passing all 
vertices or passing the descendants of the specified 
vertex. Engram class is for internal use of the Mesh 
class and the delegate labelled BlockWeight defines the 
only way for adaptation of the mesh - BlockWeight is a 
specific kind of a safe pointer to the function and 
requires method that is able to compute weight of certain 
area of mapped space. Genericity of the Mesh class 
ensures that the class works with any type of vertices. 
Only condition for each class of vertex is implementation 
of the IVertex interface presented in Figure 8. 
 

Figure 8 documents top-level elements of proposed 
path planning algorithm. Main class Dispatcher requires 
above all instance of adaptive mesh class implementing 
the generic interface IGraph and list of instances for 
mapping the examined space (instances of a class 
implementing the IRasterMap interface). 
 

 
Figure 6: Class diagram of interfaces and classes in the 

mapping part of path planner 
 
 
 
 
 
 

 
Figure 7: Class diagram of interfaces and classes in the 

part for adaptive mesh 
 
 

 
Figure 8: Class diagram of interfaces and classes in the 

main path planner 
 
 

The proposed model provides solution for 
applications in known, partially known or unknown 
discretized environment at the price of the pseudo 
optimality of the final path. It comes to this, that this 
consequent path is optimal “only” with respect to the 
adaptive mesh. 

 
 



5 Experiments & results 
To survey our current solution, we have prepared a test 
application that creates a space with obstacles and uses 
the proposed technique for finding the path between two 
constant positions. Figure 9 shows the discovered pseudo 
optimal path in the space with the obstacles in the form 
of spheres with different radii. In the zoom, the same 
scene snapshot with weight markers is presented (lighter 
markers represent a low level of danger and darker 
markers represent a high level of danger). 
 

The obstacles map is precomputed at the beginning of 
the algorithm and so the rank of this map (a count of the 
grid elements in each dimension) does not affect the time 
needed for the path planning itself. On the other hand, 
rank of (for the present) non-adaptive mesh has a great 
impact on this time. Functional dependence of the 
elapsed time on the mesh rank is evaluated and presented 
in the figure 10. The considered example finds a path in 
the same scene as in Figure 9 with obstacles map rank 
equal to 64. The computer configuration is disposed with 
AMD Athlon XP 1.67 GHz and 512 MB DDR RAM.  
 

Figure 11 demonstrates using of the proposed path 
planning system in 2D applications and indicates the 
dependence of the path optimality on the rank of the 
mesh. Optimality of the path increases with the 
punctuality of the mesh (Figure 11 presents examples for 
the ranks 24, 36 and 48). Increase of the rank implicates 
the growth of the memory usage. 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 
Figure 9: Mapped space with the obstacles and found 
path (in the zoomed snapshot with weight markers) 

 
Figure 10: Elapsed time for the path finding dependent 

on the rank of the used non-adaptive mesh 
 

Figure 11: The discovered path for the different ranks of 
the adaptive mesh 

 

0

200

400

600

800

1000

1200

14 18 22 26 30 34 38 42 46 50

Rank of the non-adaptive mesh [-]

E
la

p
se

d
 t

im
e 

fo
r 

th
e 

p
at

h
 f

in
d

in
g

 
[m

s]



6 Conclusion & future work 
We have proposed hybrid and real-time path planning 
technique for real applications with the ability to read 
information about environment through the specific 
devices equipped with sensors. The provided method can 
be used in both 2D and 3D applications and works in 
known, partially known or unknown environment. We 
cooperate on research with authors of this technique in 
the team from the University of Calgary. 
 

In the future, we are going to improve several parts of 
the algorithm solution: 
 

• Enhancement of a method for filling the obstacles 
map according to the scene description: In our 
solution, we use unoptimized code for filling the 
obstacles map. If we want our technique to be 
usable in computer defined and abstract 
environment, we must assume the scene will be 
provided in one of the description formats. So it 
would be better to improve the way the map grid 
is created and filled from this scene 
representation. 

 
• Enhancement of the adaptive structure: The way 

the adaptive structure copes with changes in 
mapped space is another great factor of algorithm 
performance. Topology and adaptation behaviour 
of this structure are main ways we want to focus 
on. 

 
• Interleaving the waypoints of the found path with 

a specific curve is another step to make the path 
planning results look more human-like. While 
creating this curve, we must keep the collision-
free property of found path and that will be 
another way of development we are going to take. 
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Abstract 
Path planning belongs to the best-known and well 
explored problems in computer science. However, 
in today’s real-time and dynamic applications, such 
as virtual reality, existing algorithms for static 
environment are considerably insufficient and, 
surprisingly, almost no attention is given to 
techniques for dynamic graphs. This paper 
introduces two methods to plan a path in an 
undirected graph with evaluated nodes whose value 
can vary in time: a simple modification of 
Dijkstra’s algorithm to find an optimal path while 
processing considerably less nodes than the 
standard Dijkstra’s algorithm and a heuristic 
method to find a suboptimal path while processing 
even smaller amount of nodes. The heuristic was 
developed for a virtual reality path planning 
application but its use is more general. 
 
Keywords: Path planning, Dijkstra, Virtual reality, 
Computer graphics 

1 Introduction 
Path planning belongs to the basic problems not 
only in the computer science. For that reason, there 
were developed many methods for determining a 
path that satisfies one or more optimality criteria 
according to a utilizing application. However, most 
of these path planning methods assume that the 
input structure, in most cases an evaluated graph, 
does not change its topology or rating. Nowadays, 
in time of the virtual and augmented reality, many 
dynamic applications arise and surprisingly, almost 
no attention was given to algorithms for the 
dynamic path planning, namely for fast, suboptimal 
solutions. 

To follow requirements and context of our 
currently developed path planning system for the 
virtual reality, we focus on a slightly different 

definition of a dynamic graph. The overall system 
uses a 3D raster and an adaptive spatial structure 
(Figure 1) with rated nodes to enable finding a 
suboptimal path with the maximal clearance among 
all obstacles and moving threats. Therefore, we 
understand a dynamic graph as a graph with 
varying evaluation of the nodes. As for our virtual 
reality application the speed is more critical than 
optimality, we concentrate on suboptimal approach. 
 

 
 

Figure 1: A visualization of data structures in our 
related VR project 

 
In this paper, we present a modified Dijkstra’s 

algorithm to plan an optimal path and a heuristic 
method to plan a suboptimal path in a dynamic 
graph without using any particular data structure. 
Our simple heuristic uses path information from the 
last graph traversal and provides suboptimal results 
in a notably shorter time than repeated optimal path 
computation. We compare this heuristic with the 
optimum on a dynamic graph with different ways of 
behavior. 



Section 2 describes the best known techniques 
for the static path planning and for the graphs with 
the possibility to insert or remove an edge. Section 
3 presents the proposed algorithms and section 4 
outlines experimentally gained characteristics and 
results. Section 5 then compares the presented 
algorithms with other techniques. 

2 State of the art 
Path planning represents a general task of finding 
an optimal path between two given spots in an 
abstract environment representation, in most cases 
in an undirected graph with weighted nodes or 
edges. Depending on a utilizing application, an 
objective of this task can be, e.g., the shortest path, 
the fastest path or the cheapest path. 

First, we shortly summarize the standard 
algorithms for planning an optimal path in a static 
graph. The best known algorithm, the so called 
breadth-first search [3], finds shortest paths in any 
graph with unit weight of all edges with the overall 
running time O(|V|+|E|) where |V| means number of 
the vertices and |E| represents number of the edges 
in the graph. Dijkstra’s algorithm [4] finds optimal 
paths in a more general graph whose edge lengths 
are positive integers with the running time 
O((|V|+|E|).log|V|). A simplified version of this 
technique is shown in an Algorithm 1 – distance 
property defines an integer distance between a 
current node and a starting node; previous 
property refers to a preceding node on the presently 
found path. 

Finally, the shortest paths in a graph whose 
edges can be evaluated even with negative number 
can be found with the Bellman-Ford algorithm [3] 
with the time complexity O(|V|.|E|). 

Next, we survey the algorithms for a graph with 
the possibility to remove or insert an edge. There 
are only few methods for planning an optimal path 
in such a graph [1, 4, 7, 9]. Most of these methods 
solve the so-called all pairs shortest path problem 
and are based on a special data structure. For a 
graph with unit edge costs, Ausiello and Italiano 
presented a data structure [1] which is able to find 
the shortest path between every pair in linear time 
O(|E|). However, maintaining the data structure 
requires the total time O(|V|3.log|V|) in the worst 
case of insertion of at most O(|V|2) edges. Similar 
approaches [4, 5, 6, 11, 12] were presented to solve 
the all pairs shortest path problem, again by using a 
special data structure. 
 

 
Algorithm 1: A simplified graph processing using 

the Dijkstra’s algorithm 

3 The proposed methods 
The presented methods come out from the standard 
path planning algorithms for static graphs. The 
heuristic is adapted to find a suboptimal path 
without using any special data structure in dynamic 
graphs with varying evaluation of their nodes. The 
input graph can have nodes of different degree with 
a positive integer evaluation which may vary in 
time. The evaluation changes may be randomly 
scattered over the whole graph but in the context of 
virtual reality applications, we expect the changes 
to be concentrated according to the movement of 
„threatening“ avatars. 

Our first technique was inspired by [10] and 
assumes that after the evaluation change, the 
existing path is affected mainly by the „near 
changes“ of the graph evaluation. In addition, it 
assumes that with each iteration, the starting 
position – actually the momentary position of a 
moving avatar – gets nearer to the fixed destination 
point. Therefore, we use the standard Dijkstra’s 
algorithm to find the path in the reverse direction – 
from the destination node to the current starting 
node. Let us denote this approach Backward 
Dijkstra. In comparison with the forward direction, 
fewer nodes are visited. Figure 2 shows the 

Input:  the graph G(V, E), 
the starting node S, 

the target node T 

Output:  evaluation of nodes in G 

Auxiliary: P - set of complet. nodes 

  U,W – auxiliary nodes 

• P  empty set 

• For each node in V 

o Set distance to infinity 

o Set previous to null 

• Set S.distance to 0 

• Insert S to P 

• While not (P contains all nodes) 

o From V, find an edge between U∈P and

W∉P such that U.distance+W.weight is

minimal 

o Set value of the W.distance to

U.distance+W.weight 
o Set W.previous to U 

o Insert W to P 

o If W is the target node,    break the cycle 



algorithm planning a path from the starting node 
S to the destination node T at the beginning and 
after two iterations – the nodes visited during the 
graph traversal are highlighted with gray color. 
 

 
 

Figure 2: An example of path planning using the 
Backward Dijkstra’s algorithm 

 
Our second method uses the strategy that 

preserves as much of the original path as possible 
instead of finding the new optimal path after each 
change in the graph. It updates the last found path 
only in the nodes with changed evaluation. This 
resulting path obviously does not satisfy the 
optimality criteria. However, the mentioned virtual 
reality project and similar applications insist on the 
overall speed rather than on the path optimality. We 
call this approach Gaps filling method because of 
its corresponding behavior. In Algorithm 2, we 
show how the Gaps filling method refreshes the last 
found path. It can be seen that the technique stores 
a list of nodes on the presently found path together 
with their last known evaluations. In next iteration, 
it preserves the nodes with equal or better 
evaluation and spans the worse nodes with a new 
subpath. Figure 3 shows an original path between 
nodes S and T together with a new subpath through 
nodes A, B after the original path was disconnected 
in the middle node. In case that all nodes of the 
previous path have worse evaluation, a complete 
path from the starting node to the target node is 
found. 
 

 
 

Algorithm 2: A graph processing using the gaps 
filling heuristic 

 

 
 

Figure 3: An example of path planning using the 
Gaps filling method 

4 Experiments & results 
For the purposes of comparison of the presented 
algorithms, a simple C# application was prepared to 
examine the behavior of the standard techniques 
and the proposed methods applied on an identical 
graph. The application was designed to enable easy 
extraction of the results and properties of each 
method. Figure 4 shows a screenshot of the 
application with paths generated by the tested 
algorithms and 3 additional windows showing the 
trends of the particular methods. 

 
 

Input:  the graph G(V, E), 
  the last found path W, 

Output:  the new suboptimal path W 

Auxiliary: N – set of new nodes 

• Move the starting node from W to N 

• For each node X in N 

o If X has equal or better evaluation or if it is

the target point, find a new path from

last(N) to X and insert the new nodes to N



For now, the proposed techniques have not yet 
been used in the related VR project. However, we 
test these methods on similar datasets – we use 
graphs defined by an adaptive spatial structure 
similar to an octree with a weight value in each 
vertex of the smallest undivided areas. 
 

 
 

Figure 4: A screenshot of the testing application 
with 3 additional windows showing the trends of 

the particular methods 
 

Again for the purposes of the virtual reality 
project, the testing data were a dense and nearly 
regular graph with an adjustable probability of the 
connection of adjacent nodes. Here, the 100% 
probability means that each node is connected with 
all neighbouring nodes, e.g., with 8 nodes within 
the scope of our testing planar graph. The dynamics 
of the graph is simulated by enabling to adjust the 
evaluation change probability for its nodes or to 
handle the evaluation changes directly through the 
user input. The compared path planning approaches 
were measured for the following cases: 
 

• A graph with 32x32 nodes, connection 
probability 75% and random changes of 
the nodes evaluation with different 
probabilities (25%, 50% and 75%). 

 

• A graph with 32x32 nodes, connection 
probability 75% and mouse driven changes 
of the nodes evaluation. Weight of each 
node was calculated according to its 
proximity to the mouse cursor.  

 
The first case should provide a general idea 

about behavior of the methods, the second one 
simulates moving threats in a VR application. 
 

As representative qualities of the examined 
techniques, the following properties were 
measured: 
 

• An overall path weight – a sum of the 
weights of all nodes on the found path. An 
optimal path represents a path with the 
lowest overall weight. 

 
• An amount of totally processed nodes – an 

amount of graph nodes visited by the 
particular graph traversal. 

 
In order to concisely describe the suboptimal 

results of the proposed path planning approaches, 
an α-optimality term is used. The value α ≥ 1 stands 
for a ratio between suboptimal and optimal results. 
Following this definition, a 1,25-optimal path is 
1,25 times longer or slower (according to the 
definition of the optimality) than the optimal path. 
 
Random changes 
 

For a constant probability of the evaluation 
change 50%, the proposed Gaps filling method 
finds a path that is 1,1-optimal on average 
(1,4-optimal in the worst case) and processes one 
third of nodes processed by the standard Dijkstra’s 
algorithm. Figure 5 displays the overall weights of 
the paths found by the examined path planning 
methods. It can be seen that the results for the 
standard Dijkstra’s algorithm and for the Backward 
Dijkstra are identical. Figure 6 then shows the 
amount of visited nodes. 
 
 
 



 
 

Figure 5: Overall path weight during the program 
run for each presented method 

 

 
 

Figure 6: Total number of visited nodes during the 
program run for each presented method 

 
It can be seen that Backward Dijkstra often 

visits more nodes than the standard Dijkstra’s 
algorithm which was a bit surprising result for us at 
first but the explanation is simple – total number of  
visited nodes obviously depends on the initial node 
for the graph traversal. The probability of the 
evaluation change highly affects the results of the 
presented heuristic algorithm. For higher 
probabilities, more nodes can deteriorate their 
evaluation and the last found path has to be 
recomputed in more segments but the suboptimality 
is for that reason closer to the optimum. 
 

Change 
probability [%] 

Processed 
nodes [%] 

Overall path 
weight [%] 

25 13,70 126,26 
50 37,75 115,76 
75 85,67 108,67 

 
Table 1: Different properties of the Gaps filling for 

the particular change probabilities 
 

Another important factor for the quality of the 
Gaps filling heuristic is the amount of nodes in the 
graph. The higher is the amount of nodes the higher 

savings can be achieved by this method. On the 
other hand, there is a bigger chance of rising of a 
new optimal path that will not be registered by the 
presented Gaps filling method. 
 
Driven changes 
 

During the mouse driven changes in the graph 
evaluation, the gaps filling method finds a 
1,3-optimal path on average and traverses one sixth 
of nodes processed by the Dijkstra’s algorithm. 
Figure 7 shows an example of the testing 
application based on a user interaction to change 
the evaluation of graph nodes. 
 

 
 

Figure 7: An example of the graph with mouse 
driven evaluation of its nodes 

 
Figure 8 shows the overall path weights during 

the program run. Again, the results for the standard 
Dijkstra’s algorithm and the Backward Dijkstra are 
identical. Figure 9 displays the totally visited nodes 
during the program run for each presented method. 
The results presented in figures 8 and 9 are 
measured for specific evaluation changes – all 
nodes in the graph are continuously evaluated 
according to their proximity to a potential point 
which is moving from the bottom-left corner to the 
upper-right corner of the area covered by the graph. 
 



 
 

Figure 8: Overall path weight during the program 
run for each presented method 

 

 
 

Figure 9: Totally visited nodes during the program 
run for each presented method 

 
To show the difference of the Backward 

Dijkstra’s algorithm, we offer results of the 
measured techniques in case of a moving starting 
point. In each iteration, the starting node of the path 
moves to its successor – it continuously approaches 
the target node. Figure 10 again shows the overall 
path weight in about 90 iterations. It can be seen 
that the results of the standard Dijkstra’s algorithm 
and the backward Dijkstra’s algorithm are equal 
while the weight of a path found by the gaps filling 
approach stays  a bit higher. Figure 11 then shows a 
number of processed nodes during the same 
measurement. There is a noticeable difference 
between the amount of nodes processed by the 
standard Dijkstra’s algorithm and the backward 
Dijkstra’s algorithm. In this example case, the 
backward approach finds an optimal path by 
visiting 55% of nodes processed by the standard 
technique and the gaps filling approach finds a 
1,1-optimal path by processing 25% of nodes. 
 

 
 

Figure 10: Overall path weight for the case of 
moving starting point 

 

 
 

Figure 11: Visited nodes for the case of a moving 
starting point 

5 Conclusion & future work 
The Backward Dijkstra’s algorithm provides better 
results when used for planning an optimal path 
from a moving initial position. In these cases, it can 
be a suitable alternative to the standard Dijkstra’s 
algorithm. 

The proposed Gaps filling approach provides 
1,1-optimal results on the average for the graphs 
with randomly changing evaluation and 1,3-optimal 
results on the average for the user driven changes in 
the graph. When applied on an adaptive mesh from 
the mentioned virtual reality project, the described 
approach found a 1,3-optimal path on the average 
by visiting 26% of the nodes processed by the 
standard Dijkstra’s algorithm. 

Due to the local updates of the last found path, 
the presented method does not perceive a possibly 
much better path, which may arise far from the last 
found path. A possible case may occur if there is an 
evaluation improvement around the last found path 
– the gaps filling method responds only to an 
aggravation of the nodes evaluation and it can miss 
the better path as well. However in the virtual 
reality, the behavior of the avatars tends to stay on 



the previously found path rather than walk around 
in a completely new way. 

In the future, we will incorporate the proposed 
approaches into the mentioned VR system [2] and 
we would also like to apply these methods in the 
project related to searching and visualisation of 
paths in chemicals (Masaryk University, Brno, 
Czech Republic). Figure 12 – a screenshot from this 
project [8] – shows a tunnel in protein molecules 
with a path found by the standard Dijkstra’s 
algorithm. 
 

 
 

Figure 12: An example of a tunnel in protein 
molecules [8] 
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Abstract 
 
Solutions for the common problem of path planning in an abstract 
environment have been extensively studied in many scientific 
disciplines. However, many explored techniques assume the 
environment does not change and that there is a complete and 
detailed overview of this examined space. In addition, many path 
planning methods need to derive a specific graph structure from 
the environment representation and it can be often very difficult to 
obtain this structure in some real applications. 
 
In our paper, we introduce a general model for the real-time path 
planning in a dynamic environment and provide a hybrid 
technique that combines a graph and grid representation of the 
examined space. The proposed path planning method uses an 
adaptive mesh for its graph part to provide the capability of the 
assimilation to the changing environment. 
 
The presented method offers faster times for the path retrieval 
than the classical raster based approaches and works in a dynamic 
environment where the conventional graph based techniques fail. 
On the other hand, there are still some higher memory 
requirements of the proposed solution due to the necessary raster 
representation of the examined environment. 
 
CR Categories: I.3.5 [Computer Graphics]: Computational 
Geometry and Object Modeling; I.3.6 [Computer Graphics]: 
Methodology and Techniques 
 
Keywords: path planning, motion planning, computer graphics, 
adaptivity, level of detail, virtual reality 
 
1 Introduction 
 
The first methods for finding an optimal path in an abstract 
environment were developed even before the informatics 
appeared. Therefore, there are many fast and efficient techniques 
for solving this general task. In most cases, these conventional 
methods are subdivided according to the representation of the 
examined environment they are able to work with. Some path 
planning algorithms demand a graph-like definition of the 
processed scene, e.g., geometrical definition of all obstacles and 
other forbidden areas, and other algorithms assume the discrete 
representation of the surrounding environment is available. The 
graph based approaches often need to derive special graph-like 
structures from the provided environment description and work as 
lately as with this structure prepared whereas the raster based 
approaches usually do not need such preprocessing and search the 
optimal path directly in the provided grid representation of the 
environment. 

 
The path planning algorithms based on both types of the 
environment representation have crucial and radical disadvantages 
when they are to be used in the real applications. The graph 
representation of the real environment is rarely available and its 
construction is – if possible at all – very complicated and difficult. 
On the other hand, the discrete representation of the examined 
space is much easier accessible and primarily measurable but the 
algorithm itself is in most cases very time-consuming due to the 
amount of the raster elements to inspect. In addition, almost all 
methods for the path finding and planning need well-known or 
static environment which is not often available, either. 
 
A good improvement for the mentioned applications of these path 
planning systems can be achieved with the combination of the 
discrete and graph environment approaches. Such a technique 
could use an adaptive spatial structure as a graph with its vertices 
and edges evaluated according to the specific values from a 
collaborative grid structure. It could discover an optimal path 
among all available transitions in the graph (but not among the 
grid values) and continuously adapt this spatial structure to the 
dynamic influences. 
 
In this paper, we propose a possibility for the path planning over 
the combined environment representation which reduces the main 
disadvantages of the mentioned conventional approaches. We use 
an adaptive mesh to define all available waypoints and transitions 
for searched paths and a simple 3D matrix to store all raster based 
values. As the result, we provide a path planning technique that is 
faster than the raster based approaches and suitable for the 
applications in the dynamic environment. Preliminary version of 
our method, without the adaptivity, has been published in 
[Brož 2006].  
 
Section 2 shows some of the best known techniques for a dynamic 
path planning, section 3 then describes our proposed method and 
section 4 presents results of this technique compared to 
conventional methods. Finally, section 5 concludes characteristics 
of the presented algorithm and shows a possible future work. 
 
2 State of the art 
 
Path planning in general denotes a basic problem of finding an 
optimal path between two specified spots in an abstract 
environment representation. In this context, the optimal path 
means the path satisfying one or more given objectives (the 
shortest, the cheapest or the fastest path, the path with the 
maximal clearance among all surrounding obstacles, etc.). The 
mentioned abstract environment can be represented in a variety of 
ways but the path planning algorithms are focusing mainly on 
evaluated graphs and 2D or 3D grids. There are many ways these 
environments can be differentiated (dynamic/static, 
known/unknown environments, etc.) which implies a similar 
distinction of the path planning techniques according to the types 
of the environment they are able to work with. 

1pebro@students.zcu.cz
2kolinger@kiv.zcu.cz
3premysl@students.zcu.cz
4apu@cpsc.ucalgary.ca
5marina@cpsc.ucalgary.ca
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2.1 Graph based methods 
 
First, let us introduce the best known approaches based on the 
graph representation of the examined space. The Visibility graph 
[Hershberger 1987] technique extends the basic provided 
geometrical definition of the environment with the edges 
connecting the points that can “see” each other whereas the source 
and destination position is treated as an obstacle, too. The new 
edges together with the edges defining the sides of each obstacle 
then represent the possible transitions and through them, the 
optimal path can be found. An example of such preprocessing in a 
2D application can be seen in Figure 1: the edges of all obstacles 
(filled with the bricks pattern), the starting and ending position 
(the points labelled with the letters S and E) are connected 
according to their mutual visibility and over the possible 
transitions (the thin lines together with the obstacles sides), the 
optimal path (the dashed lines) is found. 

 

 
 

Figure 1. An example of the scene processing 
with the Visibility graph technique. 

 
The Minkowski sum [Ramkumar 1996] technique is a similar 
approach that considers the shape of the passing object and 
„inflates“ the borders of each obstacle so that the collision-free 
path can be solved. An example of such preprocessing is 
presented in Figure 2: the same obstacles as in Figure 1 are 
inflated with the radius of the passing object (the gray areas) and 
the collision-free path (the dashed lines) between the starting and 
ending position (the spheres labelled with the letters S and E) is 
found. With the specific structure prepared, both approaches can 
use the Dijkstra’s algorithm [Dasgupta et al. 2004] or similar one 
to find the appropriate path. 

 

 
 

Figure 2. An example of the path planning 
with the Minkowski sum method. 

 
2.2 Raster based methods 
 
After the short introduction into the graph-based methods for the 
path planning, we are providing insight into the techniques based 
on the grid representation. Such a grid can be precomputed or 
modified at the beginning of the algorithm. In reference to the 
modification of the explored grid, the potential field method 
[Warren 1990] can be used for filling the grid with the discrete 
values of a specific potential field generated by all obstacles. 
Passing through the grid elements with the lowest potential values 
then provides the path with maximal clearance among all 
obstacles. The known techniques for searching itself are for 
example the A* algorithm for the well-known environment 
[Batten 2004] and the D* algorithm for the unknown, partially 
known or changing environment [Stentz 1994]. Figure 3 shows 
the manner of such path finding in the grid: the obstacles from 
Figure 1 and 2 are now splitted into the raster and in this raster, 
the optimal path between the starting and ending position (the 
cells labelled with the letters S and E) over the grid cells is 
outlined. 
 

 
 

Figure 3. An example of the raster based path planning. 
 
 



3 The proposed model 
 
To provide a suitable path planning model for the mentioned 
applications where the conventional approaches fail, we are 
focusing on a general path planning technique that is able to work 
in the known, partially known or unknown discrete environment.  
 
We advance in the development of a general model for the 
real-time and adaptive path planning that was pioneered by 
R. A. Apu [2005]. The proposed model can be used for both 2D 
and 3D applications and works in a complex and dynamic 
environment which is assumed to be provided in the raster 
representation and can be well known, partially known or even 
unknown. The described path planning system is based on these 
main headstones: 
 
• A graph-like spatial structure (hereafter referred to as a mesh) 

that adapts itself to the examined environment and defines all 
reachable positions and transitions with its vertices and edges. 

• A grid structure for the discrete representation of certain 
environment hazards (hereafter referred to as a map), e.g., the 
proximity to an obstacle or the dynamic threats. 

 
The main approach uses two separate maps of the same size for 
the environment description. The first one, called obstacles map, 
represents the danger weights as the proximities to the nearest 
obstacle in the mapped space and the second one, called threats 
map, represents the potential field generated by all threats in the 
examined terrain. In the following, the proposed path planning 
model keeps a mesh coming out of an oct-tree that is 
„widespread“ over the examined space. This mesh then defines all 
available waypoints and transitions for the path retrieval and 
continuously copes with the changes in both mapping structures. 
Such an adaptation is achieved by refinement of the mesh in the 
places with higher error values calculated from the obstacles map 
and threats map and by merging of the mesh in the unimportant 
areas. 
 
The algorithm is based on the real-time development of the mesh 
during the particular iterations. According to the presently 
recorded values in the maps, the mesh is refined in the areas with 
the higher importance and merged in the areas with the lower 
importance. Decision for the refinement or merging of the 
particular cluster is derived from the specific influences of the 
obstacles and threats in each volume unit of this cluster.  
A constant 0≥δ  defines a user defined refinement threshold so 
that the cluster is merged with its neighbours for the criterion 
result less than δ−1 , refined for the criterion result greater than 

δ+1  or left in its original state. Exact formulation of this 
criterion is beyond the scope of the paper. 
 
In the proposed solution, the adaptive mesh is used only to define 
the available waypoints and transitions for the movement, not for 
the visualization. Therefore, T-vertices in the mesh do not bring 
any problems typical for them in the visualisation of the meshes. 
Foldovers in the mesh are not possible in our case as the vertices 
are not moved, just refined. 
 
In our demonstrating application, we assume the obstacles in the 
environment are already completely explored and the obstacles 
map is filled with the Image Distance Transform technique based 
on the Voronoi diagrams [O’Rourke 1998]. Concretely, the 
elements of the obstacles map are evaluated according to their 
proximity to the nearest obstacle with the real value from 0 
(minimal proximity) to 1 (maximal proximity to the nearest 

obstacle or the obstacle itself). The elements of the threats map 
are then evaluated in a similar manner during the mesh adaptation. 
After a certain time, the mesh is fully adapted to the static 
obstacles and copes only with the dynamic influences – with the 
threats. A pseudo optimal path for the user can then be computed 
using Dijkstra’s algorithm with the specific cost function. There 
are many ways to specify the cost functions and in addition to, 
they can differ according to the type of the application. For that 
reason, we are not focusing on the concrete cost function 
definition. 
 
4 Experiments & results 
 
We have implemented a simple application (in the C# language 
with the Direct3D libraries) to provide the results and 
comparisons of our algorithm. Unfortunately, the proposed 
technique needs to map the dynamic obstacles to the raster in each 
step and we are looking for a suitable solution to solve this 
complex process. Therefore, we provisionally use only a simple 
scene composed from a certain number of obstacles formed by the 
solid spheres with different radii and we also add some abstract 
threats represented by the small red cubes. During the program 
run, the threats are directed to the random locations of the 
examined space and the adaptive mesh is refined in each iteration. 
The obstacles map is precomputed and filled with the 
corresponding values before the main loop of the program. 
Therefore, the complexity of this structure and its creation does 
not affect the qualities of the real-time method itself. To 
demonstrate the adaptivity of the algorithm, the optimal path is 
recomputed after each refinement of the mesh. 
 
An example of such a testing scene with 16 obstacles and 2 threats 
is shown in the following images: Figure 4 shows the basic scene 
only with the found path between two opposite corners of the 
examined space, Figure 5 then shows the same scene together 
with the actual state of the adaptive mesh (with the maximum 
level of the mesh division equal to 4) and Figure 6 shows again 
the same scene but this time with the weight values from the 
obstacles map (the darker cubes define safer locations and the 
lighter cubes define more dangerous locations). 
 

 
Figure 4. An example of the random scene 

in the demonstrating application. 
 



 
 

Figure 5. A snapshot of the scene from Figure 4 
with the adaptive mesh. 

 
 

 
 

Figure 6. A snapshot of the scene from Figure 4 
with the values from the obstacles map presented. 

 
4.1 Survey of the tests 
 
For our survey, we have selected and measured the following 
variables as the most characteristic and important parameters of 
the proposed method: 
 
• Clusters amount defines the count of the atomic elements in 

the adaptive structure. In Figure 5, these are the smallest 
cubes with all corners connected to each other. 

• Adaptation time determines the time needed for a single 
iteration of the adaptive structure progression. 

• Allocated memory defines the memory requirements of our 
C# implementation (debug version). 

• Path finding time denotes the time needed for finding the 
optimal path between two constant spots in the opposite 
corners of the explored space. 

 

The mentioned parameters have been measured with the following 
testing datasets to present the qualities and possible weak points 
of our implementation: 
 
• Dataset #1 describes the algorithm in the environment 

consisting of 8 solid spheres. These obstacles fill about 3% in 
the volume of the examined space. The rank of the grid used 
in this preset is equal to 32 - the obstacles map contains 
32 768 elements and the maximum level of the mesh division 
is set to 4. That means that the smallest cluster in the mesh has 
one sixteenth of the original width. 

• Dataset #2 defines the same adjustment of the algorithm as 
the dataset #1 except that the maximum division level is equal 
to 5. 8 solid spheres with different radii are randomly 
dislocated in the examined environment and fill again about 
3% of the space. 

• Dataset #3 specifies the configuration with 16 obstacles 
filling about 6% of the explored environment, with the rank of 
the obstacles map equal to 64 and the maximum level of the 
mesh division set to 4. 

• Dataset #4 again defines the same adjustment of the previous 
dataset except that the maximum division level is set to 5. 16 
obstacles fill about 6% of the examined environment, 
64x64x64 elements in the grid used for the obstacles map. 

 
First of all, we present the functional dependence of the clusters 
amount on the particular iterations of the program in Figure 7. At 
the very beginning of the main loop, we can see a rapid growth of 
the clusters amount as the adaptive mesh refines itself around the 
obstacles. The remaining behaviour of this dependence highly 
varies due to the movement of the threats in the scene. When the 
threat shifts off from the near obstacles, it raises the weight value 
of the previously unimportant locations and so evokes a new 
refinement of the mesh around these locations. Such situations 
then evoke the peeks of the clusters amount that are visible in all 
mentioned dependencies in Figure 7. 
 
The environment of the testing application changes itself in an 
absolutely random way as the threats are directed to the random 
locations in it. It is still possible to discover some events in the 
application from the presented dependencies. We can take a look 
for example at the graph for the dataset 2 in Figure 7: the growth 
in the graph (during the iterations 150-200, 350-500, 600-700, 
780-800 and 920-980) are due to the threats that move away from 
the nearest obstacles and so invoke the mesh refinement in the 
previously unimportant locations. In Figure 7, we can also see the 
datasets 2 and 4 are much more varying than the datasets 1 and 3 
but there is a clear explanation for it. With the higher level of 
maximum mesh division, there are more clusters reacting on the 
threats movement. Figure 8 shows the time requirements of each 
single mesh adaptation. We present the moving average (8 
periods) values instead of the original values. Apparently, the time 
requirements of the adaptation depend mainly on the maximum 
level of the mesh division. Also in these graphs, the peeks can be 
explained with the behaviour of the threats. When the threats shift 
away from the near obstacles, they fill more elements of the grid 
with higher values and so there are more areas for the refinement. 
 
Finally, Figure 9 provides common insight into the memory 
requirements of our implementation. The measured values are 
approximate due to the garbage collector used in the C# programs. 
High and constant amount of the memory is required for the grid 
structure (32x32x32 float matrix for the rank 32) and so the step 
changes in the dependencies are caused only by the mesh 
adaptation itself. 
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Figure 7. A clusters count dependent on the program iterations. 
 

 
 

Figure 8. Time requirements of the mesh adaptation dependent on 
the program iterations. 
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Figure 9. Memory requirements dependent 
on the particular iterations. 
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4.2 Obstacles count independence 
 
The demonstrating application was also used to survey the 
algorithm independence of the obstacles amount. We have defined 
other adjustments of the algorithm similar to the presets from the 
subsection 4.2 and we have measured the properties of our 
solution for 256, 512, 1024 and 2048 obstacles randomly 
dislocated throughout the space. The concrete values are again 
defined in the parentheses behind each preset in the legends – ‘O’ 
stands for the obstacles count, ‘G’ stands for the rank of the grid 
and ‘D’ stands for the maximum level of the mesh division. 
 
Figure 10 shows the functional dependence of the clusters amount 
and the particular iterations of the program for these new 
configurations. The presented graphs indicate that the clusters 
count is not directly dependent upon the obstacles amount. The 
differences in these graphs are caused by the topology of all 
obstacles in the scene that is randomly generated for each dataset. 
The same situation of this separateness occurs in Figure 11 with 
the functional dependence of the mesh adaptation times and in 
Figure 12 with the dependence of the time for finding the path. 
Figures 11 and 12 are again presented in the form of the moving 
averages due to the oscillating measured values. The considered 
obstacles are preprocessed in the grid and that is the only part of 
our solution that is affected by the count of the obstacles. 

 



 
 

 
 
 
4.3 Non-adaptive mesh comparison 
 
We also have an implementation of the proposed path planning 
technique with the regular mesh - it provided us the opportunity to 
compare this old solution to our current implementation. 
 
Figure 13 shows two selected configurations from the subsection 
4.2 together with the results from the two equivalent adjustments 
of the old algorithm with the regular mesh - in this case, ‘G:64’ 
means the regular mesh consisting of 64x64x64 clusters. The 
times for the regular mesh stay around the value 400ms whereas 

the times for finding the path in the adaptive mesh strongly vary 
but they never achieve the time needed by the old algorithm. 
Average time for the preset #2 is about 45ms and for the preset #4 
about 200ms. 
 
The measurements show the proposed path planning method is a 
suitable alternative for the path planning in dynamic 
environments: it is faster than the raster based approach and it is 
usable in the applications where the graph based techniques fail. 
On the other hand, there are still high memory requirements due 
to the 3D matrix for the grid used in our solution. 
 

 
 
 

 
 
 
 
5 Conclusion & future work 
 
We have outlined the possible model for the path planning system 
that eliminates the described disadvantages of the conventional 
approaches applied in the virtual reality. The provided method can 
be used in 2D and 3D applications, works in the dynamic 
environment and needs only about 10-50% of the original time for 
finding the optimal path with the Dijkstra’s algorithm. However, 
the proposed solution is still under development and there are 
many possible ways to improve this model for the real-time path 
planning. 
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Figure 13. Path planning times dependent on the 
particular iterations of the program. 
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Figure 12. Path finding times dependent on the 
particular iterations of the program. 

Figure 11. Mesh adaptation times dependent on the 
particular iterations of the program. 
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Figure 10. Clusters counts in the particular 
iterations of the program. 



 
In the future, we would like to incorporate the described approach 
in a project related to searching and visualization of paths in 
chemicals [Medek et al. 2007] (Masaryk University, Brno, Czech 
Republic). 
 
 
References 
 
APU, R. A., GAVRILOVA, M. 2005. Adaptive Spatial Memory 

Representation for Real-Time Motion Planning. Proceedings of the 8th 
International Conference on Computer Graphics and Artificial 
Indelligence. 

 
BATTEN, CH. 2004. Algorithms for Optimal Assembly. 

(http://www.mit.edu/~cbatten/work/ssbc04/optassembly-ssbc04.pdf). 
 
BROŽ, P. 2006. Path Planning in Combined 3D Grid and Graph 

Environment. Proceedings of the 10th Central European Seminar on 
Computer Graphics. 

 
DASGUPTA, S., PAPADIMITRIOU, C. H., VAZIRANI, U. V. 2004. Paths in 

Graphs. (http://inst.cs.berkeley.edu/~cs170/ sp04 /notes/dijkstra.pdf). 
 
HERSHBERGER, J. 1987. Finding the Visibility Graph of a Simple Polygon 

in Time Proportional to its Size. Annual Symposium on Computational 
Geometry, Proceedings of the 3rd annual symposium on Computational 
Geometry. 

 
MEDEK, P., BENEŠ, P., SOCHOR, J. 2007. Computation of tunnels in protein 

molecules using Delaunay triangulation. Proc. Winter School of 
Computer Graphics. 

 
RAMKUMAR, G. D. 1996. An Algorithm to Compute the Minkowski Sum 

Outer-Face of Two Simple Polygons. Annual Symposium on 
Computational Geometry, Proceedings of the 12th annual Symposium 
on Computational Geometry. 

 
O’ROURKE, J. 1998. Computational Geometry in C (2nd edition). 

(http://mavem.smith.edu/~orourke/books/ compgeom.html), Cambridge 
University Press. 

 
STENTZ, A. 1994. Optimal and Efficient Path Planning for 

Partially-Known Environments. Proceedings of the IEEE International 
Conference on Robotics and Automation. 

 
WARREN, C. W. 1990. Multiple Path Coordination using Artificial 

Potential Fields. Proceedings of the IEEE International Conference on 
Robotics and Automation. 


